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HUSPAGE ' " ' , ' • , , . . ' 

J - . ,. > , •■• , A ) . • 

* •> , , >• « 

Preilmlnaiy "Statemfint . " * .» , ; 

This program is developed for use with elementaiy^school teachers who 
are txyinjg to imporvew their competence in matJematicB. Since the project is 
%vtpport»W t^the School Mathematics Study Giroup, tha textbook SMSG Volume IX,- 
A Brief Course in Mathemajbica' for Elementary School Teachers, was used as 
the point of departure^ with the expectation ihat the progi'amed naterials could 
serve as added help for teachers whb ardi usina text an^/or^the filip devel- 
•oped to supplement it. Such a -program, if indeed it is an efpctive learning 
device, may he used with the above mentioned textbook, wit^ otljer similar 
'textbooks or w^.thout any, supplement axy materials. However, research suppo<^ 
the thesis that Warning- is'-more likely .when two or more media, are used than.' 
vhen learners depend on one medium. ^ * * •* 

J > Itir the reasons stated above "bhis program follows the *SMS6 .Volume EC. 
rather ciotfelyl It has been separatedvinto units Ssociated with the chapters 
in the text." ' The" symbolism has' been mad? to conform to th^ used in the book, 
although some ideas and concepts have' been axtended where necessary for 
elementaiy school teachers. • , ', 



T!tie Point of View Tovard ProRramlng v 

' Although each member of the, Vritlng Team was f^naished with ^ copy of •^^ 
the first two volumes of A Program for Flrgt Year Algebra written* by, an SM6G 
Writing Team at Stanford University* during the summer of I963, it was ^not , ^ 
considered mand8it9ry that the Writing Team for Elementary School Mathematics 
follow either the format the philosophy of* this particular approach to 
programed instruct ion ^ , ^ ' ' 

The Team had little knowledge of the theo3:7 ipvqlved in programed^ ' 
instruction and no experientein writing programed material* Howeverj^ many 
books regarding programing were made available to it before any programin'g 
was attempted. * ^ ^ , ^ 

These were * read and discussed at group sessions and the pro;Jec1i consult- 
ant, Dr* Bobert W. ScotUeld, Head, Department of I^ychology, Oklahoma State 
University was of valuable assistance in setting up^'a procedure for Vrlting 
the programs* The procedure fMally agreed upon about January^ 1, 19^^ w^ay 
be described as follows: * . 

/I* Make an itemized outlitie of the subject matte/ to be 
covered for (Continuity ^nd complete coverage. . :^ ' 

2,. Since the stud^ift is supposed to learn from a ca;reful 
consideratioA of the frames of the program, each 
^^portion of the program is presented with little or no 
introducto3ry remarks** When: an introduction is incli;i)j|^ 
it will consist of a few sentences to relate th^ 



material to what has already been done and to ^vfe'- 
the stAident some idea of what to expect* It is true 
that the student must be told some things, but it 
is usually possible tt> include this in tlje frames 
with .proper cueing* Definitions are usually restated 



dTor emphasis. We have not used the method of^S^jLing 
th€ students and tben asking them to exhibit this 
knowledge in a series of frames, following these 
statements* 



.9 



di 



The program consi€t5 pf two sorts of frames. 5?he SkinneriaW 
Jc^-^ and -the Gxoyder /type. IThis choic? was made primarily ^ 
-becaMse the Writing fltes^m felt that ».this format ^would add to 
' ^' the appeal and the Usefulness of tY(e program a"fe a whole. It 
' waa ,ftlt|^that 'some, fopes of, subject" matter lend themselves 

• to one approach ani some to* another. Decisions were made on 

- these whJLle tfae WOgrams were being developed. Thfe variety 

introduced into -tiie programs vas also considered useful. ,^ ^ 
... ^ . / , . 

3. program-, for each cj^aptier-4s divided iijto'- several sub-^ ^ 

programs to cWoim to natural divisions of the subject^ , J 

'matter. " Tor example, one Sub-Program' in Chapter J* "deals with/. 

' .Wumafatlon gystems to Other Bases anj another Sub-Program / 

• dpais witV S^dditlon and MultipliQation - with N^erals to t^/ 

t l^se S^T^en e^d tp the Base Five ; ' - ^ , ' ■ . 

^ In -addition to'tttts some of the sub-programs are followed by 
' ^ short- Stat em^ts Vumraariziflg* the cqntent-OQvered. , Thi« ,^ .; 
ir\pitter of pulling the material together ,at ''frequents intervals , 
is considered a good jwograming technique.'* Another, reas^jn for 



'this is to exhibit the stJTUCtjii-e of mathematics to ,i;|^s-^udent, 

^ • • .. * . . • 

Otherwise tlie -Tealization of the .existing, structure* of , the 

subject wcJuld'bit^effc to"the, fetudent and it is doubtful ... 

•.whether, this would, in fact, talte pi e^c^ while the student .is^ » * • 

immersed in a long liet or frames wi^h no distinctive divisions. 

As a part of the 'writing prgccc^ure^ many of these programed ^ ; 
phapters hav^ been tried o\i\ with classes of inservice teachers 
'and classes of preservice teachers. 'These have not j&een 
experimental situations with control groups, etc. The purpose 
was to find possible errors and misstatements and to discover . 
whether Uhere were«*sequences • of frames, in which ^th^ programs 
are inadequate for efficient learning. A numb«>- of revisions 
have been made as a result of these tryouts • « * ^ 

^ ) ^ . 

In most of the chapters of the program ideas and concepts ar* developed j . 

however. Chapters 7, 10, and^l are intended to develop familiarityjith the^ 

mechanics of the arithmetical operations previously considered. 



, . ; . HOW OX) USE THIS BOOK . . \ 

JThis ))ook feonsj^sts of a. Ifirge ntakber of questions interspersed ^th 
brief . eaqpositoiy passages. !Bhe questions are enclosed In boxes to separate* 
them from tbe* exposttbiy material. ^ ' ; 

'^SChere are two types *Qf questions. The first type consists of a state- 
TDient of which a part^ is missing. The location ©f the misslfjg part is 
indicated by an underlined blank space. You are to fill in the missing 
part. The correct answer will ^.be^ found immediately to the right and out^ 
side the box. ; . * * ' , , 

tRxe second type consists »of % question together with a number of possible 
answers. 7<^ are to indicate w1&ic!|;i answers are correct. Inside a smaller 
box each of thjs possible answers is discussed so you will taaow if your choices 
were correct and you will know why you ^ere w^cong If you made an incorrect 
choice. , - ^ . , 

^ You qhoxild use a sheet of paper to cover up t^he correct ^swer, i^i the 
book until after you have made your response. Then move th^shret ojf J^per 
Just enough tp check ;the answer' to thaH; question vithout exi>o^ing the answers 
to la.ter question?. * " " ' i 

♦ You may ^record your response either in the book or on a separate sheet 
of paper. In any c^se you will wjteh to have scratch paper available to do 
.necessary figuring as^ou go along. 



"Chapter • ' . / ' • ' 

i; ' Hffi-WWBBR IDEAS, 

, 2/ WH6IE HIMBB!^ • . : . . 

3. NAMES K)E NUMBERS 

1^. NUIIERATION SlSmSS WIOB BASE TEN AMD OTHER BASES . . . . . 

5. PROPERTIES OF WHOLE .NUMBERS UNDER THE OPERATION OF ADDITION . 

6. SUBIRACTION AND ADDITION ^ ...... •* 

' 7. AlffilTION AJff) STIBTRACTlftJJ TECHNIQUES ....... . . . . 



8. PROPERTIES OF WHOI£ NUMBERS UNDER WE OPERATION MOLTIPLICATIOI? 

9. DIVISION 

" 10. MULTIPLICATION TECHNIQUES ; . . .« . X . . . . 

11. DIVISION "TECHNIQUES . V . 

^. '12. SENTENCES, NUMBp LINE ... ..... ." . V ........ 

13. • AN. IHTRODUC^ftoN TO lipoWcRY: POINTS, LINES AND PLANES^ . . ^ . 

ik. CLOSED CURVES, POISONS AND, ANGIJES . i ^ 

15. METRIC PROPERTIES OF FIGURES I V * 

16. . LINEAR AND /^ULAR MEAStJBS^ • . - • 



17. FACTORS Airo PRIMES 

J.8. INTRODUCING .^AilONAL NUipERS '. . . . • » 

19. EQUIVALENT FRACTIONS 

20. ADDITION AND SUBTRACTION OF RATION^ NUMBERS . . . . I .\ . . . . 

21. MULTIPLICATION OF RATIONAL NUMBERS ^ . 'TT 

22. DIVISION OF RATIONAL ^NUMBERS 

23. DECIMALS. ^ ... • • *. • • • 

21^. RATIO, RATE; AND-PERCEHT .* • 

35. CONGRUENCE AND SlilCLARITY . . 

26. SOLID FCGURES • 

27. MEASURE OJ^ AREA . . \ .» . a 1 . . . . ^ • •* , • 

28. MEASUREMEHT OF SOLIDS 

29. NEGATIVE RATIONAL IIUMBSERS 

30. THE REAL NUMBERS .s* ••• • 



CHASTER 1 



The correct comraunlcation of ideas requires an agreement on the yeaning' 
of vords and symbols. One of the primary purposes of this program is to , 
acquaint the teacher of elementary mathematics with correct mathematical ideas 
e^nd concepts appropriate to, the iangvag^of and consistent vlth more advanced 
mathematics. , 

■ - . • " , • ' . •• . 

1-1* Sets ^ 
. ^ 

The idea' o^i*seV^ or collection underlies mxoh of the development of ^ 
matheioatics* • ^ . * 



« 



The picture below rejaresents^ a 



of' dishes • 




This picture represents a 



\ . of Bi: 



silvervmre . 




set 



set 



o 
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This picture represents a 



bf tires. 




This picttare r^pr eaente a 



of t^ns\ 




A flock of geese is a 



The 



of geese* 



of pupils In the third ^ade Ms 

children as members* 



set 



set 



set 
set 



Mathematicfans have selected the word set to refer to any collection of 
objects or ideas(* The objects which belong to a ^t are called eljements or 
members of the^ set, . * * * 



Jim. Ann* *^ry. Alic« and Bill, ar^ 



Jim. Ann, ^ 
se^l^Lpupl 



iS^n the ftront row, 
< 



of^the 



members or 
elements • 




I 



figure 1*1 



8 In Figtare 1.1 above are. some drawiiags things 
called "gismoB*" TlTe gismos represent a\ 
of things* 

The gisn«) carrying a cane is^a ^ of or an 

of the set of gismos* ^ _ _ ^ 

10 'If we name the set of ^smdb with the upper case 
letter G, th^n the gisn»o carrying a cane is 
a of G* . , 



IJ^ 



A gismo veaaiing shoes is not an element of the 
set 



fllbe giBiBDS*!^ Hgwe Ijl are named Bert^ Gfil*t^,Ace and Ike in the 



ieft to right order sho-wn* 



12 



G (Gert, kce^ Ike^ BertJ i^epfesents the set of gisraos* 
Bert ts: _(€heck appropriate answers. ) ^ ^ ^ 



a member ot' G 



« 

D(^) <^ elemen-d of G 

. D(c) a f^-fre letter word , 

Q(djt a moaber or element of G 



Answeys (a)^ (»-and are |6r3::ect.* Mbte tllat\p specific 
ordef'^is not jirplied.' Answer Lp) Is dbviously incorre^ct*. 



' Tflhie relation "equal" is used to show Ubiat objects are liie same and only 



the names may be changed. 



1 : 1^ 
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It follows from* the. preceding statement that*a ' 
rearrangement of, the elements of a set results in 
an set, 

Two sets are equal if they hav* the ^ame ' 



regardless of how they are specified. * 

Equality is designated by the symbol ^ , If 
A and B flenote sets, then A = B means the 
elainents of A a;pe the same as the el^^ments 
of . 



1 

equal 
elemea;^ts 



B 



V 



The braces/ ( ^ 3 are^used to enclose a listing 6f the elements of 
a ^get and are read "the set." Occasionally braces are used to enclose a 
word description of a setr. 



16 



Using the notation with ^braces write the set of 
VQwels of Idbie English alphabet. 



(a,e,i,o,u3 



^^^^ 

13 . " ■ 
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17 



X 

19 



20 



If the upper , case lettfr V is used *to n6»e the . 
set Of vowels, then ta,e,i,o,u) =^ , * 

In I^ame,17, u is an element of . ' 



Mathematieal s^bols may used to vrite the 
statement, is an element of V^" This is': 
witten as u € V, !Ehe 'symbol €^ means ^ . 

The deiiial that an element is a member of a set 
can be By^ollzedi by a slash across the membership 
symbol X Th\is, .m / V 'is ^ead^js^ • ^ . 



V 



is an element , 
of or id a C 
mejaber of ^ 



"m ts .not an 
element', of V*" 



'21 



^ . • •."•*. 

Check %he correct mathematical statement or statements for the . ^ 

, sentence, "Bert, the^'gismo,' is a member of the set denoted 
by U." . • - 

i • 0(«) ^er* ^ ^ O^*'^ r 6 G • 

□(bj G € Bert □(<!) Bert 6 (Ace, Ike, Bert,"-Gert} 



21(a) Correct. 2l(d) also- is correct. • ' • 

21(b) Incorrect. G is a name for the set, not an 
element of the set. 

21(c) "Hiis would be correct if r were another name 

for Bert. It is ari^lncorrect resjcnse, however, 

21(d) Correct. M(a) also fs correct. 



Just, as upper case letters austomarily are used to laame a set, lower 
cas^ letters' often are used' to' name an element or member of a' set. 



5t 
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If we Use the first ^letter of each gisiiio^s naiae, 
written in lover c§ise, to represent the glSBJo^ 
l^en among the gismos* ' ^* * «^ 

G = {Bert^ Gert, Ace^ Ike) . 

a € G is a statement meanings ♦ 



"iJsing a symbolic statement similar to, that in 
Frebie l8j state "Gert* is a maaber of the set 
of gismos,v > V * ' 



Ace is an ej.e*^ 
ment of the set 
of gismos^* 



g € G 



£et A:^ {^^bjC^d^e, • ••^7,2) -.^ The symbol is calleO^e 

ellipsis and means "and so on," Wiich of the following statements 
are^correct? . 



□(a) d/A 
□(b) y >^ a 



□ (c) 
□(d) 



m € A 



A € a 



2i^(a), Incorrect^ d is aii element of ♦A. 

24 fb);. Incorrect* 33iis is a misuse of symbols • An 
upper case letter is used to designate a set 
and "a" is a lower case letter. 

24(c) Correct. Although "m" is not specifically 
listed^ it is in5)lied by the ellipsis. 

24(d) Incorrpct* a € A, however • 



Let B = the set of presidents of the United ' 
States* Then, George Washington € , 



Al Capp 



Let M = the set of states of €he United States 
= the set of conmion fractions. 

Then, 5- € ^. - 

I 

Texas € . • • 



B 



N 
M 



«9 
30 

•31 



Alaska 



'SuppoeTe W « (0,1^^3* »« •) • " " 



And,' ~ 



V. 



/ 



, Ohe reader inay have pbneryed th^t some- of the sets ^^consldered have only 

' • a few members i others Stave XBany members, and some have- no «nd to an attempted 
' listijak -of elements,' 'if eve^. element can be listed,' ve say tliat t£e set t« 
finite ^ ""If a set is^ not 'fijaite, ttAs ,S8dLd^to be Infinite : . ^ * 



32 


G, the ETet of gismos, has 


^ ■ 




* [several mfembers, no members, one .membpr^^ 
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The^se^t of letters of the alphabet is 






' (infinite, empty, finite) \ 




3U 

* 


w = to,i,2,3>, ;...} ^ 






(infinite; finite, empty) 





several members 



finite 



infinite 



* A set may have no members at all. ,If a set has^no members. It is 
* named tla ^empty. set. Two examples of the empty set are ^ 

{mail carried by Jiie pony express, in ' 1963} _ 
(^et planes that existed in I963 B.C*^' • . 



Otoe convention for using braces in set ^potation also applies to the 
eii5)ty set. It' is designated by { ). The emjyty space between the braces 
indicates that there is no member of the empty set* Any example of the 
empty set has the same members as any other example of the empty set because 
^npne of them h^is any member. This is why we say the empiy setj there ia 
only one such set» * * ' ^ 



35 
36 

3r 



39 



in- 



A symbol used for the ^nipty set is . 

Tfi. Figure 1.1, the set of gisiabe riding horses 
isf 



^fiiaite, empty, inflaite) . 

B » elephant, th^ fcolor red, algebxaj* 

T^ese felSfentB are related, by the conmon 
characteristic of beldriging to* - * ^ * 

ih6 set of letters ^eed to spell ^*arei' is : 



rv!Bie s^t of letters uaed to spell iirea \^ 

The set o$ lett^ers" used to spell "raVe^^ 
is ' 

(it usually is desirable not W repeat the^same 
element. in a set*) 

iThe* set of letters usedvto spell "OklahOBia" 
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finite and 
enrpty 



set H- 

[a,r,e) ^ ^ ^ 



ta,r,el . y 



{a,r,e) 



{0,k,l,ajh,m) 



l*-2« Chapter Summary * ^ 

The primary concem of Chapter,!' is an introduction to the language' of 
set0» The idea of a set as a well-defined collec;J;ion of elements or members 
is fundamental to the development^ of this program* 

The readea^ should adopt the special symbols # C 3j ^€ , ^ and the 
apprppi-iate use; of letters in nandjig sets. Sets may be made up of abstract 
ideas ^ concrete objects, or a cosrt>i nation of these. 

At this p^nt^ the reader should have the understanding that a set may 
be finite or infinite . A finite ^et may be empty * A parti cular^bixler of 
listing the^elements of a set is not implied l3y set nbtatlon. (Sometimes, 
for convenience, we do impose an order on a particular set.) 

We will arbitrarily agree never to list the same element twice in a 
listing. Hbwever, we do^not eliminate the possibility of having two or more 
elements which look alike* For example, consider the set of parime factors 
of 8. This set is denoted by (2,2,2) and will be considered in a plater 
chapter. . * 



X 



8 



;eric 



A 



WHOLE HUMBERS 



Man^s need for counting and ordering collections motivated the creation 
of number concepts. Sets, then, are pre-nuniber ideas %nd some of the 
language, relations and opera-Aons of Sets contribute much toward clarification 
and \mifi cation of numerical ,lconcepts* * ^ - * 



2-1 ♦ Matrtxtng Sets 



Before the cyreation of numbers man could have kept a record of a flb.ck 
of .sheep try pairing *each animal with a pebble. He also could have paired 
each aBlmal with a raa:^ in the sand or \dth a finger on his hand. • 



in the following example, ★ is paired with x 
by^use of a double arrow. Use dbuble arrows to 
complete the pairing of the elementiTof M 
with the elements of / 



N = ( X, , y , 2 } 

Use the sets in Frame 1 to form^a different 
pairing of the members. 

M = ( ★ , A , 



N = ( X , y , z 3 



'{ X, y, zj 



. ^ V 

I X, y, z) 
' or 

I X, y, zJ 

Ther^ are three 
other pairings. 



Ti^to pair thf' members 6f F vLiUti those E* 
•E ^ C a*, \>, c) 



When ve exhause the ele^nts of both se^s A^i a 
^ pG^riBg^ ve say 1^at t&e pets, match* %ow that 
one of .the sets in Framd 3 ntatches vith K of 
Fraioe !• * ' . , ^ 



( ^9 y> .2) V 

■ ■ •/ 



piven P t= {a, b, c) 

R = {O, /J, yK 
S = (Mary, Dick,^ Bill} 

WhYch of these sets match? 



V 



If, C and D axe matched sets andr^e ele- 
ment^ of B are rearranged^ th^^the sets 

^ match* 
(vill, may not} 

% ^ ! 

A one-^to^one correspondence between the elements 

of tvo sets is a pairing which simultaneously 

exhausta both sets, ^us, matching. sets form 

a correspondenj^p. 



I 'I I ' 

Since E is . 
^exhaus'^d, ^ v 
cannbt ^air 
•each "element An 
P "^with a corre-; 
spondent \n E. 



. H » { x, y, z) 



E = { a, b, c) 



) 



P *and ^v'^^V 
P and S,.^ t^i«c 
B and S% > - S^k 



\dll 



one-to-one 
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Consldeir *J,^ (a^ b} • , 



Shov tMt ,^,11 matches M* 
. ■ / k-* {a, 



•>M « ta/b} 
\ • 



Since M rfttches N, then N _ 



Since *M matches' N apd K . matches G, , . 
then M G. 



(a, b) 

(I J) 
pr 
(a; b3 



matches 



\ 



matches 



Frames 8, 9./ and 10 emphasize three important properties of matched 
sets which mathematicians refer to as the reflexive property, the symmetric 
property/ and the taransitive property, ^Respectively. The transitive ** , ^ 
property illutstrated in^Frame 10 is especially useful. If A matches B 
and B matches C, then ve know, that A matches C without perfbrmir^ 
a pairing of the elements. * 



1^ < 



T~ 



I 



11 .Given the folloving. sets: 
• E.« (x, y) 



F = (u, V, v) 



Check the response which correctly relates the sets. 



Q (a) D matches E 
^ Q (b) E matches G 



Q (c) F matches D 
' O (d) D ^ matches F 



ll(a)'^ D . has' more .elements 'tha^n ' E/^ This response Ip 

incoi^ect, since^ arisy , pairing df elements of P aAd' 
- E exhausts the elements of . E before the;^J.ementB 
ot D are* exhausted. - \ 

11(b) G has fewer el^entp than E, This response is 
Incorrect, si me any pairing of elements of E 

^^\^ and G exhausts .*^e elements of G before ttie 
elemeiit€s*of E ^ are exhausted, 

ll{c) : SincQjany pcdtj^lng of the elements of F vith the 
^ . elements of D exhausts both sets at the sdme 
time, this response is correct, ll(d) also is 
s correct, ^ 

11(d) Since any, pairing of the elaaents of D vith the 
elements erfiausts both ^ets at the same 

time, this response is correct. ll(c} also is 
correct, ' 



4e 



12 I Consider tjie sets 

♦ P « {^1 b/c) and 

We find Q has more elements than P, since on 
pairing the elements of P and Q thefelementa 
of Q are not , In* this case, ve say 

that Q is more, than P, 



exhausted 



ERIC 



12 



^1 



13 



Ik 



\ 



psiULg^he sets of Praiae 12^^ we see P has fewer 
elen^nts tjian % and ve say that P ^ 
is ^ * . than Q, . - ^ , 



Let A tod B. denote sets, ^^a pairing of the 
elements of A ^d there are the^folloiAng 
possibilities: • - . , 

^l). Th^.* elements .pf B are exhausted before the, 
elemeA-fes- of- Aj 'in- this case^ we say that , 
*A tiaa^ftiore 'elements than B. v . , ^ . ' 

(27 ^*toe elements of -A are e^dlausted before, the 
* *^ * elements ^o^. Bj «in this case> we*say that 
A has fewer* element^* than 

The elements of A QBd B' -arQ' exhausted 
«? "^t-V " • . ^ ■ * .V ' • 
. , kimuXtaneoTislyj in this case, we say that 

• A ■ B. ' ' y - 

t • ' . : -I : . 



7 



less 



Ijatches 



15 



Given the sets . . , 

i A = {0,0, ^, ~} ' : • ' 

B = (u, v) - 
C = { ★,0) 

•Check each response -which corVectrly relates the sets. 

A-. 



Q(a) There 'is a one-to-one correspondence between the 

elements of A and B, 
Q(b) C matches B." • 
Q (c) C is less than A* ^ 

Q (d) Aof pairing of the elements of B with the 

elements of^ C . is a one-to-one correspondence. 



.15(a) Incorrect. There ig no one-to-one correspondence 

between A and B.* ' ' ^ 

15(b) Correct. 15(c) and 15(d) aXpo are correct. 

35(c) Since a pairing esdiausts C before A, this response 
• is correct. 15(b) and 15(d) , also are correct. 

15(d) Correct. 15(b) and 15(c) also are correct. * . 



ft 



13 



Check all correct responses for the given' sets; 



A = {"x, y, z, v) 
• B = {*, A, «, «3 

C = (r, 8, xfy). 

> • ; , . ' * • 

(a) ' Since /A matches B eind B matches then 

A matches C. * * - s , 

(b) C iflatches C. * - 

(d) y € B ♦ . . 

(e) Th^are is one-to-one corree©on<iei&e between the 
meinbers of C ^ and the members of B\ 



16(a) Correct, This is an exettople of the transitive 
property of a arelatfoh* See a^so l6(b), l6(c), 

16(e). , . , . ' 

16(b) Correct • This is ,^*^xample of the reflexive 
property of a rela^t^pn* , See also l6(a)^ l6(c), 

16(c) . correct. *,ls»««.erof B. " ' 

16(d) Incorrect* y /B, However^ y € C and y € A» 

l6(^) Correct, Since C matches 5 and 5 matches C, 
^then we have e^n example of the symaetric prpi>erty 
of a relation •"^ 



if K denotes ^he set of letjters used to spell 
the word "attract." then 



If H denotes the set of letters used to spell 
the word "catairact," th^n 



(a, t, r, c) 



tc, a, t, r) 



19 



Using the sets in Frames l6 and 17j say <>tkat 
. . H and H matches 



matches; K 



Frames 17, l8 and 19 should lead 'the reader to- conclude that K " ^tches 
H since there exists a pne-,to-one correspondence between the mergers of K 
and the-raemberB of H. Also, K ^d H are different representations 6f 
the same set and any set matches itself. / 



SO 



21 
22 

23 



Consider 



-E =f {a, b, C-, d} . 
. ' S = (u, V, w, X, y) 

Any pairing pf th^ elements of X vith the 
elements, of P exhausts X befor^ B» ' 
Hence, X is than 

«' 

R is^^ than S. 

Since X is less tJian R and B is less 
tha^i S, then,. X is than S. 

S is more ^than B and B is more than* X/^ 
' therefore S is than X* 



less 
less 

less 

more- 



Frames 20 through 23 are intended to illustrate the .transitive, property 
of the "more than" and "less than" relations for sets. 



2U 



If B is more than S and S is more than T, then: (Check 
all correct responses.) , , 

□ (a) B matches T. -~ ' • 

* O (b) B is" more than T. * ' ' ^ 

43 (c) is less than T. . « 





24^8) 


Incorrect. JReview Frames 20 - 23. 








2U(b) 


Correct. Continue to next frame. 








2^c) 


Incorrect. Eeview Frames 20 - 23. 







25 



If M 'l8 more N and K is less than them (Check onei) 

0(b) M^iB less than fP. ^ \ 

Q(c) M matches P./ ^ A \m 

QfXd)^ No correct co;siclusion can be dravn from the given * 
condltlonSyV ^ » \/ * 



rasxei) Incwrect* Consider* M« (a, b^ c)^ N » [x, y), 
^. ^ P s,^,: v}. ; ^ - ' 



^(b) ^ Ificorrect, 'Consider M « {a, bj c,y4), ; 

^(c) ^^tncoanrect* Consider lAe sets in either 25(a) or 

; 85(b), both ^ch satiatfy the given ^conditions, 
' M is more^than N and N is less than P* 

25(d) Correct* TOille e3»ctly one of the relations (a),^ 
(b)j (c) must be truej ye do not have enough 
information to djetermine ipjiiich one. 



t 



2-2 • Umber . 



Consider thSe following sets for Frames 26 - 37*» 

_ A=(A,o,*,0) . c « t /J, «, 'y. It) 

B «^{a, b, c, d) . D » i*, +,03 



26 
27 



29 



A matches B and B 



C. 



ig8 » Esdhihit^^ set P distinct from A, B and C 
|uch that F matches A, B and C. 



t» —# 

» . A. 



xnatches 
matches 



Por example^ ^ » 
izj y, t, v) 



matches 



31 
32 
33 



3»^ 



35 
36 

3T 
38 



F 



/ ♦ match' C, 
(does, does not) * 



' ' ' natch D. * 

(does, ^of^s^ ttot) , 



We call the^ommon propejrty of i^e matchiiig se^^ r 
Ar B, C, 5B and alT other" s^s iMb^ii laatch.lAieBe 
the ^number |j!&o perty- ot the. sets* Ttt this^ \ ^'l^^ 
^ ^aitaple, f ourness is the* oonmon of ^eae 

matching setSt . V * 

If S denotes any Anit©^ set, then the 

property of S ^laay be represented by the 

J. > . . 

eynibol N(s). , ' . 

>If A» {a,0,*,03, "then ^U) ° ' ♦ 



Since B*= {a, b, c, d) ^matches A;i -ttien 
N(b) = H<A) » "•• . * " 

'if D » (*, +,<>}* "Wien N(D) « » 



loatches 

♦ 

^oes 



' doe8» not 



* property 



3. V 



If « Il(S) « 6, 11(1*) « 3, and T is any set which 

mtches S,. then: ^ (Check all correct answers.) 

□ (a.) N(T)'=1^ DXb) H(T)-«6r ■»0(c)ll(Tj5*^ 



38(a) 


Incorrect. 


T niatches but n{t) «*N(S) 6. 


38(b) 


Correct. T 


matches S eoad N(3^o N(S) = 6. 


38(c) 


Incorrect. 


It does not match P. 









!Ehe n^^mber property associated with a set is called the cardtiaal il\amber 
of the set* ^ . ' > 



If A * (m, d][, .'1^en the cardinal number 
of A iB 



11(A) if a symbol for the 



number of A. 



^^e* cardinal nuifil>er of * the empty i&et is . 

'If B is more thaji A^ ' thten H(B) is said to 
be greater thelh • » * 

H(B) > N(A) is a sjr^o^ic ye^f of stating the 
! relation between the number ;propertieff -of the 

4}etB/in Frame h2. Hejice^ the. symbol 

means "is greater than*" 

If is less thetn A,^ we reverse the. symbol^ 
In Frame Jf3 an^ wrlte^ K(B) • Iif(A). . 



cardinal 



0 or zero 



M(A) 



I > 




Consider ' C^.= t ★,0,03 

.H = (t, o, s) 



. I = { a, /5, 7) • 
Which of the following are correct; 



□ (a) G = I 



□ (b) H(H)> N(I) 0.(c) H(G) < 11(h) > 



\ 



1^5 (a) Incorrect, paese .sets are not identical.'' 
45(b) Correct. ^5(0) al^so is correct. 
1^5 (c) Correct. 1^5 (h) also is correct. 



^The common number property (or ca3:^inal number) shared by. all sets 
which match has been our early consideration. The collection 0*5^ all cardinal 
numbers assigned to finite sets is called ^the set non-zero whole numbers ♦ ^ 
tChe vhole n^ber zero is the nuunnber property {or cardinal number) of the 
enrpi^ set. , ' 



18 



-rThe' relVtions . < and > are used to irapoBe an order on the set of; 
>Axolk numbers.* This order, in ,t\jrn, "sintplifies the problem of indicating a 
listing of theae numbers. Thus, if ve consider a finite set of vhole numbers 
such "as J6, 0, 2, 1, h) and order its . elements in a row such -ttiat each is 
. less th!an the one to its right > ve obtain (0, 1, 2, ^v, 6) . 

V , 

It/* . • ■ ■ . • 

V./ . . 

J(: Order the elements of each of the folloying ^ • 

' sets using the left to ri^t ordejring of <. 



k6 
hi 



t6, 3, 5; h, 0, 1) 
(8l 2, 6V k, 0) 



{2, 3, • 
{0,2,it-,6,8) 



OSils procedure motivates us to use the order on the set of whole 
numbers as follows:, ^ , ' , 



W = (0, 1, 2, 3, Iv, 5, ^, 7, 8, ...) . 



^9 



■50 



51 



52 



If a pairing of the elements of A with the 
elements^of B e:idiausts B with exactly one. 
elemeg of A left .over, then N(A) is called 
the successor of ^» 



If N(B) = 5 and K(A) = 6, then >N(A) is 
the " of N(B). ' .V 

If W* the set of if/hole numbers, is ordered so 
that between ai^y pair of elements from left to 
right we correctly could write <, then 



If W is ordered as in Frame ^7, then every * / 
elemepjfis to the left of ^s ' ■ . 



N(B) 



successor 



{0,l,2,3,l^,5, -.3 



successor 



19 



!er!c 



Delete IJie el^ent zeiy from the set W. ^Che 
8et of elements fenaiidng is called the set of 



An obvious^ but frequently overlooked fac?t should 
"be noted about the set of counting numbers. 
If we impose the same orde^ used in Jrame 53 ^ and 
select any finite set D beginning vith one and 
include all successive numbers up to some number 
n^ " then 'n(d) = ^ . * 

H({1,,2, 3, ..., 87, 88, "89)) = . . 



Let R denote axsy set. To obtain the coxint of R 
we match the elements of H with the elements of 
a set as* D is descilbed in IVame The5i, 
N(R) = l * . ' 

If R = Lb, a, e,'f, e), then ^ 

D,= {1, 2, 3, Iv, 5, 6) and " ' 

H(R) = N(d) = . . , 

The order relation on the set of counting numbers 
is a matter of convenience. 

]J((3, 1, 2, 9, 7, 5, 6i 8}) = , , 

H((l, 2, 3, 8, 9")) = . 



Order the members of S = {5, 7, 1, 3, 6, k, 2} 
using the relation > from left to right. 

- — *i 
\ t 

Order the set in I^ame 59 using the»relation 
< from left to right* 

s = . 



1 1,2,3, t^ ,5,6, ..0 



n 



89 



11(D) 



(7,6,5^*r,3,2^1) 



(l,2,3,t^,5,6,7)" 



20* 



cardinal nufliber of .th^" set in Prame 60 



iB 



H(S) « 7 



6fi !• Obtaining the count of. a set is cailed. counting . 
Counting gives -us. the ' property or 
cardinal number of a set • 



number 



2-3* iTumber Sentences ^ . ^ * 

6>U, 3<5> ^^^2 are sjcamtples of vhat ve designate as number 
sentences* Notice that a number sentence is not necessarily true. 



63 



».Tha number senHfen^e for the" statement ^ 
*"Six is greater than tvo,^' 

is . ♦ 

Let N(A) = k and K(b) = 7. Since W(A) < N(B), 
we may vrite the number* sentence 



I'- 



6 > 2 



k < 7 



61^ 

A useful device is the pairing of numbers vith points oft a line. If 
represent a line by the sketch 



then ve may establish a pairing of the vhole^vith points on the line by 
selecting an arbitrary point ^erpairing it xi-tti 0. * , 



0 



Then,ve select an arbitrary line segment for a unit. ^, 

unit 

f^H . _ 



^ common convent! oti, this unit segment is used to space successive pointi 
to the right of the point labelled 0. 

Unit ' unit 



\Je then use the set of whole numbers ordered by < and pair these points 
faroxTleft to right v±th vhole nximbers. ' " • 




— »- 

0 



8. 



65 



66 



67 



line used'ili this marmer is called a number 

line. The point paired with 4^ to the 

left of every point paired •vd.th a counting 
number* 



Since 10 7^ ve e^qpect the point paired 

with 10 to be to the of -One point 

paired ,1th 7.' -(lert, right, . . 

If: the point paired with ^^C) is to the left 
of the point paired with 11(D) ^ idien 
11(C) N(D). ' 



right 



NAMES K>B IRKBBRS 



Vl« Introduction • V ^ ' . 

We have introduced the concept of nuaiber as an id^a and as a symbol 
associated with collections 5f matphed sets, , We' have used- the phrase "nuxaber 
property of a set" as the identification of the number, ^jr this means we^ 
have ^ been ahle to compare numbers as more than or less tlMiny-have heen able 
to order numbers^ -and ha^e viltten sets of. ordered numbers such as {0, 1, 2, 

J. K 5, 6, 7, 8, 9) ai^d {9/8/7,^6, 5. 3. 2V VO). KUmbers also 
have been associated vith points on a^line making a n\Mnber line* ^ 
Nov ve are interested in systems of writing numbers or systems ^ 

e nume ration . In general we need ways of wilting or talking ^bout numbers 
and in so doing we use the phrase "names for numbers •" ^ . 



3~2, ^e Begiimings of Numeration 

. ^ - From primitive times "names for numbers" have been both marks or symbols 
and words. We taiow little about the primitive m«n»s idea of number. We do 
know that he tied knots in a ^rope or collected pebbles and used the ideh ^ / 
one-to-one Correspondence between matched sets to indicate the number of 
fighting men in his tribe^ and so forth. It is probable that he counted 
using his fingers. Today, some primitive tribes use the wox^ 'for "hand" to 
indicate five. SlJtice he had ten fingers, the American Indian used "one 
liidian" to indicate the number concept "ten,'* 

t^rimitive man made markPsuch as ///// on the walls of the caves in 
which he lived to indicate numbers, ProbabOy before this he made marks in 
*the sand or other soil for the same purpose. Wien this occurred, he was 
writing the fl^rst names for numbers, Today we call these names for numbers 
numerals, * 



23 



9^ . 



ERJC 



We already know that number Us an« fil^straet idea 
and ve Bpeak of **the nviiober j«*operty of .a 
collection of jnatched sets." Pr^^mitive man 
iped -ttie symbol ,/// as a niMer^l for the 

n^aaber' . A mmeral is a name for a 

number; it represents the number* 



The ntimeral we use for the set Vf triangles 
is 

AAA 



The Eoraan irumeral for *the,set of ' triangles in 
Frame 2 is . * • 



A primitive man*s numeral for the set of 
coconuts ^ would have Veen 

o o 



o o 



Th*e Homan 



for the set in "Frame 4 is . VI. 



In mathematics ^ we use the s^^bol ^ to indicate 
that two symbols are names for the same thing* 
From Frames h and 5 we may write _J ^ » 

Let A and name ^ sets. Then A = B means 
that all the elements of A also are elements 
of B and all the elements of B also are 
^ of Ay 

The J^omlih numeral for l8 is - 



Using the symbo> and a Roman n\^eral we may 
say lo ^ ^ 



S or three. 



5 or**^ve^ 



////// ' 

knots in a 
string, etc* 

numeral 



////// = VI 



elements" 



XVIII 



l8 = mil 



33 



sit 



10 



11 



12 



Ve may vrite 9; = IX because 9 and IX are 
fox the, same number. 

We say 3 + 1^ « 8 - 1 because 3 ^ and 
8-1 *v the same number, that is ?• 



Three other naiaes for the ^number sev^n are 



names 



name or* , 
represent 



/////// 

5 + 2 
•VII 



V , In -aais sub-program we. have been interested in symbols as names for 
numbers. Primitive man used simple symbols and had only a fev of them. 
» Boman numerals, with which all of us are familiar, are more complicated-. As 
we shall see, the Bomans had ways of extending the idea of numerjition to 
include much larger numbers. We^shall be interested in what somp of the 
ancient civilizations did about these extensions to fit their npre compli- 
cated need^^Ve call these njM^fati^ ^sta^ ^ . 



3-3 
13 

1^ 

15 
16 

17 



Humerati-on Systems' 



©sing Boman numerals write the numeral associated 
with A = (John, Maiy, Bill). ^ 

The Bomail numeral associated with 
ta, c, b, e, f, g) is . 



VHI i.B a 



numeral . 



The Boman numerals for the first three counting 
numbers are * 



Boman numerals are marks or symbols for naming 



m 

VI 

Boman 
1,^11, III 
numbers 



18 



19 



20 



21 



22 



23 
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25 



26 



27 



SChe Roman nxaneral for the numbej.ten is ^ 
!Ehi§ is a new symbol not used before in this 
chapter, ^ 



The nmeration system we use today is called the 
Hindu-Arabic numeration system. . In this system 
the symbol or 'name for the number ten is 



The name for the nunib^ thirteen in the Roman 
system is ; but in the Hindu-Arabic 

system^ it^ - ^ x / ^ 



The ^/ptians wrojie their basic numerals up to 
ten by the use of a vertical stroke with repeated 
^strokes. 35xe Ifeyptian numeral for seven was 
written . \* , - - 



The l^gyptians wrote nine as 



The Egyptians also grouped by tens and' invented 
the symbol /) (a heel-bone) for ten* Using 
this symbol they wrote 13 as 

^5 was written in Elgyptian nxomerals as . 



However, U5 was written' in Roman numerals as 



For 100 the Egyptians used the symbol 9 

(a coiled rope) and :the Romans used 15he; letter C. 

Hence, 106 ^ > = ♦ 



223 vas written as _^ ^ 

as by the IBgyptians^ 



by the Romans and 



•J 



10 



XIII 
13 



OX 



niiiiin ' 



niii 



nnA/iitiit 



XLV " 



100 = ? = ( 

ccxnii 
9 9/7/7/// 
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26 



35 



\ 



3 



28 



29 



The J^syptieJs, the Bomans and all ancient peoples 
vere forced to invent new symbolB since a single 
symbol was no"^ repejated more than nine tiaes. 
Ws, in ^ypt the following^ dltf erent ajjinbols 
»vere used for 1, 10, lOOr iOOO, rt'ceter^: 



1 


/ 


the vertical stroke^ 


• 10 


/I 


%he heel-bone 


ioo 


9 


the coiled rope 


1,Q00 




the lotjuis flower 








i6,odo 


> the pointiiig finger 


100,000 




j^sh .or poilivog 
astonished man 


1,000,00(5 


% 


Olhese symbols were svifficient for their needs. 



SlTnij^r 2321 was written hy the E^tians 



as 



The Egyptians had no symbol for the number zero. 



V." 



The Romans '• have a symbol for ' «. 

^did, did not) * 

the number zero . 

^ i-^ : ^ 



did' not 



In this sub-program we have introduced the idea of a numeration system 
and have used the familiar Romin numerals. Mostly, however, we have used. the 
•Egyptian numeration system because it is more primitive and less coatplicated. 
Both systems, as well as the Hindu-Arabic system we use, made groupings on 
the basis of ten. Because man has ten fingers, most of maidiind's numeration 
systems grouped on the base ten. We call al}. such systems bai£ SSi sy^^^'^ 

• of numeration. « 

Thus, the Egyptians used single strokes to, represent all numbers iup to 
teVij for example, // for 2, //// for \, However, instead of ten 
strokes they wrote the heel-bone symbol '/l for ten. This symbol could 

I v.. 

27 . \ 
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be repe€^%ed up' to nine times and vith, these repetitions all of the numbers up 
to 999 could Jbe written. For the number 1000 another symbol ^ a ^ 
draviDg of a coiled rope used in surveying oir perhaps the end of a sc^J'oll^ 
vas used. 'If the' stroke is included^ a total of seven syiribols were invented 
and used. !Ehese were sufficient for the needs of the Egyptians • 

. Meithir the RoiMgms nor th.e* Egyptians had a symbol for the number pix)perty 
of thi^ empty set, which we write as 0. However, some of the ancient systems 
did have such a symbol* Th/e ^ndu-Arabic system did not use 0 until about 
900 A,D. * 

i 



30-- 
31 



Zero and the Decimal System 



32. 



33 

35 
36 



Thja number p:i;operty of the empty set is repre- 
sented by ^ • , 

In ^e'^Hindu-Arabic numeration system the first 
ten numbers are not represented by strokes or 
the repetition^ of a single symbol; The set of 
numerals for the first -jjen numbers is , 
SJiese are called the basic numerals > ^ 

To write another numeral for ten in the BBLndu- 



Arabic numeration system we use ^0 and 
the following manner: ^, 



1 in 



Qto write another numeral for tfiiirteen we use 
1 and 3 in the following manner: i 

The number seventy- two is written • 



Another n\mieral for sixty-nine is 



To write a numeral in the hundreds we use a basic 
numeral in the thi3rd place from the right. For 
exejuple, the numera^ for ei^t hundred sixty-four 
is 



0 or zero 



6.7,8,9) 



10 

.13 

69. 



861^ 



0-^ 



37 



3§ 



39 



Another numeral f o». nine himdred six is 



Since in IVame 37 there are no tens in the number, * 

we use * to fill the second place. ' |^ 



tChe nmeral *30Q^ xeporesents tlie nupiber 



!Qie ife/ptians and the Romans *^ tieed , 

(had* had no^ 

.tor ^ 0. ^ 

>^ ' 



three 

thousand six 



had no 



This chapl^r has intrgdTuced the idea or. names for numbers . " We cail 

thgse numerals > We hive always spoken of Roman nuiaerals. l!he concept of 

number"^ is an abstract ^de^^ the number property of a collection of matched 

sets. A number has mSoy names^ those used by^ other peoples as well as 

~ *^ ^ 

symbols vri^ten > various vays such as ////, IV, and so forth * We 

know that we also may write \ as ^ +" ^, 5-1, 8 + 2, and so 

forth. Since the symbol = *i8 used to relate different names for the. same 
thing (nximber), we majr write . * ^ ^ - , 



k = 8+2 



8 

f ■ 



/ 



^1 • 

We have talked briefly about numeration sys\eng which are ways in which 



number najaes 6r liumerals may be written. 



These are different for different . 
times and peoples, ^We are^fantLMar i^th and use* both the Boman^and iihe Hiftdu 
Arabic numeration systei^.* To Som» extent we considered the ancient Egyptian 
numeration system primariV to 'show that the Hi'ndU-Araljic system hasWiy 
advantages^over the ancient system^. , 

In the next chap-^er, we consider place value systems in more detail. In 
tSis chapter we did show thai tiie use of %0 and the place value principle 
have certain advantages, .For these and other reafeons tlie Hindu-Arabic 
numeration system is used allmost Everywhere in.Ahe' wbrld today. 



2^ J 



ic 



CHAPTER* k 

MDMERATIOK SYSTEMS WITH BASE TEN. 
AMD OTHER BASES . 



Vl. ■ ^le MeaMng of HumeralB to the feise Ten . 

We are concemM in .this chapter with the Hindu-Arabic numeration system 
Ttits system" is comnJonJ^r knovn over the vorl* today, but some ©f itg basl& 
properties often axe not veil known. We vill see,. before the end of thi? ^ 
chapter that the sama-propertieB appOy to numeration systems to bases other 



than ten. 



If A ^ (ball, bat, car, boat}, 
then the number property of A is 



If the elen«nts of a, set axe repres^ted*by 
crosses as^ollovst^ * * 

C .+ * + '. 

V 

then the number property' of the set 'is _ 



In a set represented by 

+ + 



ve often rearrange these elements or group ^em 
in the following manner: * 



and the number property of the set is- represented 
by the numeral ^. 



13 



31 



3-f 



/ 



V 



6 
7 

a' 



10 



u 



12 



. 13 



Ik 



... -.J 



3^ the numeral 13^ the 1 stands for Qr^* |. 
represents - objects or elanents of the 
set of cfrosses^ ; . ' 



In the n\aneral 13 > . the 3 repres^nts^ 
eleaments* . ^ 



IJie ntuneral 0 is the name fdr a 

and indicates idbte ^set having no elements , 



: f 

nxjuiiber 



In the ntmieral 10,* the 1 represents one 
grpxap of ^ 1:>bjects. ' * ^ 

In the numeral* 15, 1 represents the nui^er > < 
property, of a set of ^ ob;)ects and 5 



represents- the numa^er .^]diroperty of a sei 
____ objects* 



set> of 



In the n\xmeral \ 20, 0 represents a* set of no. 
elements , bu-^ it also serves the /purpose of 
enabling us to vrite 2 in 1Ae ;^ place* ^ 

The b^sic >set of nximerals or digits used in the 
, fiH.ndu-?Arabic system is <. * 



/ In the numeral 3S7, 7 represents a pjroperty of 

a set of ^ units, 

the 2 a ^et of , 

and the 3 . •''^ 



^In };he numeral k0^6, 0 represents a set of 
hundreds ^ich has no. » 

In the numeral k72^ 7 represents 7(lO) and^ 
k reiaresents h( x ) . ■■ 



-10 



ifhole, 

10 or ten 
10 or tfn 



second or .tens 



{0,l,a,3>,5, 



7 :^ 
2 tensj 

a set *of 3 
hundreds 



elements 



4(10 X 10)' 
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35 I la the Muaifiral 5320, 5 reproeenta , 

16 I The numeral 73 may >e witten as ^ 
7(10) + ' 

17 1 The 'ttumeral 5^73 mar^e written as 



5(10 X 10 X 10) 



I 



18 I Since, in this system, the toaeic set of numerals 
has ten' elelbents, ttsi Jaase Is _ ■ ♦.' ^ * ' ^ 

,19 I In a system" -with the base ten,- if the third digit 

from the right is b, if reiaresents C ) \ 

20 If the sixth digit'from the rijjht is g, it 
represents ( > 



■5(16x10x10) + 
4(10x10) + 

7(10) + 3- 




b(lO X 10 



VSumnary 



gCioxioxioxiOia 

J ^ : 

^e value represented by a digit or basic numeral .of the Hindu-Arabic 
nume^tion system deieMs bdth^ ofi the' digit itself and on tl?e place it • h 
occupies in the complete numeral. OJiat is, in 173, the digit 7 acia^all^ 
represents 7(l0) or \o and the, 1 represents l(lO x lO) or. 1(100) / 
or 100. Since there are ten basic numerals or digits, 0, 1, 2, 3,^»^^ 5,^ 
6, 7, 8, 9, .ve say the system has a base„ten. In a given numeral sucl^a^^^ 
73^, the first jplace on the right tells us hov many objects or u^its ai;^ - 
mclUeU t^at Is, 6(l)j the second place to the .Ight tells us hov many 
sets of (10) are included, tkt is, 9(l0)j - the ttdrd how many sets of 
tlO XlOOj the fourth how many sets- of (lO X 10 X lO). Hence, -ttie number 
may be vrltt^n . ' * . ' ^ » 

\ ^7396,- 7(10 X 10 X 10) + 3(10 X 10) + 9(10) +^(1)* 

We^all find that an ana^ogox^s thing pccurs ^en numeration systems to 
•other bases are used. 



, ^-2.. Numeration a^atems to Other .Bases 

^ As we have said^ the numeration system to the base ten is b\iilt up by 
^sepM^a^ sets ot^^n ^ jects eath froB^ *he cop^lete set. 5br exanrple, * 



Then by the use of positional notation or place value>. ve are able to wite . 
names for numbers larger than 10 using\he same bije digits. 

Separating a set of ob^Jects into sets smaller or larger than ten may be 
done similarly and this leads us to consider numeration systems to other 
bases. We use base seven and base five as iUustrations in the following 
programs. Any ofher base may be used. ^Historically,. bases of fivej twelve, 
twenty and sixty have been used. * » , 




21 



22 



23 



•2k 



Rir 



Separate the following set of obj^raFinto 
sets of seven elements each, ' 



A A 



sets with 
elements 



We observe that "Uiere are 
7 elements in each set and 
le|^ over. 



The number of objects in Frame 21 ^to the tase . 
. ' ■ . is written 3l». 



seven 



The 3 . in 3h^^^^^ , represents 



objects • 




(The 

ment pf 6b;)ects 
is not i^mique, 
but ihere should 
be . 3 s*ets each 
vith t objects ^ 
and k More ' 
objects,) 



seven 'or^Jipgi 

3(7) or liiree 
times seven 



^1 The nvanber of o^ects in the set of el 
repsresented by the crosaes ^ 

+ + 



+ 



may be written to the base seven as 



26 i The nwnaiber of Skjects in 



>iBay be written to ^e base seven as 



27 ] In the numwal the digit U means 



1 



seven 



- 28 I A. numeration system to the base seven has the 
folloving set of ^seven basic di^ts: 



4 



\ 



12 



seven 



^0 ' ^ 

* seven 



seven 



(0,1,2^3,^,5,6) 



Mote ; Although it is not absolutely necessaiy, we follow the practice of 
using ^ois such as 3fi^» ^ n^y^^'^^^v^^ ' 

each time we refer,to a b^se other than ten. As i'h Rraine 27 above, an 
expression such as \^^(lOg^^g^) sometinies idll be shortened to 

ihiYOW ' where the sauare bracHet is used to indicate -Uxat all numerals 
^^ '^ seven . . 

within the brackets are understood to be to the base seven, five, and so on. . 
R)f emphasis and clarity, we sometimes will' use sanoabols such as 8^^^, 32^^^' 

or [3(10) + 2) . But Xf no. base is indicated, it will be understood to 

■ - ten * ^ ' f ^ • 

mean base'ten. ' • . . . 




35 
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V 



29 



30 



31 



32 



33 



3h 



35 



36 



The numeral 32^^^^^^^ i« the same as 

-[3 ( ) + 2]^^^^. 
> — — — seven 



^0„^„^« ■ : ' equal to 7^ 

(is, is pot) 



[^(10 X 10)1^^^^ lj3 



[5(7 X 7W 



ten' 



(equal, not equal) 



to 



352seven ' t3(l0 X IO^ + 5(lO) + 2]^^^^^. and 
[3(7 X 7) + 5(7) + 2]g^^g^ are, different 



for the same number. * 



[3(7 X 7) + 5(7) + 2] 



ten 



-ten* 



The numeral 23i^^^,_ may be written as 
seven 



[2( )>3( )^+M 



seven 



seven 



3050^ may be written as 

seven ^ ♦ s , 

[3( .) +0( ) + (• ) 



or as [ ( )+5(. )]^^: 



or as 



ten ^ ^ 



The use of 0 in liie numeral 3050 indicates 

jaeven 

that the aet of (lO x io) 1^ 

seven ~— ^ 



and that the set of 



is emgfrtiy. 



10 



is 



equal 



names 



181^ 



[2|10 X 10) + 
3(10) + k] 



seven 



[3(10X10X10> + • 
0(10X10) +5(10) 
+ 0], 



seven 



[3(7>^>^r) + 
5(7)3. 



'ten 



106U 



ten 



«aptyj 

ones or units 
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14 



36 



37 I ffl.ven the folloving set of oto;3ect8: 



o o 



o 
o 




Separate this set Into sets of live* 



38 I To the base five, the niratoer of pb^ects in the 
Q&t in Frame 37 is vi'itten • / 



33 



five 



39 In the numeral 3Jj^^g/ ^he second 3 from the 
ri^t represents objects. 



f3(lO)}nve 
3(5), 



'ten 
or 15 



ten 



kO The nxjonber of obJe6ts in the ^et 

o 



ie written 



ilve' 



o 



— V "■■ " 



ten 



five 



';ten. 



10. 



five 



[3(5) + 3] 



ten 



18 



ten 



ten 



,+ 33. 



^ten 



ten 



73 



ten 



-er|c . 



1^5 



k6 



•3333 



five 
[3( 



)+. ( )+ ( )+ 3: 



ten 



five 



five 



ten 



[3(10x10x10) 
+ 3(10x10) 



•+ 3(10) 
+ 3( " 



1)3 



five 



m5>0) + 3(5) 



= 119. 



ten 



230 



aeven 



^8. 



ten 



Suinmayy . ' 

We may summarize tiiis sub-prograsoa in ^ich Ideas^^bout numeration 

syate3ntts to the.baae seven and base, five ha^ been developed as follows: 

%.ln a numeration system to the base seven there is, of course, a set of 

'seven basic digits, {0, 1, 2, 3, ^y ^, 6), as was stated in Ibjame 28. A 

set of seven objectsifeas a nuinber property witten as 10 • lo avoid 

» seven - . 



confusion any numeral 



o'toSh 



e base seven has the base >nritten to the rf.ght - 



and belov the symbol, for e3«Bnrpie, ^ _ , 236 . Por the sake of 

' * se^^n' seven « 

b;pevLty, this vas not done in the set {0^ 1, 2", 3, 5, 6} above or in 



the respoMe to fframe 28. We doT^ycM^timea, enclose several numerals in 

brackets jand consider all of them to. the base seven, for example, ^ 

[5(10 X 10) + 1(10) + 03 . In the numeral 236^^^,^^, the second digit 

Bjpven seven 

from the right is in terms of -.10^^™^ and means ^{3(10)] . Since * 
* seven seven 

10 



seven 
wlte [3(10)] 



i!h another name for 7^^^^ and 3^^^^^ - ^ten' possible^ 

f3(7)]4.^^* Hence, ve may wite the nume^^l 532U 
seven ten ^ * ^ seven 

as follows: 

- ^^^Keven = ^^^"^ X 7 ?) + 3(7 X 7) + 2(7) + i^f^^^ 

Multiplying and adding as Indicated gives the nunib^ I88O to' the base ten. 
We do not ^ need to wite the word "tel^' here since it is understood • Since 



38 



these are different names for the scuae nmber, It is proper to vrite 

532U = l880* Use of the base five, of aiay other base, follo%?s the 

seven 

same procedure. ' * 

It should be clear by npv that with 51 immeration system to the^^base 

seven, the numerals 7, 8 and 9^ as veil as 17, 27, 38, ^ and so forldi, 

do not exist* We have used the word "seven" to^ indicate the base, but at 

all places where the numeral has been used, the numbers were written in the 

base ten. The numeral 10^^,^^, often read, /'one oh^ base seven," is the 

• « 

number property of [X, X, X, X, X, X, X} and all sets which match it. The 

numeral 7^ is also a number property of these sets and hence, 

ten * ♦ 

10 =1 7 ^ This gives tis the relationship between these two numeration 
seven ten 

systems and enables (is to -move from one to the other. ^ 

In like manner, with a system to the base five, the i^erals 5j 6, 7, 

8, 9, 15, 16, 26, 72, and so forth, do nolJ exis-?; As disc\;^sed above, we 

may write 10,^ = 5. and use this basic relation to. shift ftrom one"* 
five ^ten ^ ^ . 

system to the other. t • 

I-tfeWill be useful in understanding numbers to other bases to learn to 
perform the ordinary operations such as addition and multiplication with 
them. These will be distussed in the next progpram. 



Addition and Multiplication with Numerals to Bas^ Seven and Base FlVe 

Addition and multiplication will be discussed forma^y In other chapters 
but a brief discussion of these operations with numerals to other bases will 

s 

prove useful in understanding the basic properties of positional numeration 
systems.^ 



^1 



T 



With numerals to the base ten. 



ten ten ten 



Similarly, with numerals ^1ib the base seven. 



+2 

seven seven 



seven 



seven 



^9 



50 



51 



52 



» 4 



1 . ^ 

HLth nun^rals to the base seven^ . 3 



> a 

seven seven 



xe:i^esentd a nuiober vltlx ve associate the 

numeral ( ) 



seven 



.We also loajr vrite 3^^^^ + 6^^^^ as 

♦ * 

seven . ^ seven seven ' • . 

« (3 ^ k ) ^ 2 
^ seven seven' ^ seven 



- ( 1 t 
^ "^seven 



seven 



C; ) 



seven 



-^seven ^ seven> "^seven' 



( M + 
^ 'seven 



seven 



( ) 



seven . 



five* ' nve 



five 



^ ^^^^ +1^ ) 3 
^ five five' ^ 



five five^ 
five 



five* 



■"five five:. 



" ^^five ^five^ ^five 



,flve \^ 



1*0 



53 



6 + 6 ^ 
seven seven. 



seven 



seven 



) + 



seven 



seven 



(6 +1 ) 
^ seven seven' 

+ 5 • 
rseven 

"'^serven . 



Bote: In Eremes iv7 - 53, we have tried to sKow how one ' adds vith simple on^ 
digi.t numbers to the base se-^en a?id to the. b&se five. If you ^ave understood 
this, you should be able to make an addition' table to base s?ven or base five; 



]perhaps you could make 




otihier bases* 


Here is one to 


base seven; 




0 


1 


.2 


3 


k 


P 






r 

0 


0 


1 


2 


•i> 3-^ . 


\ 


5 


6 




* 1 


1 


2 , 


3 


\ 


5 


6 


10 




• 

2 


2 


3 


\ 


5 




10 


11 






















1 * " 3 


3 


\ 


5 


6 


10 


11 


12 






1^ . 


5 


6 


10 


11 


12 


13 


* 


5 


5 


6 


10 


11 


12 


13 ^ 


Ih 




6 


6 


10 


11 


12 


13 


\\ 


15 












< 














Addition 


Tfeible to 


Base 


Seven 







Using this table one is* able to find, the sum of any pair of one-digit 
numbers written to the base seven. To become proficient in adding such 
numbers, one vould need' to memorize the addition- facts, as grade school 
children must do with numerals to the base ten. 
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4 ' 

5i^ 



Make an addition table tp the baee five. 



0 
1 
2 
3 



a 3 



•Addition Table to Base Five 



55, 



.56 

57 
58 
59 
60 
61 
62 



2 + U 
*^five -five 



6 + l^ 
seven seven 



five 



ten" 



seven 



Add: 13„ „ + 32„ 

seven seven 



seven 



Add: 2V i^ 65 « ^ ^ 
sev^ seven ^ seven 



* five* 



Add: 3U^^^ 23^,^^ 



Add: 3^ +23 

seven "^seven 



Addt 31^4. +23^ 

^ ten "^ten 



seven 



ten' 



0 1 2" 3'> 

1 2 3 ^ 10. 

2 3 4 10 11 1 

3 h 10 11. 12 
h 10 11 12 13, 



11. 



five 



ten 



U3 * 
-^seven 



45 



seven 



five 



122 



seven 



112 



five 



60. 



seven 



57 



ten 



X' 

ten* - 



seven' 



-'Beven ^ seven 



seven 



65 I Multiply: x (Byive^ 

" ^five ^flve 

" ^^flve ^nve^ ■'•five 

five* 



66 r Multiply: (^even)^(Wn) 

I 

5^^^^^ "^'^seven ^ ^seven ^ ^seven 

a lO"^ +10 +6 

seven ^ seven seven 



seven 



67 I 6 „ . . equal to 6^^„. 

. (is, is not J 



68 I 6 equal to H^^. 

^^^^"^ (is, is not) 



42 



seven 



(is, is not) 



equal to 28^^^. 



70 I ih^^^) X- {h^^^) = five ' 



1^3 



7X 



7fi 



Hve^ 



five- 



Construct a aniltiplioation table to base j^ve. 



2 . 3 



0 

*2 

3^ 

Multiplication Table to Base nSre 



» five >. 



0' 0 0 0 0 

♦ 

0 1 2 3 h 
0 2 1* U 13 
0 3 11 1^ 22 
•0 k 13 22 31 



Summary . ' • % *" • i**' 

We have introduced in this sutf-program some of the problems involved 
in adding and jmultip^ng vith pumerals to bases ^eVgn and five* To ai^wer 
correctly many of-^ these pr(jj>leins one most underfetaifd clearly the ^eanlrife of ^ 
plac^valu§sp and this is one .reason for introducing this section here* ^ 
Similar exearcises fgr the elementary school student* wuld lead to a deeper 
understanding of the idea of pl*^|^val||^. We iiaye ex^bited addition and 
multiplication tables for bases orair than ten; ^thesei. jgould be memorized* 
:.IIowver^ memorization is not as irngfiortant as a grasp x)f the^notion of place .. 
*value.. ^ , ^ . 



%4 



0 



Pu3?ther Meaning of .Numerals to Base Seven ^ 

r^— — • — . : 

We vant to go further into tffife meaning of the rimeration system to* 

♦ T ****** ^ 

ba^e sev^^n as an illustration of a numeration* syste% to any bas€^ B. « 



ysxei^ 



75 



^jT] \ \ ^ . \I ^ _ 

Meiffliire ere counting with numners ^o xne base"^ 
ten, the next numeral^after f^^^ i& > 



10* or 10 



ten 



7^' I Suppose ve are cou^tixig vith nuxabers to base 



seven • The next nmeral aftw ^ ^seven 



^Ehe next six nmerals to the base seven are 



76 



, 77 



78^ 



l6 means [l( ) + 3 
seven _j „ 



seven 



!Ehe next nmeral after ^^^^^^^ 



20 = t ( ) ^ 
seven ^ 



' seven 



79 3^ 



seven 



f3ao^'^3 seven 
[ ( . ) + 



^ten*. 



80 I One i^Kre than 66^^^^^ is 



+ 1] 

^ ''seven 



81 [ (6 4; 1) 



seven 



seven 



10 



seven 



'^''"seven 



12 



seven 



.13 



seven 



seven 



15 



seven 



16 



seven 



[1(10) ^ 6] 



seven 



20 



seven 



[2(lO) + 0] 



seven 



[6(K))+6+l] 



seven 



10 



seven 



82 



83 



8l^ 



05 



86 




[6(10) .+ i{io)l 



I (6 + 1.) -x 10] 



seven 



[iO X 10] 



sevet 



■seven 



5Che ne^*t nuniber after 666^ is 

seven 



1000 



seven 



Ci( * ) + 



'seven 



The first Hye place ^values^'of nmteralsu.to the 
base seven are ^ 

> ^ > 



/ba 



e first two place values from the rigiht to the 
base B are 



.and 



B* 



*IlVe pl^e values to the base B . from the right are 




100 



sevaa 



V 



1000 



seven 



(1(10X10X10) 
+ 01. 



' seven 



seven 



10 



sev^n 
fj^'^ ,^0>seven 

Xioxioxio) 



Seven 



(l0x:iOX10X3D) 



seven 



10, 



B 



^°B 

(10 X 10)p 
( 10X10X10 )g 
( 10X10X10X10) 



B 



U6 



1 



l-„/\ It;:.:::: -.r.;., ^ " 

A^5. Sumaxy for the ChaptBr ^ ' . y % / 

" / *Ehe* concepts involved in this chapter, on nxnaeration Bystems* to the bas^e- 

ten, also systems to other bases, are necessary to a f^jill xiiirfters!feBtocling 

of-nmbers and hov we use the syinbola f or nmberp* It i*s Intpoirtant 'that . 

V^ders^^^ the Hindu-Arabic numeratioA system, becausi^^his JfS the one used . 

** * ' * " ■* ~ \ ^ ~ " • 

'-widely over the world • ' > ' > . 

' aads system 6f writing the names for numbers involves %hree basiq 
^ characteristics: ♦ . 

1* There is a single^ mark or Symbol for each of the '10 basic , 
^ digits, that is, 0, 1, 2, 3, 5, 6, 7,^8, 9** 

2.^ There ^s a. symbol O for the number property of the empty set* 

/o^iere is a way of writing the names foi' all^umbers* greater 
. t^an 9 by the mse of the basic" digits and an agjreement^ on the 
place ^alue or positional value of eaclf. ifeus the numeral 
k62k ,me^s: ' , ^ 

km - ^(10 X 10 #10) + 6(10*X 10) 4- 2(10) + Kl)* 

Thi^ nuaaerai also may be written ^^62^^ ^ i^(lO^) + 6(10 ) ^ 
althou^ we haveThot uSed this notation in the above program* 

' We also discovered in tjie program^ that there are numeration systems with 
other bases* We used those to the base five and base seven' as illustrations. 
Ilj is clear that these systems have the same ^hree basic cheoracteri sties as 

,V the ttLndu-Arab^ic system* We h^ve foun^L,.^in working with children and with 
teachers, that the use of other bases clarifies the basic concepts of the 
system we use *^ The lack of familiarity forces the student to understand the 

> basic concepts* . - 



i 
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15-1. Ttie Whole Mumberflf (Bteyiev) * • ' . - 

Earlier developed the Idea that a ixumberi such as threej Ig a common ^ 
property of a coUecti<^ of matched" 8et8| such as ''A « (penciJ]^ bottle, hook) 
and all the seta vtidchj^atch A* We also have saLd that the numerals HI, 



2 



6 
T 



r 




are Oifferent rmms for the number 'teree. 



av+^, h - 1, and 80I 

Otibter ideas'* v6re develjo]^ idilcik-idlX be included in the followtng ^xib-proeprfloa 



Ihe number *projperty of 
B ( Jaxld, 




and all sets vhich^tfeh ^ 
^e^ symbol 4 is a name for -tibie number f ovbr and 



iSvCalled a 




\ 



Write another set Trtiisfe itflgitches 



B « {Jane, Ge»^e, EEUen, Maiy)j^ - 
Tot example: ^ . 




four, IV 



numeral 



1Ab% the elements of the set ''of nume3c|alsVx^ 
t^f 3f 7^ 2) in ascendi3Qg order« 



Vrite' the set of the first ten idiole numbers in 
^ ascending order. ' / ^ 

List the fijst five c^rdered whole niters* 



1 

4^ 



ilf 8 is a set, then lAie number property of S is 
denoted by ♦ ^ H 



(pencil, ink, 
chalk, pen) 

h : 



(0,1,2,3,^,5/ 
6,7,8,9) 



1,. 2, 3, 5 



H(3) 



h9 



8 . 



10 



If C and D deno te l a et s and the membere of C 
and D ara in ^e-to«-one corr^pondence,.;^1dien . 



K(C) 



The' nxam^er property of N 

¥ « "tdesk7~cha^ coa;^, pen, pencil) 

iB . denoted 'by the _____ 6 * 

S ill Frame 9 has the number property 



, 11(d) 



numeral 



6 or six or \VI 



5-2, Set$ u nder the Operation of Union * . * > 

In tlrf.s Bub-program we use {0, 1^ 2^ 3,. 5^ 6, 7, 8^ 9^ 10, 11, 12j 
13, 1^^ ^Tidvlch we speak of as the set of^ whole n^bers^ !Che numeration.-^ 

-wBystem is to the base ten, / 

To develop the basic idea or definition of addition as an/ operation on 
a pair of whole numbers we use sets and some properties of sets. . Tlie 
following program ijdll be 'on sets, and the union of sets. 



11 



12 



13 



. A = {pencil^ bottle, -eraser} and 

B = (desk/ chair, pencil, hat, coat, pen} , 

Write the set whose elements are members of 



Do we need to wlte "pencil" twice? 



(yes, no) » 



When we put two sets tdgether, as in Frame 11, to 

form a single we call this the union of 

the sets. . . 



{pencil, hat, 
' bottle, coat, 
eraser, pen, 
desk, chair J 



no 



set 



Ik 



15 



17 



18 



The 



of 



S 5^ tchatr, de8k> book) and - 
1^ « {a]^le, book, chair) 

J» {chair, desk, book, ajrple) • 
Ve denote this set by SU^N^ 

Write -the set vhich is the union of 

B = (tree, rose, pear) aM 
C a (orange, pear, appXe) . 



Consider B and' the sets in Rrame 15 ^ 

M.(B) - . . 

n(c) » . 



ll(BUG) - 



Consider the following pairs of sets^ 

A = (pencil, eraser, bottle) and 

F « (desk, pencil, pen, chair, hat, coat) 

S « (book, chair, desk) and 
M « (apple, chair y^JOok) 

B * (tree, pear, rosejjppund - 

C s (orange, apple, pear) ^ 

Each pair has at least one coiamon . 



CSiven* ^ 

D » (Jane, George, Bill) and 

E a {Ellen^ Dorothy, Marion, Joe)."^ 

,te the set which Is the vinion of P and E.- 




■ * 
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\2nion 



(tree/ rose, 
pear,,, apple, 
orange) 



3 or three 
3 or three 
5 or five 



meoiber or 
•element 



(Jane, fieo3Cge,^ 
Bill, Ellen, ^ 
Dorothy, Joe, 
Marion) 



\ 



19 



SO 



21 



S2 



^3 



2U 



25 



. ^6 



D Mid E, the sets in fteaae l8, do not have 
a consaon 

A pair of 4ets vMch do not. have a ^ 
element a?^ called disjoint sets . 

{pen^ cfock, ai^le, piars^X 

{chalky ruler ^ pencil) are set&^ 

The uiion of ^ ^ * 

' B = (tree, roae, pear) .and. 

^ C ^ {pear, apple, ore^ge) 
is a set denoted by BU C, "What is the indon 
of BUC *and J3 (elm, oak}? 
We clenote th|.s.Bet lay. (BU C) U Cf, 
•(BUC)UG»^ 



Jfrite C UG for the sets in Frame 22. 
C U G = . 



Write the set B U (C O g) . 

» 

**iip (bU>ic)Ug =,bU.(cOg)? 



Given the folloving sets: 

S « (book, chair, desk) ' 

P = (desk,*. chair, coat, hat, pencil, pen) ^ 

M= (book, apple, 6hair) . 
Write SU(MUF) and {SU*M)UF- ^ • 

S U(MUF)= 




element 



common 



disjoint 



{ tree ,rose,pear^ 
oak, elm, apple, 
orange) 



(apple, oak, 
orange, elm,pear} 



{ tree , rose , pear^ 
oak, elm, apple, 
orange) 



yes 



{ chair, pen,de8k, 
book, apple, coat, 
pencil, hat) 

(apple, book,, 
chair, desk, pen, 
coat , penc i 1 , hat ) 
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27 

.28 
29 



30 
31 

32 
33. 



iB SU (MUP) « (SU{«)UP? 



, Cyes, no) 



k 

h((sUm)uf) 



\blte EUD using 

E « (Joe, Dorothy, Eileen, Mailon) and 
D = {Jane, &L11, George) » 

EU D. = . * 



1b EIJI) the same as DUE? ' 

, " ^ (yes, no) 



Since E XJD = D U E, ve say that D and E 
are commutative under the operation . 

M(EUD) • * . 



Il(DUE) = 



I 



yes 



ei^t or 8 



{Elien,Bill, 
George , Joe'^ Jane, 
Marion,Dorothy3 



yes 



union » 

7 • ' 
7 



gummary 4 * 

In this sub-program ve have defined tne union (sometimes called the join) 
of tvo sits . A and B to be the set of distinct elements of the tvo sets» 
The union of A and B is viritten as AVJB. The oarder in which the 
eleiaents 49Lre written makes no differenae, and although a particular^ eleme{^t 
may appear in both sets* it appears only once in the union. Since BVJA 
rs the same as AVJB, ve may say AUB ^ BUA for "any pair of sets 
A and B. This relcction is called^the coromtatlve property gf sets under 
the. operation of union. ^ 

.We also recalled that any set S has a ntmber property written as N(s), 
Since A Ub is a set, its nurotter'' property Is M(AUB)» Since ALJB - 
B U A, it follows that N(A U B) W<BU A) * \. 

The operation of union (or join.) has meaning only when applied to a pair 
Of sets. When^three or more sets are involved, o\rr procedure in finding the 
union allows us to work* with only two sets at a time. This is no real v 
difficulty, however, since we know how to find the union A\JB of A 
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and B (or of *ary two sets). IJhen we can find the xmion of A\JB knd C, 
We have written this as (AUB) U G* Furthermore^ we discovered that 
.(AUB)UC » AU(bUC) for all sets A, B And C. OMs relation is 
called the associative pjfeperty of sets under tJne operation, of irnion* 

l|y using the commutative property and the associative property a series 
of three or more sets under the operation of uhion may be rearranged in any 
desired sequence, thus, (AUB)UC = (BUA)UC = BU(A^U C), and^ so 
forth. ^ , ^ ^ ^ 

The union of three or more sets is a set. Therefore we may think of the 
number property of iJae uniofe of three or more sets. And we write > 
N((AUB)UC) « h(aU(BUc)) as^a result of the associative property of 
sets under* the operation of xanion. 



5-3 V Dl^^ Joint Sets> ^ Whole Numbers arid the Operation of Addition 

.-^mayuse disjoint sets and the number property of sets to define or 
give meaning to the^inary ^operation of addition in the set of whole numbers* 
Some of the frames in the following sub-program will be for the purpose of I 
recalling and reinforcing the ideas previously developed regarding disjoint j 
sets, the union of sets, and the number property of sets. 0J 



3^ 



35 



36 



37 



Two sets which have no common elements, are , 
sets. 

Let A and B denote sets. The of A 

and B is the set which has aikJLts elements 



those elements which belong to A or to B or 
to both A and B* ^ 



Since two disjoi'nt sets contain no common elements, 

their union contains all the in each of 

the sets* 



\ 



The number property of 

B = (oak, elm, hickoiy, walnut, pecan) 
is represented by N(B) = » 



disjoint 



union 



r 



elements 



Si 



5lt 



38 
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k2 



h3 



^ ntmeral for the number property of 
C » {peach, ^ar, ^ppl^} 

Using B in Krame 37 and C in Prame 3o> 




The number pfq 
'N(BUC) 

H(B) =: ^ 

H(C) « 



of BUG is 



H(BUC) = 



Given the nxmbers 2 and 3» Choose a set D 
having 2 members and a disjoint set" having 
3 members . \ . ^ 





Write the union of D and E, the sets you cho. 
in Ibrame 1^2. 

DUE = _J 

OJie 'number property of dUE 'in IPrame^S Is 
N(D U E) = , 

In rrame ^2^ we started with the numbers 2 and 3> 
and found disjoint sets having 2 and 3 members 
respectively. We then found that the tmion of 
tibiese disjoint sets had the n^onber property! ^« 
tChis sxiiggests the addition sentence -> 



3 ' 



{oak^apple^ 
pecan, elm, 
hickoiy, walnut , 
E?ach,pear} 



ei^t or 8 

five 
^hree . 
eight 



{paper, pencil) 
{book, pen, ink) 



{pencil,paper, 
pen,inkjbbok) 



2 + 3^3^ 



55 



1^6 



1^8 



. on tm 



Use this saingj% idea on -die cLLs joint sets 

iB = (oak, elm^ hit^iy, valnut/ pecan) 
C = {peachy pear, apple). 

This siigggsts the addition sentence ^ 



Tlms^ if A and B are disjoint sets and if 
N(a) a a and 11(b) = b, then N(AUB) ^ 



Given any tvo whole numbers e and ^.JF, ve may 
find two sets E and F^, such that 

11(E) = e and N(F) 



f. 



If K(EUF) = g, then • 



r 



5+3 = 8 



a + b 



r 

disjoiJttt 



e + f 



g 



Summary 

In this sub-program we ^ave used the idea of tM number properties of 
LjtwcL disjoint sets and the nuinber jxroperty of their uxdon to provide a^ay of. 
pai^ring two iiumbers and always obtaining a third number. For example, 
W(B) ^ 5, N(C) ^ 3, and K(bU ^ 8. We call icMs association the 
: operation of addition ^ use the symbol to denote this binary operation 
Thus^ we detine additl/on in the set of whole numjaers as follows: 

Definition! If = a and N(B) = b where A and /B are dis Joints 

, sets/ then a + b i§. the number property of AUB.. .If 
N(A)UB) = c^ then a + b = c. 

/ 

This is a defijiltion of addltiion in terms of disjoint sets and the set 
6|>eration union • If 'a apd ]^ 8^ "^^o whole numbers, then we can - 
always find [disjoint sets A am B such that H{A) = a and-' N(iO = t). 
Tfcje union oi* these disjoint sets is denoted by AUB, and N(A UB) 
is some whole number c such that c - ja + b. ^ ^ 



5-^» ?ro:pertles of TOiole Mumbers under the Operation of Addition 

We recall that earlier In tMs chapter It wis established that ther^ Is 
a binary operation of x^nion on any two sets. From the^ leaning of. thl^ 
operation appUed to sets it is posslbie to establish that sets are closed, 
coinnwtative and Msodative under the binary' operation* of xmloii^ ^ the use 
of disjoint sets, we have made a definition Xor the binary operation of * 
addition for the set of whole"" numbers • * * 

In the following sub-program, we again u^e disjoint setfe to establish 
the fact that the* set of whole numbers has the commutative, apscK:i^tive, and 
closure properties under the operation of addition and that there exists an 
Identity element for addition. . ' 



^0 



51 



52 




From Frame ^3, '^diat does the comnutative ^ 
prope:pty of sets under the operaijion of uMon 

tell us? ' • 

1 - 

What do we know then about the addition * 
<jentence in Frame ^5? 1 

How may we write the addition sentence in 
Frame ^9? ' ' , 

From these statements we may say that the set of 
irdiole nxmibers has the *' property under' the 
operation of addition • 

Since the process of associating disjoint sets and 
tiielr union with whole numbers may be applied to 

any two numbers, we also say that the set 

of whole numbers is closed under the operation of 
'addition. 



DUE « EUD 



2 4. 3 ^ 3 + 2 



e 4- f = f e 



commutajbfve 



tajifve 



whole 



55^ 



56 
57 

58 

■\ 
59 



60 



61 



62 



Sj^pose we want to add the tiiree xnxmberB 2^ 3 

and 5,' Constder 

• ■ , , , , ' • 's 

B a (pencil, paper) 
• C a {peach, peiiS^j apple} * 
D » [peOc, elm, hickory, walnut, pecan} . 

,Are thgse disjoint sets? 



(yes, no} 



H((Bgc)Ul?) -1 
• 

.ii(b u (cu d)) « , 



i 



Slrfce the associative prgperty of sets under the 
N^eraljive union states tibiat 
(BUC)UD «^ 3U (CUD), coniplete the 

number sentence (2 + 3) + 5 r= , > 

^ _ ^ — \ . . 

OJhe 9entence (2 + 3) + 5 2 + (3 + 5) is; an 

illustration of title jgiroperty of the 

set of Tjhole numbers under the operation qf 
addition* - • ^ ^ * 

Let a, b, -•c represent any triple of 'vdiole 
numbers, "ifrite the number sentence which states 
the associative property of the set of whole/ 
numbers under addition. 



What other "property under addition would be used 
to write -^a + (b + c) ^ a + (c -f b)? 



yes 



(2+3). 
(2^+ 3) +5 
2 (3 + 5) 



2 + (3 + 5) 



aBSoclatiye 



(a+b)+c e 
a + (b + c) 



the commutative 
property 



Recklr thtat the «iapty"set has no^meiobeirq or 
elements. If S is the &s^^^ set^ then 

; B » { iJames, Bill, ELlen^ Harold) . 
i^at is. BUB? ^ * ^\ ^ ^ ^ 

- . BUB » • * " 

Invgener^, if E is the empty set and* S Is any 

The empty set is 



set, then SUE = ^ 
called the identiiy element for the set operation 



If E 'then ]J(E) = 0/ Let N(a) = a* ^ 

Since' AUE » A> ve may vrite the addition 
sentence! 

4 * 

By the commutative property under uirf.on and the 
property of the identity eSLnt^ E, 
AUE » EUA s a* Hence, welnaay wite the 
addition sentence « * 

The number 0 is called the identity element for 

addition and means that if is added to 

any number, , the result ^11 be that number • 

If n is kay vhole number, then 
n + 0 = * # 



{Jamea^Bill^ . 
Ellen, Harold) 



a*+ 0 ^ a 



a + 0 = 04-a?=a 



0 +'n 55 n 



Suxnnffljy t 

In this sub-program we have developed three additional properties of 
r*^ the set of whole numbers under the operation of adMtlon, In the previous 
sub-program ve developed, the closure property of the ^ole numbers under \ 
* addition* This means that when we are adding -vdiole nuipbers, these four - 
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properties will hold for any whole numbers, These properties ore the 
followi3;ig: 



(l) Pbr aiiy whole numbe^p a and h^ aH b « c, . * , 
where c is a whole number . (closure) 



(2) For any whole numbers a and b, 
' a + b T ?v ' . 

(3^ For any wkole numbers a, b and 
(a '+ b) + c ^ A + (b + c)* 



( ooimmitati vl ty ) 

\ ■ ■ 

(aasbciativity) 



{k) There Is a unique ^ole number 0 such 
that n+0^6 + ns=n for any whole 
number n» ^ 



(identify element) 



I- 



CHAPTER 6 
SUBiRACOION AMD AEDITJION 



We shall find it advantageous to present the operation of subtraction 
fr^, three points of view, representing tvo fundamentally different approaches. 
!Ehe first *approadh is sindlar to the way we have defined addition, that is, ' 
m terms of sets and set "operations. The second "approach defines subtraction • 
directly in terras of sets and set operations. The third approach defines 
subtraction directly in terms of addition of who le_ numbers j that is,^ as an ; 
Inverse operation. 

Approaching subtraction through, sets end set operations ^s done in two . 
different ways, one corresponding to a "take-away" operation, the other to an 
"add-to" operation. . ^ * " > " ^ ♦ 



vV 



Subsets and Benpinder Sets 
We haye learned some things about gets. Now we need to deAjelop tvo » 
additional concepts: subset and Remainder set. We first consider the notion 
of subset • . ^ . * 



Consider ^ 

A ^ (Mary, George, Bill, Ann, Tom, Allen) 
^ B (Mary, Ann, Tom, Bill). 

Every Member of B a member *f A* 

(is, is not) 

Given a pe^ir of sets such as' A and Bt If 
eveiy member of B also is a member of A, we 
say that 'B is a giitbset of 

<iiven the sets of Frame 1, we sBy that B is 
a ^of (a>) 

( 0 ' 

Sltite every memt^st^f B ;is^ member of ^ B, 
we also can say tl^at B is a*_ of B* 



3^ i2 



subset 



subset 
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^ ®®* - ' a subset of itself. , 

(is, is not) 

* ^ / 
Let o {ball$ bat, book) • Ilnd subset of 

E with the number property 3 a^d name this 

set - F. ^ * , ^ 

i 

} 



Let G be a subset Qf (ball, bfit, book) such 
that M(G) ^ 2. , ^ 

Then, , 

^ ' or , G = __, • ' * 

or G « 



8 I We designate 1diat C is a subset of by the 
expression G c D and mean's that every member 
of C 

. ^ tia, is n^t) 

symbol is read "is a subset of." 

Let be the set of all children a given 
class, and D be the s^t of all boys in the 
same class.' Then. D is a of C. ' 



10 



11 



12 



D a subset of if there is no 

tig,--ls not) 

element of C which is*not an element of If. 

Since' ther^ is no elemeiit of the emp1^ set 
that is .not an elemeiit of D, the empty set 
is a of D* 

{vj is a. subset \of p = ] h 



*{ ) is* a 



of eveiy'set. 



is 



(ball, bat, book) 



{ball, bat) 
{ball, book) 
{bat,book) 



is 



subset 



is 



subset 



Pbr exan^le, 
{ball, book) 



subset 



"••SJhe eDDcpty set is a subset of A,' 



oan be wltten syinboiically as ^ A 

Tlxe statement, . 

• "Arjy sfet A is a subset of itself," 
can be written s^J^ically as « , . 



A ) c A 



A c A 



Consider R » tO, 1, 2/3). Which of the folloving d£ ^t, represent 
stibsets of B? (Check' all correct responses.) ^ , 



P <&) (0, I,- 2, 3) 

DM n 

,0 (c) to, 5} 

Q (d)^ {1, 2) 

0'(e) to, 3, 2) 



l6(a) lncorrect,.,,since every- set is a subset ;of itSelf. 



■.16(b) Incorrect, since the emp1^ set is a subset ,of 

every set. ^ '•^ i 

. • * " 

l6(c) Correct. (0, 5), is not a subset of R>' since 
\ 5 is not a member of 

i.6(d) Incorrect* Sj^e every member ^of {1, 2} is > 
a member of {1, 2) is a subset of R*. 



l6(e) Incorrect • Since every member of (Q^ l, 2) is 
a member of R, (0, 2) is a'eubset of RJ 



17 



Which of the follovlng ir6j>y68« it miUtieUi oJ 



A » [a, b, q, ^L, e); 



(a) la, b, g) 
(c) {d, c) 



17(a) iD^orrect, since g is not a m«nber of 

, but is a member of {a, b, g), ^ * 

^ ^ " ^ ' ^ «^ ' 

17(b) This is a listing and by agreement does not 

rep:^esent a set« ]|ence it cannot be a subset * 

17(c) Correct. Ifeich member of {d^ c) is a member 
of A = [a, b, dj e) • 



The notion of^jgroger subset is'liqj; germai^e to the development of sub* 
traction from sets, but on occasion is a useful Concept and hence vill be 
introduced. The reader can proceed to I*rame 2li^*if he so chooses vithout 
any loss* of continuity in the development of subtraction. 



18 



3^ 



20 



A proper subset of A is a 



of A^-^-Wtat 



has some, but not all 'of the "members of A 
as its members « 



A proper subset 



(can, cannot) 




*be empty. 



The oumber property of a proper subset of A' 
is le^ than the - property of A* 



subset 



tannot 



number 



6k 



« 
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•Consider T » {2, 0, 1) . Which of the foUowlng represents a 



proper subset of ,Tt 

O (a) {0, 1, 2) 

(0, 2) 
□ U) (1,3). 



21(a) Incorrect.- {0, 1, 2) is a subset of T, but 
it contains jill of the elements of T so it^ie 
not a proper subset of T. 

fil(b) Correct J since {0, 2} contains scMoae'butnot 
all t^flements of T. 



21(c) Incorrect. (1, 3} i3 not a subset of ^ T since 
it contains an element that^ is not in t! 



Consider U 


« (2, 3, 1/ 03» ^ich of the following represent 




* * 

.proper subsets of U? 






) 




0(b) {or ; > 




□ (c) (0, 3) • •• • 

* * 




^ - 


22(a) 


Incorrect J Since the empty set contains no^ 
elements, it is not a proper subset of U. ^ ^ 






22(b) 


Correct, [0} contains some, but not all of the ^ 
\. » * 
elements of- U and 0 is a iaen*er of U. 

■ ■ V ' 






22(c) 


Correct. {0, 3) contains some> but not all of 
the members of U. y ^ 






* 







22 
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VPxlch of the f ollo>dng subsets are not proper subsets pf^ X (4, 2, 0)? 



□ (a) { 3 

a (b) ik, 0, 2} 

D(c) [0, li.) 



SSia) Correct. A proper subset of X ^must contain 
some but not all elements of X» { 3 contains 
no elements of X* , ^ 

23(b) [h^ 9, 2) contains all the elements of X, 
(• contrary to the defLid.tlon of proper subset. 
^ Hence, .this response is correct* 

'23(c) Incorrect. (0/4) * contains some but not all ^ 
of the elements of>, X and is a proper subset 
of X. . 




' Let us now consider remainder sets, a concept vhich underlies one 
approach to subtraction. 



21^ 



25 



26 



Let A denote the set of letters used to 
spell the word "contract". Hence, 

A = , 

The set of letters used to spell the word 
"attract" is 

B « 



.Consider the sets of Frames 2^^-25 . B is a 
subset of A aM the set of elements of A ^ 
vhich are not elements of B is 



I 

{c,o,n,t^jr^a3 



(t,r,a,c3 

\ 



(o,n) 
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•the set of elements of A Tiftdch are no-^ 
- eJ r emenba c Sf — -wtowfe-B- iHJ^-a -Bubsftt of A, 
is called the remainder set of B with respect 
to A and is designated hy A ~ B.* Hence, 
for A and B, the sets of Praniee 

A . B , = • « 

If JT is a subset, of M, the set consisting of 
the elemeoitbs of M not elements of N is 
the • set of N vlth respect to M* 



We denote the remainder set of N vith/respect 

re« 



to M 
"wiggle". 



The symbol is read 



The remainder s^^t of H vith respect to M 

may be fouind by "talking avay" the of 

H from 1 



{o,n) 



remainder 



M - K 



members or 
elements 



31 



Let A = set of letters, used to spell the word "contract" 
B = set of letters used to spell the vord "attract" 
P = (a) . , • 

'5hen, (t, r, c) may be indicated by the following: (Caieck oneO 



Q(a) F 



O (b) F - B 



□ (c) B - P 



31(a) Incorrect^ since A - P = ^^c^o^ n, t, r) • 

e 

31(b) Incorrect. Since B is not a subset of P, 
has no meaning. 




31(c) Correct. B - P » {t, r, c) is the remainder' 



set of P >d.th respect to B. 



1 



ERIC 



67 



\ 



32 



33 



If G is a subset oif indicate syjiibolically 
the set of el^nts of H» vhich are not 



elements of G. 




t T * B ~ 
th respect to R. 



called the 
<5 



s^t of 



H- G 



remainder 



3h 
35 

36 
37 
38 



39 



T 



We now define sub-feracti on in terms of sets, subsets^ and remainder sets* 



6-2. First Definition of Subtracrbion 



If A « {book^ pen^ dqg/ bottle, box), 
then,. N(a) = > 



Let B (pen, bottle, box), Th^^ B is a 
of A and N(B) « 3* 

If C = A B, then C = ; , 

H(A - B) = K(C)-.^ I • 

We then say that . , * 

N(A). - n(b) = 5 - 3 = N(A ~ B) = ; 



subset 
(book, dog} 



Consider the numbers 5 ^a«d 2! Choose D = {a, b, c, d, e} and 
a subset of D such as E = (b, d}. Since N(D) = S and N{E) = 2, 
it follows that 5 - 8. =_3... because: . 

□ (a) H(D ~ E) = Il({a, ^ e)) = 3 
O (b)- N(E~ d) = W({a, c, e)) =.3 
Q (c) W(D ~ E) = Il({a, b, e)) = 3 



^ 39(a) 


Corri&ct • 




* 


39(b) 


Incorrect • 


Reread Frames 2U-33* 

> * 




39(c) 


Incorrect a 


Reread Frames 2^-33 • 





68 



tChe above illustrates ouar first definition of subtraction* Let c 
denote a number and d a number less than or equal to c (d^Ve^ We 



obtain th^ remainder^ or the result of~ s\ibCractijfg^*l 
c - d| as the number property of a remainder set. Arbitrarily choose a 
set C such l^at H(c) = c* Mext choose a set D sucji that D is a subset 
of C and N(D) « d. Then ^ - d « ll(C - D). 



Given the numbers 3 and I. CJhoose A = {x, t, y) 
and B = (t}^ Since the remainder set A *^ B = (x, y), 
3-l = N(A-B)-^ . 

Given the numbers a ^ 3 and b = 2, If 

A « (r, t, s3> then-^Ts^ may be the set 

or or ' 



(r,s3 or {s,r) 

{t,sT or Is^t); 
(t,r3 or {r>t) 



Using A, the set given in Frame kl, and your response for B 
in Frame 4l, A-B = 



Q(a) (r) 



□ (b) in) 



□ (c) {t} 



lv2(a) Correct, 


if your set 


B 
f 

B « 


(8> 


t) 


or 


u, 


8). 


i^2(b)" ISorrect, 


if your s^ 


{r. 


t) 


or 




r). 


42(c) Correct, 


if your seli 


B ,= 


(r. 


8} 


or 


(s. 


r). 





ERIC 



If a = 8, b = 5 and the set B is chosen so that B =^ {# r, s, u, t\ 
then for Il(A - B) = 3, set A could bet (Check one.) 

□ (a) A ^ {m> n, o, p, r, s, u, t) * 
" O (b) A = (b, u, t, P> <3> r, m, n) 

O (c) a '= (q, r, ,8, t, u, m, n) ' 

□ (d) A = (q, r, s} \, ^ ^ • " 



U3(a) Incorrect. B Is not a subset of A. 

1^3(b) Correct. B is a subset of A and N{A) = 8. 

1^3 (c) Incorrect. B is a subset of A, but H(a) = 7. 

43 (d) Incorrect, tq,r, s) lias the number property 3> not 8. 

69 * ' • 



I 



kk \ Given B « {elm, oak, cedar) 
, Sa (cedar, elm,. oak). 



(is. Is not} 



48 



R ~ S 



- S) = 



Hence 3 - 3 » K(_ 



) or 



Given A = {a, c, d) and B » { J. 



,en, B ' a subset of A. 

(is, is not) 



1 



50 
51 



Us^lng sets A" and B of l^me k8, 
A ~ B = 



H(A) = 3, 11(B) = 



and »(A ~ B) = 



It f plloWB that 3 - 0 = 



is 



the eragpty set 
or { ) 



M(B - S); 0 



{a, c, d) 



Oj 3 



52 If R = {x^ t, V, y) and S = { ), then E - S ^ (Check one*) 



□ (b) 



0(c) R - S 



52(a) TSiis is a correct response and is the mo^t 
economical way to express the set R S* 

52(b) !Chis is not a correct response, Rettirn to tke 
^deilnition of - in Frame 2k and continue 

therefrom. 

\ 

52(c) This is; a. correct response since = means the 
same*set |.s named. However, 52(a) is more 
desirable* 




♦ / 
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/ 



53 



We observe from Frame thai; A - C 3 = A 
and from Frame 52 that K *• { ) » » 



51* 



55 



If S i8 ary set ^atsoever, then 



It follows that for any set S, 
N(S ^ { )) = M( ) . 



N{S) 



56 



If N(A - B) = H(a), for any set A. Then 



□ (a) B = 0 



= CO) Q (c) B = { ) 

4— 



56(a) Incorrect. N(B) » 0, but B = { } . 

56(b) , Incorrect. If an element is placed vitiiiin the 
braces^ ve do not have the empty set. 

56(c) Correct. 



57* 

58 
59 



Let N{A.) = 5. Since 'K(A ~ { 3) = N(A), 
It follovs that 5 - 0 = ' . 

Similarly, 3 - 0 . 



If n is any number, then n - 0 = 



5 
3 
n 



The foregoing definition of subtraction is given in terms of a set, a 
subset of this set, and the remainder set.' This definition of subtraction 
Justifies the *'take-avay" method of subtracting b fr9m a if b < a. Two 
special cases conside^red vere (l) if a :i--b^^ then a-b^.b-asO 
and (2) if b = 0, \then a - b t= a - 0 = a* ^ ' 



71 



6-3* Second Definition of Subtraction . 

In order to Introduce a second definition of subtraction ve vill use 



the union of dis Joint ^sets in a laanner'^slinilar to that used in addition. 



60 



6i 



6s 



63 



6U 



Let ' K= (boat, kite, ball, "bat, doll) 

J = (botft, ball,. bat). 
If P denotes the remainder set, 'tiien 



P = K ~ J = 



J and P are 



since they have ho 



elements In comaon. 

\ 

We also ^^ote that JU ? 
Similai-ly P U J = 



If JUP = K, it follows that 

J u (K ~ J) = ;^ 

Since union is comrautative 
JU(K - J) ==|(K - J)U^ « 



1 



{kLte,doll) 
disjoint 



{ boat , kite^ bpll ^ 
^t^doll) 

{boat^kite^l 
^^^iat,doll) 



K 



One fact suggested by Frame 6*^ and Frame fib is that liie operations of 
union of disjoint sets and wiggle are Inverse operations. Another pair of 
inverse operations *ls addition and subtraction of numbers. 

Instead of using remainder sets we nay define subtraction as f oJ 



Definition : Let B(A) = a^ N(b) ^ b, and Il(C) « c. Then, 
a ^ ^ c if and only if N(a) = W(BUC) with 
B and C disjoint* 



c^lows: 



.€6 \ Let I» = (a, b, c, d,), Q = {b, d, e), p ««« h(p) and g = N(Q)". 
Then p - q = N(B) where: (Check one.) * 



67 



68 



69 



70 



(a) R » (x) 
□ (b) .B = e) 
□(c) B « {a, c) 




66(a) This response is. co/reo* since Q and R are 
: - disjoint/and. N(QUR) = ^ = K(P). 

66(b) This respoftse ia incorrect even though 

' N(Q,UR) = since Q and R are not disjoint. 

66(c) This response is incorrect even though Q and R 
are disjoint, since* K(QUR) = 5* po"*^ 



In tht^ and the following frames consider 
. A = 1 ★ ,+',CP, O, A } . 
. B = ■[ o J 0,0) . ^ — 

c = { A , ★ ) 

D = t O , ★) 
BUG = ( 1^ 



)w(buc) = 



BUD <5 ( 



n(bUd) = 



{0,0,0, A,*) 



(0,0,0/*) 



T3 



Using the setStOf Frane 67^ N(A) s (Ch||ck one. ) 

'(a) M(BUCy . (b) N(BUD) (c) ll(CUD) 



72 



73 



75 



.71(a) Correct, since B and D are disjoint aM 
• II(BUC) =5. ' ' 

71(b) Incorrect. K(BUD) = ^, since B and D are 
not disjoint. Note that H(B) ^ N(d) does 
equal 5., however. . .» 

71(c) Incorreo-t. N(CUD) = 3 and 11(A) = 5. 



Since A- matches BUG, K(a) « Ki( ]l. 

w(a) - ki( }^ = n(c). . . 

Since A matches CUB, N(A) = ; ,}.• 

If N(A) s 5, N(B) = 3, N(C) = 2, and|B 
and C are disjoint as in Praaie 67, then 



5 - 3 - 
5 - 2 = 



and 



,K(BUC)- 
N(B) 

1 

w(cUb) 



2 

\ 

3 



In this definition of subtraction ve select sets A and B such that 
H(A) ^^a and n(b) = b (b < a). We choose another set C such that B 
and C are disjoint an d^ VJC matches A* Then M(BUC)=N(A). This \ 
is equivalent to fiidHMK nxjimber c which if added to b gives a. 



76 



77 



78 




{ } has no elements in common with the set B. 
Hence, { ) and B are _ . 

BU{ ) = ^ • 

B = { lU 



disjoint 



B 



B 



7h 



7^ 



80 



81 



8a 



N(B) » N({ }U 



It nov /ollova ^that 



A secoM conclusion is that 
11(B) « M(B)^ H( ) . 

Again we arrive at the conclusion thatl.f n is 
aiiy number, then xn ^ 0 ^ ^ and n - n 



■ 7 i 



B 



}) 



0 



6A. Third .Definition of Subtraction 



The thi^ definition of subtractioxTis closely related to the definition 
3ust developed* In the second definition ve sought to find a dltjolnt set • . 
with the appropriate number property* Instead of vorking with sets we now \ 

define subtraction in terms of addition as follows: 

V ^ 

Definition: a - if and only if a = b + c . * » • 
— H . 



83 

86 
87 
88 



5 - 1 c k since 1 + l^ 
Since 3 ^ 2, 



T 



8 - 




+ 2. 



3, yfeince 8 = 5 + 3 • 




Since 9 = 3, 9 - 6 = 



Since 15 = 7 + 8,. then ,15 - ' = 8. 



12=5+7 = 7+ 5. Hence 12!«^ 5 
and 12 - 7 = ♦ ^ 



5 
3 
5 
3 
7 

T 

5 



■75 



CO 



P% V 



1 % . 



89 



• . . — ^'^tt: — — 'r-^ , . * ^ ' 

In v<MpMiig vith vhole nvpb^rff 3 - 5 « < (Ch6ck one.) • 

□ (9) ^'V (b) 0' . "0(p) not 'possible 




%(8f) 


— ^ — 

. Incor^?ct^* since ^ t 2 « 7^ fcolf 


3 • ' * * 




0 


•89(b) 

* 


*'lncorreci, ^^c^ '5^+ 0 - 5i 






* ♦ 


89C^ 


Cor^ec^r There no ' whole nxjuoaber 
added to 5 ^,^iveg . 3* ^ ; 


wiilch tf 







4 A', • 



1 



•V 



* » 
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CHAPTER 7 
ADDITION m> SUBimCTIOir TECHKLQUES 



In XjxL^ chapter ve see the maimer In which the properties of whole 
nmbers are used in coinputatii*ial techniques of addition and subtraction 
There ate no new concepts introduced". 



1 
2 



1^ 

7 ■ 
8 

9 

10 
11 



12 



13 



Ik 



15 



6 + 3 



Then, 36 '+ 3 may be written as" 
(3 X 10) + ^ + 3 . • • 

Or, lisiiig associativity, as 
(3 X 10) + 6 + ^ . • ^ 



pr a8 (3, X 10) ^ ^ 



- 39 • 



Write 236 in expanded ndtationt 



The 8\im 236 + 3 mfiy vritten as 
(2 X IOOT4 (3 X 10) + (__ + 3') ^ 

Oaien, (2 X lOp) J- (3 X 10) + 



= 2'39 



Purthenao^e, ih » (l x' IOX.+ 



Then, '*69' + 5 may be written"" as. 
69 + .5 = (6^^x 10) + 



(6 X \0>" -P 1U'« (6.x 10) + (1 X iby + 



(6'x io) + (I'x 10) +.k may be written 
[(6 + irx'_ 



1(6 + l)x 10] +> =4. 
Fina^Oy, 70 + 1^ ^ 



X 10) + , 




(2 X 100) 
(3 X 



10) 



6 

9 

'•Ik 
k 

9 

[ik 
k 

10 

}■ 
'ik 



• 7 



4k 



16 



'17 



:i8 



19 



' 20 



21 



22 



23 



25 



26. 



27 



To flriflt the «\im of hk cmd ve covild*-write\ 

Then, lay using comutsubivity and associativity, 
this becpmeSv ^ 

m X 10) + L: 51 + ^ + 5) ^ 

xn.^ ■ • • • . . • . ■ • 

^[{k X 10) + (2 X 10)] + + 5) may be 

[^4 + 2'f X lOi + . 



HenceX ki^ +* 25 « \ X lO) + 9 



V 



To add 38 and 1*6, write 

[(3 X 10) + er + [ ( ')+ 3 . 



Then, rewrite -ttiis as 
[(3 X 10).+ {k X 10)3 + 
[(3 X 10) + (U.X 10)3 + 



) = 



This jnay be 



writ^i 



en as 



[<3 + i^) X It)] + It 0 X 10) + k] 

Or' as . 

[{3 + 1* + 1) X 103 + ' 

Tlius,' 38*+ 46 » ' K. 10 f .k 



Find the sum of . 276 ' and 398 by vritlng 

a76. as (2*X ) + (7 X ) +.6 , 

and 398 as { '_ X lOO) + ( , ^ lO) + 



Then,. 276 +*398 « (2 x lOO) + (7 x, ) + 

• (3.x 100) + ( _x 10) + (6 + 8)- 

Using the properties of whole nuijibers, the • 

above becsme's " ^ 

[(2 + 3) X 3 +.t(7 + 9) X _3 + ^ll* . 




78> 



hi (2 X 10) 



(2.x 10) 



85 



69 



{h X 10) + 6 



8 + 6 
Ik 



8 
8k 



lOOj 10 
3s 9; 8 

10 

9. . 



100; 10 



. 7 



28^ 



29 



30 



^1 



32 



33 

31^ 
35 



It now follows that 276 + 3^8 « 

^5 X 100) + (l6 X 10) + ( I X 10) + Iv . 

Shltt. becomes 

<5 X 100) +. [ (JjS + 1) X 10] + It - 
(5 X lOO) + _'x 10) + It / 

Thia aov is rewritteh as 

(5 X 100) + I (10 + 7) x^io] + 4 « 

(5 X 100) + [ (1 X . ) + (7 X 10)] + U . 

" \ i ♦ , 

Hence,. 276 + -» 

[( -t- • ) X 100] + (7 X 10) + 1* = 67lt . 

*a!he sum of' 276 and 398 could be wltten as 

! . _ 276. 

^ 398 . , 



And in addii^jf, the sum ot 8 and 6 is j_ 
and hi, . 



or 1 



Add the 1 ten *to (7 + 9) tfens vhi^ch gives 
17 *ftens pr (10 + ) tens, v 



10 tens is.^l^ie same as 



hundred* 



-36 



Add the 1 hundred Sto (2 +"3) hundreds 
which gives 6 hundreds. 

Hence, 276 « " . ' " • 

+ 398 ^11 give \lak Bim 



To find the difference >7 - 22 
write 57 - 22 as (50 + 7) - (20 +-_^ 

a . (50 - 20) + ( 7 - 

= 30+5 

^ V. , . 35 . • ".. 



17 



100 



(5 + 1) ' 



Ik 

ten or 10 



7. 
1^" 



674 



2 
2 
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37 I Writing 57-22 in vertteal form as 

50 + 7 
subtract 20+2 



it foUows that 57 - 22 » 



38 Consider the diffori^ce 52. -^i^ . 

Write 52 as +2 ^ 

• and 27 as 20 + 7 . 

39 In order to subtract 20 + 7 from 50 + 2 , 
50 + 2 may be written as 1^0 + ^ 2 . 



Nov 

subtract 



gives 



UO + 10 + 2 
20 + 7 ■ 

+ 2 B 25 . 



SIK 



20 + 3 



t 



ERIC ' . . 
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8 

PBOPEBXIES OF W01£ UUMBEBS 
VaSSSSR XSB OPSBAUXON IfJLUFIICATION 



8-1, Mdltlon (Revlev) 



We have learneft that Edition is a binary operation on vdiole numbers . 
Pby aiiy two^ whole numbers the operation of addition, defined in texras of the 
mdon of disjoint sets, results in another vhole livmber* 



I* 



If B and G denote uetn, then the ^ of 

and C has as ltd elements those ^elements 
.which belong J^o " B or to^. P or to both B % 

and C* ^ ^ \ 



Since disjoint sets'* contaii) no elements Ir^ coiranon, 
their ^mion bontidns *all of tBe . in each ) 



of the sets. 



The number property of 



i/ 



*S « {Jane, George, Bob, Bill) ^ 

: 4\ 



A numeral for' the "number properl^y of \ 
^ JC «^{Ell*en, Ann, Albert) 



is 



For the sets ^f "Frames ^3 eind 



!Che number property of BU C is 

n(b) » 

»(bV c) = .' 



uitLcm 



elements 



h or four 



3 *or three. 

{Of!Bine,Ell,en, 
* Ann, Albert, Bob 
Bl^ll, George) 

seven or 7, * 

four or h 

% s 
thife^ or 3 

seven or 7 



8 



Since B and C h^ve no elements in common^ ^ 

r 

then B and C are sets* 



disjoint 



8-2. IThe Operation Mfc;atiplioaVion * * 

^ 'MaltipU cation Day. Jtift^d^ in terms of the \inion of ai8;joint 
matching sets. ^ ^ 



10 



11 



12 



13 
14 



15 



16 



Givwx three Msjoint sets of trees to be planted 
on the school ground: 

A » (elm, oak, birch, hi|kory) 

* B = (plum, apple, pear, peach) 

C » {hackberiy, raapl^, chestnut, vTllov) 

The total number of trees may be found by 
counting. Xhe number pf trees is < 

3B^ one-to-one correspondence between the elements, 
ve find that A B. ' ' 

likewise,, B matches C, ^uid by Jhe taransitive 
property A matches ' . 

^nce A, B and C a3re matching sets, then they 



all have the same 



property. 



.11(A). « 11(B) » N(C) « . . . 
f 

Addition and the associative property may be used 
to find the number of trees' in Frame 12* Hence, 

(1^ + 1^) + « 8 + 1^ « - . . ; 

The total number of trees in' A, B .and C is the 
♦ of (AUB)UC,. • 



/ 



1II(AUB)UC] = N( 



) + W(C) -^12. 



12 



matches 



nuunber' 
4 or 'four 



12 



C 



[umber proprart^ 



AUB 



HI 



8s 



17 



Xhe trees stay be arranged in a r^c-tengular array 
of 3 x^ws %d,th k '^rees in each row as follows 5 



X. 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 



The above array illustrates the nraaber sentence 



i8 Arrange -Oie trees in. a rectangular array pf k 
rows vith 3 trees in each row» 



I 

19 



Xh^ above array /llustrates the n\uiiiber sentence 
3 + 3 + 3 + 3' =f^ X = 18. , 

•. •) - ■ ■■ ■ 

"Given the numbers 2 and 5» Exhibit a 2 by 5 



3:^ctangular array of pbjects jsuch that there are 
2 rows and 5 coluinns* 



The array illustrates the number sentence 
X ^ « 10 • 



ao 



2\ 



22 



.23 



25 



of objects in the rectangular arraar 
of >Farame 19 is represented *y (2 X. 5). The 
number pf (2X 5) is called 1iie product of the 
f actors 2 and 5« * 

A3frartge ten objects' in a rectangular aayay of 
•5 rows vith 2 objects in each row. 



♦ 



lOJie* airay illustrates the nlimber sentence 



= 10 * 



Since the number of objects l,n the rectangular 
ai^ay of .Rrame 15 is the s^ume as the nximber of 
objects in the rectangular afcrsy of Frame 21^ . 
it follows that ; X x \\ I 

Le\ m and n denote whole numbers % The %otal 
number of ob jeets in a rectangular ^ay of 
m rows and* n columns is denoted by 
( ^X ) / The number (m X n) is called 
the pjroduct of the factors m and ja* , 

\Die total number of objects in a rectangular array 
of n rc^ws and m columns is denoted by the ^ 
.pjroduct ( X ) of the factors n . and ^ m. 

■ . • 4" 

^ Since the nxamber paroperty for the total set of 
' objects *in Jhe rectangular always for Frames 23 

and is the same^ m X n ^ n X m an^ the 
-whole numbers, are \juiderb the operation of 

multiplication, . . 



nunaber 



X X 
X X 

X x^ 
X x 
X X 



5 X '2 « 10 



,2 X 5 = 5 X 2 

0^ , 



{m, X n) 



(n*X m) 



coiramitat^ve 



91' 



8U 



26. 



27 



Ifi .p and q are a»y vhole numbers^ then the 
product (p X q)^ can be e^cpressed as a p by 
q rectangular array of objects ♦ Th^ number 
property of, the p by q arre^ of objects is 
itself a V number. 

Since the product bf tvo whole numbers is a 
whole number, that is, a member of the set of 
whole nmbers, the aet of whole numbers is 
V / - \mder the operation of multiplication* 



whole 



closed 



In this\ sub -program the idea that multiplication of two whole numf>ers is 
basic?blly the union, of disjoirrt sets, each with the same number property, has 
been considered ^ The product x*5) of the factors 3 5 inay be ' 

associated wi«i the sum [(5 ^) + 5] Mid also may be thought of a§ the 
number paroperty of a rectangular ^□:'ray of ,three rows with live objects in 
each^ow* She 3 by 5 array is the set, of objects in 



X X 



X 



and Illustrates the number Sentence 3 X 5 s= 15 » 

Ihe preceding is a ^method of associating a single whole number with the 
product (m X n) of two whole numbers m and n* H^ce, the operation of 



The set of whole 



multiplication is defined for any two ^*^!?*4^ numbers 
numbers is closed under the operation of multiplication. Stnce m X n = n X m 
for. axy whole numbers m and n, the operation of multiplication is . 
comiaautative . ^ 



■ ■ ■^*'3* The Associative Properly under Multiplication 

, . RecalL. that the set of whole numbers has the associative property vith 
• rej^ect to addition. Hov the associative propeijly Of the whole numbers with 
respect to multiplication will be ponsidered. * 



ERIC 
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A 



Consider the produet 3 X k x 2. The expression 
(3 X k) X 2 means l^at the prodLuct ^ *) 
is to be considered first, then,thi^p3C^duct.ls 
to be n»iltiplied by 2.^ 

Since the operation of multiplication is 
•for i*ole numbers, the product of any tvo whole 
numbers i^ a w^ple number ^ 

7 ' ^ ^ •# 

In Rrame 28, if. (3 X is replaced by 12, 
iiLen the product (3 X U') x 2 , becomes 
X ^ 2k/ 

1 11 I WH 1111 IMIll i M* ^ 

« 

*l 

If the product 3 X X 2 ^ds considered as 
3 X (li^X 2), 'one obtains X « 2k. 

For the product 3 X 1^ X 2 may wite 

(3 X 1^) X 2 ^ 3 X ( X ) « . ^ 

Consider byproduct 2x5x3. 

(2 x*5) X 3 ^ / equal to 2 X (5 'x 3)- 
^ (is, is not) * 

The^prpduct in Prame 33, and its solution is an 

illustration of the . ^ property under 

multiplication. 

Given the three whole numbers 8, ^,5* 
Then, 8 X 1^ X 5 ^ (8 x ly) X 



And, 8 X .1^ X 5 = .X ( X ) 

■ • ~ X 



Hencp, *(6 X i») X 5 = 8 X (i» X 5) 



(3 X 1^) 
\ 

closed, 



12 X 2 



3X8 



3 X (4x2)=.2i^ 



is 



associative 



(8 X U) X 5 
32 X 5 

8 X (U X 5) 
8 X 20 , 
160 



93 



'36 



36 



Iiet b, c denote any tApie of Hfeole 
Write the asBociative property vmdetr inultl* - 



plication* 



(aXb)xc»aX(bXc) 
(This statement 
is true for lall 
vhole nmbers 



ISxe preceding sub-program presented the associatixe property of the set 
of whole numbers under the operation of multiplication, This property 
corresponds to the associative propt>^ of addition developed eajpdier* A 
foimi statement of the associati'^ property is as follow: 



If a, b and^ c are any three whole numbers, 
then *(a X b) X c = a X (b X c)» 



8-^, Rearrangement Using Commutatlidly and Associativity 

The whole numbers are both coBmMtative and associative with respect to 
multlpii cation. Uow consider using the commutative and associative properties 
in coiftbination^^th each other in the rtearrangement of the factors of a 
product* . \ 



37' 



38 



Cpnsider the product 7 x^x5, If 7 and k 
^ are associateii together as (7 X 4), then % 
the commutative property uhder multiplication 
we may write ^ 

7Xl^x5o(7xii)x5 



) X ^ 



X 



The use of the .conmrutative property in «9 aeries of 
factors enables us to rearrange ..^e^f actors. 
Another rearrangement of the three factori**Iii 
Frame 37 is 
' 7 X U X5 = 7 X (Iv X 5) 



(l^ X 7) X 5 
1^ X 7 X 5 



7 X (5 X k) 
7 X 5 X 1^ 



8 

■ ■) 




^anffemen-te on ttie order* of 






the factors Ip^ thAroduct 2XlfrX3X5 1^7 
use of the. <:Wffatative property* 

2 X> X3 X5 = . . 

• 


2 X 3 X Jfc X 5 

* 

4x3x2x5 



By the use of -^he commutative and -Uie associative properties of ittultipl1> 
ca^ion, it is possible to rearrange a set of factors in many different ways* 



8,5-. 2ii ^o^eg SL i 2 Multiplication 

. The number 1 plays, with" resjl^^t to multiplication, a role analogous 
to that played '•by 0 with respect to addition. , ' . ' * 



40 



k2 



h3 



jx X 



X X 



Thls^wrray represents th^e 
nuiftber sentence ^ * 




I - This array represents the number 

sentence 



Since the number of elements in each of the above 
arrays is the same> namely four; tl<l number 
sentence is written as 

1 X i+ = X 



The number of objecfts in a 1 by n array 

the same as the number of objects ^ 

(is^ is not) 

in an n by 1 array. Hence, ^ 
1 X n =~n X 1 = n for any whole number * n. 



1 X 4 4 



i^ X 1 ^ 



k XI 



is • 



t 



In the s^et of wRole numbers the number 0^ besides playing the. role of 
the identity element for addition , also hl^ a rather special property with* 
' respect to multipli cation * ^ 



95 



88 



kk 

^ 50 



51 



52 



Bae est of elements In a 0 tjy 5 array/ 

enipty.. ^ ' 

Ub, is not; \ ' • 

Hence, 0 >< 5 « • 



The set of elements in a ^ 5' by 0 , array is- 



Hence^ 5x0 = 



0 X 5 * 5 X 0. 



b *X n = 0 for any whole ^nujiiber 



ji X 0 z: for any vhole number * n. 

Thui, for any*jrhol^ number n^ . 
n X 0 ^ 0 X n =^ 



0 ^ 
0 . 



n. 



"^The identity elLienVtfor multiplication in thtHset of >^ole 
* numbers is the number 

^ \a Ca) 0 1 ^ O (c) n 



52(a) ^Incorr^t. ^ 0 is the identity eiementVor ^ 

addition^ in the s^t of* vhojLe numbers^ but is' not 
• tl|p identity, element for mEultipll cation. 

•52(b)^ Corree*^ since ^ lXja = nXl^n fpr any whole 
nmber n. ^ ^ • 

52(c) Incorrect. See.52(b). ' ^ 



8-6. The Distributive Property . * ^ . . 

^ We have seen that multipli caption may be described as repeated addition. 
Fbr example^ 3 x 7 ^ i7 + 7 + 7 - 21. Apother impoi^ant property that links 
■tttie two bperatijOns addition and multiplication is the distributive p^operi^^"^ 
of multiplicati\>n over addition. • 



' 8 • 



53 



5U 



' 55 



56 < 

57 
58 

I" 

60 
i.v 61 



6e 



X X X X 
X X X X 



This array represents the 
product ( X ) , 



This array ^represents* 
the product 



X X 3C ^jC !X 
X X X X x' 

X X X X 



The following arfay represents the product 
♦ ( if + 5)- 



XXXXJXXXXX 
X^X X XjX X^X X X 

\ 

XXXXIXXXXX 



(3 X k) + (3 X5) = 12 +' 
(3 X 4) + (3 X 5) 



3 X (iv + 5). 



F77T 

(7 *x 5)^+ (7 X 2)'* * ^- 

7 X (5 + 2) = Xx = kg, 

7 X (5 + 2) (7 X 5) + (7 X 2). • 

FTTT • 



Prames 53 ^ suggest that 

a X (b c) = (a X b) + ^ 



K 

. 3 



for any three whole nuinjoers aj b^ c* 

37he sentence 

♦ ♦ 

1 a X (b + c) =r (a X b) + (a X c) 

is called tJie distributive property of multiplication 
over addition. 



(3 xU) 



(3 X 5) 



15; 27 
91 27 



35 + l^^ 
7 'X'7 



(a X c) 
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8 



-In this cliapter ve have considered the binary operation of niultipli- 
cation and its properties* These pro:i^erti^ may be" stminarlEed as follows : 



(l) Por any vhole numbers a and b, a X b"= ij, 
vhere n ijs a vhQle number. 



(closure) 



(a) Por any whole numbers a and b, 
a b b X a. - 



( commutatlTl ty ) 



(3) Por any vhole numbers a, b and * 
(a X b) X c «= a X (b X c). 

(k) ^Qiere is a^unique vhole number 1 such that 
n^l~ixn«sn for any vhole number 'n. 



(associativity^ 



» (identity element) 



(5) Por any vhole nximber ji^ v 
IiXO»O.Xn=0. 

(6) For any "whole numbers a, b and c, 
* a X (b + c) = (a X^b) + (a X c). 



(nn^tipli cation 
property of o) 



(distributivity) 



ERIC 



91 



9S ' 



CHAPEBR 9 
DIVISION 



9-1. Dlvislcm of Whole Numbers 

in the preceding chapter a. rectangular array of a rows with h members 
in each row was usefl as a physical model for the product (a X h). From this 
"and other modelS, the properties of. multiplication for whole numbers, were 
developed. The whole numbers 'under multiplication have the properties of- 
closure, commutativity and associativity, and multiplication is distrihutive 
over addition. .Also, the numbers 1 'and 0 .were found to have' special 
properties J that is ^ ^ 1^ 

1 X a ^ a 0 X a = 0 , * 

a X 1 - a * a X 0 - 0 

Division^ th^ subject of this chapter, is related to multiplication in 
much the same way that subtraction is related to addition. First, ve review 
multiplication, as modeled by arrays and then, using the same model, develop 
diyisi6n. 



2 



The array 



X X X 
XXX 
XXX 
X X X 



illustrates the number sentence 1^ X 3 " 



The array 



X X X X 

X X X X 
X X X X 

illustrates the number sentence.. 



X 1^ = 12. 



The array 



X X X X X 

illustrate^ the number sentence 2 X 



I 



\ 



- 10* 



12 



V. 
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f 



Draw an array ^Ich 
illustrates the ntimber 
sentence 3 X 2 = 6, 



»Drav an aagray vhich 
ilijLStrates the nxuober 
sentence 2 >c ^ = 6» • 



Ik * 

1^ 



X X 
XX 
X X 



XXX 
XXX 



It should be observed that a notational convehtibn has been adopted in 
writing these %rrayL If the arrays do not agpree exactly with the form of 
the array as given in the responses to Frames ^ - 5j tOie reader should 
review tl^e chapter on multiplication (Chapter 8), The manner of^writi;^ 
these arrays plays |in important role in the development o:^ division. 



"^""iEttvlBlon W^df scrIlJec^"^a^^ the \jmknown factor in a multipli- 

cation problem when the product and one factor are known* 



8 
9 



\ 



If a and b, a3?e known whole nxambers^ then 

a 4 b = n,^ read "a divided by b equals n," 

^ ' sentence which says the same thing ^ \ 

as a = b X n.* ^ ^ 

Accbzyiingly, if b 0^ division of a by b 
may be defined as follows: a 4 b ^ n if and 

only if ♦ The number n is called the- 

quotient . ^ ^ • 



12 •> 3 = 



sinc^ 12 = 3 X 4. \ 



Since 12 = k X -3, 12 + l^ 



number 



a = b X n 
h 

i 

3 
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10 



11 

12 
13 



\ 



In terras of an array, the n^miber sentence 
12 ^ 3' = ' ' ^ is repr^Sirt^ by 



X X X X 
|X X X X 
X, X X X 



while the number sentence 12 ^ is 
represented ^ \ ✓ ^ 



Since 20 ^ 5 X 20 ^ 
Since 20 ,= l^ X 5, ^20 V _ 



Arrange the elements of {x,x,x,x,^,x3 into 
an array \^±ch illustrates 6 + 2 = 3^ 



.V 





3 




X 


X 


X 




X 


X 


X 




X 


X 


X 




X 


X 


X 



5 
k 



XXX 
X XX 
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lot r. < 



■■■ ■ ■ ■ I • ■ ., ,- 

Your* attention is called to the order indicated in these arrays as used 
for divisioA* The prde» is^of utmost importance *a«id amst be [Reserved. Be 
sure that your ansvers aglP^e .exactly vith those given in the program before* 
continuing. * * - T 



14 



15 



Arrange the clients of 




% 




{ x^ x^x^ x^ X, x,*x,x) into ^ * 








ftn array i/hich illustrate* 






X X X X 


8 ^ 2 « l^*,. * 


» 




-^C «3C ^ 




• 






Arrange the elements of 






* 


(x,x^x,x,x,x,^x3 into ^ 






2 ^ 


an array which illustrates 




k 


XX 








X X 
X, X 
XX 




* 




> 



16 



•Consider S = {x,x,X|»it,x,x,x3 . W|iich of the following is an array 
to illust'rate H(S) ■!■ 3? ' r 



□ (a) 



X "X X 

X. X X * 
X X X 



□ (c) 



:^ X X 

X X 
X X 



0(b) 



X X 
X X 
X X 



O • (d) none of these 



< 



l6(a) Incorrect.* This is an array, bfjt it illustrates 
9*3, not 7 -5- 3. H(S) -7. 

l6(b) Incorrect* This is an array^ but it illustrates 
6 ^ 3^ not 7-^3* M(S) = 7. 

l6{c)^ Incorrect; ^Bils is ngt an array, (See Chapter 80 
l6^d) Correct > \ 1^ ^ ' 
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17 



4" 



• In Frem? 1^ we con.sidered several possibilities for trg^ to 
represent 7 + 3, none of -which worked. Whichi of the following 
eacplains why '7 +-3 cannot be illustrated by a rectangulaar arr^t 

n (a) 1 don*t know. ^ 

O (b) 3 X n |£ 7 for any vhole number n. 

* n*'(c) The set of idiole numbers is not closed \inder the 
* operation of division* 



17(a) This possibly is correct, but ve yant a better , 

answer than this* , 
17(b) Ihis response is correct. 17(c) also is correct. 
17(c) This response is correct. 17(b) also is correct. 



18 



19 



20 



Instead of looking for a number n silch- that 
7 = 3 X n, we consider the number sentence 
r 7 = (3 X 2) + 

- 'J. ■ . ^ \ ■ 

In the number sentence 7 =a3 >< 2) + 1^ the 

number 2 is called the jg , and th^ . 

number 1 is calle* ttie remainder > 

Ve now illustra^€t the diVisl*)n -7^3 by the 

) * 
arrangement 



X X 



This is a rectangular aDrra^ of three rows^i^^th 
* two elements in each row indicating a ' . 
of 2 and a r^iaindey .of^ 1* ^ 



guo1d.eii,t 



quotient 
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The follovlijg nve framea consist 6f various arrangements. ^ In each frame,, 
complete the number sentence or vilte the corojesponding number sentence, as 
appropriate. - i . 



21 



22 



23 



2k 



25 



XXX 



10 = (3x3) + 



X X X X, X 



Xy.X X X X 



12 ^ (g X ) ^ 



X ^x 




X 



\ 



+ 3* 



X X X X 

X X X X 

X X X X 

X X X X 

X X ^ X X 



4. 



X X X X X 
X X X X X 
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12= (2X5)+ 2 



23 =(Ux5)+ 3 



23 = (5X4)+ 3 ' 



• 10= (2x5)+ 0 

> 



ArraneementB\help us to viswliz^ ttee number sentences, ^-^e next few., 
frames, tiy to complete the sentences without drawing th^ arrangement^ . 



26 
2Y 

* .29 
30 

32 



17 »4 (5 X 3) + i. 



2*9 (8 X ' ) + 5v 



/ 



13 



= X 2) + 1. 



39 - (13 X J. ) + 0.. ^ 
39 = (3 X ^ ) + 0» 

♦ 

5 = (8 X . 1 + 5. 

f. 



2 . 



13 



4*= X 0) + ^ 



. - . ..'eC- we. consider the. two, jaumber .sent^nce^ ^19 = (6 X 3) + 1 and 

19 = (6 X l) -t- 13, both of -rfMch are true, Ve find that we prefer the first, 

one a^id say that i,t is- iVthe "best fom" according to common .practice. 



33 



In- a problem <5f division such as 19 - 6, we say URat the sentence 



is in best form if the remainder is 



Q (a) ^ whole Luniber less than« the divisoi* 
Q Ifh) ^ny ^ble number* * 



# 

1^ 



35(a^ This is correct', .since in considering an arrangement, 
the remaindej^ cannot be distributed into another 
column in the rectangular ^rray of- , the arrangement. 

33(b) This is incorrect, as it gives fto basis for 
determining ^^best^ fonrt" at^all. 




3V 



Which of* the follo^ng n\mber sentences is in the best formt 
□ (a)^ 19 = (6x 3) + 1 * . 

\ Q (b)" 19=7 (6x25+7 
V Q tc) -19-= (6x U) . 5 . t 



S 



3^ (a) TSiis is in the best form since in the number 
sentence n = (d X q) r, the rejDainder r 
^ is less than the divisor d. Ttous^ ^ * # 
19 = X 3) + 1 is in best fom since 1 < 

3^(b) The sentence is true, but the' reminder is* not ^ 
less than 6^ hence it i^s not in the best foim* 

•3^(c) The sentence is t3rue. but this sentence^ cannot 

» ^ ■* 

^ be represented by an flrrangemen-ft*, an iiKplied ' 
. , • condition for best form. 



35 



•36 



37 



38 



,^The nundaerlsenlie ^5 X 3 ) .+ a.-ro^~W — 



viritten more sinrply as 15 = ( 



The number sentence 9 = (9Xl) + 0' may be * 
written as 9 ^ X - 



Sinqe 0 ^is the addaTtive identity element in the 
set of Vhole nxambers^ the nvimb'^r sentejace 
n = (dXq) + 0* may be vritten as 

■^ = .5 ^ h ' • - 

From the above frames we conclude that if the 

remainder is 0, it be 

^ (must, heed not) 

written in the number sentence • 



(5 X 3) 



(? X 1) 



n* ^ (d X q) 



need not 



Zero a very special nTJ^aber, aAd one must be very careful in using it. 
We have just t^bserved that if the remainder is zero we need not wri1>e it. 
In .the following frames, we point out other relationships involving zero. 



i06 



er|c. 
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9: 



39 



h6 



hi 



If n*ji 0, then n + n « since n = n X 1. 

* 

This^illustratea the mathematical fact that -any • 
nonzero nanO^er divided by itself yields a ^ 
^of 1 (the identity of multlplicajbion). 



Therefore, 5 ^ 5 = 



S^fce n^lXn, n^L = 
In partiicular 7^1.^ 



In words the preceding tvo frames state tlfat any 
whole nxmiber n divided by 1 gives as a 
quotient the nxmber ^ * ' ' 



If tk ^ 0, then 0 ^ n = 



since 0 5; n X 0* 



Frame ^^5 illustrates a fact with which many 
students have, trouble, that is, if 2^0 is 
divided by any number, the quotient is 

zero, ^ 
♦ 

For exanrple, #^0 ^ 5 = • 



■J 



quotient 



n 



n. 



nonzero 



Which of the following number, s,entences are true? 

W) '0^= 0X0 » 

(■b) 0 = 0 X 1 

(c) "0 = 0 X n, ■ where n is any whole number. 



Each is tru$. These number sentences illustrate the 
fact th&t 0 + 0 is *in ambiguous symbol. If there 
were a unique number c such that 0 + 0 =' c, then 
0 » 0 X c would be true only for this particular ^ * 
number c. But 1^8(c) shows us Hhat 0 =" 0 x n * for 
any whole number n,^ and not fo^Just one particular 
one. 
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Which of the folloving number -senterifees are true? 

□ (a) 7 *.o;= 0 ' ■ ' ^ 

□ (b) 7 + 0 » i ' 

Q (c) 7 + 0 = 7 . ' . 
Q (a) 7+0 is xmdefined 
Q'(e) none of the alppve \ 



49(a) This response is inoorrect since 7 3^ 0 x 0, • 
49^^) ^is respoHBe >ls incorrect since 7^0X1. 

k9{c)ljSi^ response is incorrect since 7 ^ OX 

* ■ ♦ . * 

49(d) This resia^ixse is correct since the defiiition 
of division states if b / 0^ a -i- b =-c^ if 
^ and only ifa^bXc. ^ 

49(e)' Incorrect/ ^ee>9(d). 

[ r — ^ ^ ^ 



In the tw(y preceding frames ve observed that 0 4- 0' is an ambiguous 
symbol and that if a ^ O, then a + 0 does not represent any vhol^ number 
at all» We use these .observations as a reinforcement to our assertion that 
division by zeit) is not defined* , ^ , J ^ 

The number sentence 30 6 = n^ states that n is a whole number such^ 
that (6 X n) will be the same as 30. Our Imowledge of multiplication tells 
us that n = 5» In some cases, however/ such as 7 4- 3 a n, one cannot find 
i whole nmber ^n such that 7 « 3 X n* iut 7 + 3 can be' accomodated, in 
the set of whole nvmibers by representing 7 as (2 X 3) = 1, Thxis one can 
say, "7 dividea by 3 gives a quotient 2 and a remainder l." -^* 
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^9-2,' Properties ot Divisleh ^ . . * ' . 

* ■ In Btudyine the operations- of additioA and multiplication, a numb^ of. 
properties w^re iibsfervedv to tWs.part of the program we consider, several 
■ " ^perties of division, some of which may prc)ve useful in developing 



coittpu1*tronal techniques 



.50 



•51 



a^nce the sum'or product Of twoV-whole jaumbers 

, the peV of whole 



is •always a . ^. ^ 

-numbers iB eloped under t«e .derations of ^ ^. V 
..•.•» ..* •.-"'■•>., 

a|dltion and mult ±pli cat ic^n. . , 



•The ^et of whole n\im^ers' is ^bt, closed under^ ^ 
either division or ' ' * * 



* 



vhole nximber 



subtraction 



52 



r — — - — ■'; ^ 

The fact that division does not^have trie closure property can be ^ 

'* ^ . . • 

ilYustrated by Uie following: ^ ; " 

•Q (a) 3 *= n where n belongs to ^he set of whole 

numbers. ' ' ^' . 'i 

CO (^) 6 + = n i»here n - belongs to the set of 3^hole 
■ f numbers. . . • 



,52(a)' This response is inc'orrect since 6 +.3 = 2 and 
2 is a whole number. 

52(b) This response is correct since there is no whole 
* • number n such'that 6 4« U = n. 



' Any blnaiy operation, which could be designated by the" symbol ♦ , is, 
said to be' commutative ^ (a<- b) is the same as (b ^•a). For ou3. , 
purposes • Could be addition, mumj^iWonV and so fM>th. " ^ 



'53 



Multiplication is commutative in the set of 
'fl'hole* numbers since a X b = 



b X a 
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J ■ - ■ 

AdditionnLs ecwamvitative in the set of whole 
numbers since a + b « * 



b + a 



Since 1 -^ 1 « 1 ^ 1 and 5 ^ 5 = 5 ^ 5> egjiclude 

O (a) the operation of division is cc^utative% 

D (b) .the operation of <li vision is not corawtutative. - 

O (c) not enoiigh evidence is provided to decide whether or nqt 
the operation of division^ i^ general^ is isoiomutati^. ' 

O (d) ^division of a ntiinber by itself is cOTEmita,tive* 



55 (fit) This resf^onse is incorrect, tm n\jmiferl< 

are. not sufficient to conclude the generality ♦ 

55 (t) While the response is correct^ the infowiation given 
does not lead to this, conclusion* 

5^(c) Thi^ response Is correct on the evidence given, 

55(d). This response is correct on the basis of the infor-, 
laation given, but you should have checked 55(c) also. 



Since k ^ 2 ^ 2 ^ k ^ 
Q (a) The operation of division is coraautative, 

Q j(b) * The operation of division is not commutative, 

• , *■ 

Q (c) Not enough evidence is given to decide whether the 
Voperatioo Qf division Is or'is not commutative. 



5€d[a) This response is incorrect* A basic property of 
division must be %ue for all cases and it is not 
true for this case, , ' 

56(b) This response is correct* A basic property must be 

true for all^cases. Since k -h 2 ^ 2 ^ we^avecne 
case for which it does not hold, Uence division ^ 
is not commutative, 

56(e) This response is incorrect.* A basic property must 

be true for all cawa^^d we have shown it not to 
. hold for at least one case. 



An opera-^jion ' ♦ Is sjald to be asspciative if 
^ * v(b # c) = ( * . ^ * • 

Since^ 12 + (6 * 2) *- U * ^ . 

and (is + 6) + 2 = 1, it follows that 

division > ' ; as.sociatlve ^ / 
^is^ is not^ * 

We observed subtraction to be an Invlrse operation 
to addijiion, * In A sinailar laanner observe 
di^sion to be an inverse operatitjn to 



That is, (3x 5)+ 5 = 
(0 X 5) * 5 = . 

(9X5)^5- ^ 



In general, f oj>*tny» vhole nnmber b, 
(b X 5) 4 5 



^e ^Iso observe that (n X 5) 4 2 t= 



(a X 15) ^ 15 = 



In general,^ for aiQr vhole nnmbers a and "^b, 
(a X b) ^ b = y provided b / 0. 

Thus, division by b can be thought of as the 

>of the operatfon of im*ltipli cation by b, 
provided b / 0* 



(a ii b) ♦ c 



is not • 



miLtipli cation 

3 
d 



, 9 



n 



inverse 



A word of caution must be inserted here* In whole numbers, (a 4^ b) 
may not even be defined. Hence (a b) X b also may not be defined. If 
(a + b) is defined, then (a ^ b) X b , is always a, .provided b / 0, ^ 
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(15 + 2k) + 3 ^ 



(35 + 3) + (21^ + 3) 



•It :?oHi^we that (l5 + 2V) + 3 ana 
(15 (2lv 3) are names for the same , 



I 



This, again generalises i If a n and b -^ n 
are -vdaole numbers* then ^ . . 

(a -f n) + (lD |t n) ^ ( ) ^ n* 

Since (a b) -f n = (a^ n) + (b + n), 

di^sion distrx^tes over addition from the 

providyi all g^uptlents exist* 
Cleft, right) ^ 

On the oliier hand, + (2 + i) ^ 6 



(6 + 2) + (6 + 1) - 



6 ^ (2 + 1) and ^ 2) 4 (6 l) are names 

for ^ whole numbers . 

(the same* different; . • 

) • ■ 



It^ollows that division 



^^es, does not) 



distribute d^er additi^from the left, 
(15 • 6) + 3 = _ 



Hence (l5 - S) 3 and (l5 ^ 3\ ^ (6 ^ 3) are 

names for the same number, 

» Ik 

In general if (a « b) -f n, a + n, b n all * 
represent whole numbers, then (a - b) *f n * names 
the same whole number as ( +-»)-( + ) * 



35 * 3 = 13 
5 + S = 13 

■ ■ ■ 

whole .« ' 



a + b 



right. 



6 + 3 = 2 



3+6 = 9 



erent 



does not 



.9 + 3 » 3 



whole 



(a^n) - (b 



106 



80 



81 



Henc^ division . ^ distribute over 

(does, does not) 

siibtraction from the right* 



^Division does nqt** distribute over subtraction from 

the . "TChJ-S fact may ^e demonstrated ' . 

(left, xight} . * . ' 



as itiVas to:^ addition* 



does 



left 



. In this* latter portion of the program some of the properties ^fi- division 
have been considered. In spmn^iry we noite that order of performing^ operations 
,and hence of notation is extremely important^ An awareness of this now can 
minimise a great deal of confusion later*, * 
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CffilPTER 10 
MULTIHICAOirOH TECHNIQUES 



Multiplication technlq\ies use the cojnfltutatlve, associative and distribu 
• tive properties and the special properties of 0 and^ 1, In this chapter, 
no new concepts are intrpduced^ * * ' . . - 

^ * _ ' . : ^ ^ 

C<)iiBider. the product I >^ 23 . . ^ 



5 
6 



2 X 23 = 2 X [ (2 X lO) +' • ] , 



Bjy the d^istributive property this becomes 
[2 X X 10)] + {2 X ^ ). - 

Using the a%sociatij/e property ^ 
[2 X (2 X 10)] + (2 XJ^ ( (2 X 2) X I + (2 X 3) 

f {k x ^O) + 6 

' ... 

■Consider the product 6 X Ik^ 

6 X ll* = 6 X [(l X 10) ] •. * 

= [6 X (i X io)i + ( X .4) . 

Hence, 6 X llf = (6 x lO) + '* 



(6 X 10 )+ 2^1 may be written as * 

(6^ 10) +'l(2 X ) + li*] = 

[ (6 X 10) + C X 10)j + k . 

Then 6 X l\ = [ (6 + 2> X 10] + U 
• = ( X lO) + C ' 



10 



k 

21^ 



( 



10 

2 



8 



:1€ 



,8 



10 



11 



12 



13 



ii^ 



15 



■ ,1 



Consider ^6 x Ik as (6 X lO) + ( ). 
ahen 6 X 14 = 60 + . ' . 



Consider the produci ^3 X 12. 
* 43 X, 12 = (1^0 * 3) X 12 • 

= (4Q X 12), + (3 X J 



V 



Wrl-be^ 35 in e^^iantled form and .use the 
dlBtribiitive proiMsrty to obtain" 

[1^0 X (10 + 2)] + t3 X (10 + 2)3 = • " ^ 

* [(4xWxio) + (it X 10X2)1, + [ (3x10) + (_ )]. 

"And use the commutative, associative and 

distrib^itive properties to obtain ' . 

• / 
(k X 100) + [(8 X 10) + (3 X 10)3 + ] 1 « 



. {k X 100) + [(8 + 3) X __3 t 6« 



Then k3 x 12 = 400 + 



+ 6 



(To find the product 



one thiiJts (2 x 
which would give 



43 
X 12 

) and (2 X ) 



Then, (lO X 

giviijg + 



) + (10 X 



= 86. 



It now follows that 
12 X 43 = 430 + 86 » 
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(6'x k) 

24 

84 



12 



(3 ^ 2) 



10 



110 



516 



3 J 

6j 80 

30^ 400 J >30 



516 



CHAPTEB 11 ^ 



In Chapter 9 it was observed 1^at division as an operation njay or may 
jaot yield a- iiJhole ntmiber.* JBowever, from a + hJ witti a > b, one c6\ild 
obtain a ^ole nmber quotient^ q and a remainder r vhere r < b or r 
Thi^B a b can be eacpressed in eqvd^lent form a^»'(q X b) + r iidiere 
r<b or \YJ=0; provided bV 0, * 



^In this chapter, no new concepts cure introduced • 



7- 



"39 + 3 = (30 + 9) 4. 3 
= (30 -!■ 3) + 1. 
= 10+3 I 



39 + 3 can be^, vil tten in the eqvii valent f oim 

39 = ( ; X 3) + 0. 

*■ - 

40 4- 3 is not a' whole noMber since itO = 39 + »^ 
and. . (39 4 i) ^ 3 is not a, whole n\janber» 

40 4 3 can be written in the equivalent form 
# 

hp + 3 * yields a quotient of N ^d a 

remainder of 1*^ ^ • 

r 

Using the form 4p (q x 3) + r 

9 = ' and r = • ^ * ' 

— . ^ — - J 

* * * \^ 

97 f ^ written in the "form, a = (q x b) + r is 

97 = ( X ' .) + ^ 



- (9 +3) 



13 



13 



<13 X 3) 



13 



.13J 1 



{2h xh) +'1 



Consider the papoblem 575 + 23. This could be 
■written as (23O + 230 + \ + 23 = 

« ♦ » 

(830 + 23) j; (230- * 23) "»•• (115 + ) - 

10 . + 10 + 5 « ■ 2? • 



^Do divide 60O by 23, write 

(230 + 230 + 135 + ^ ^23 ^^iiich vould not 
yield a lAiole n\a?iber_, •Chis division yields % 

(230 + 23) (230 ,+»23) + (115 + 23) + (25' + 23) 
vith a remainder of ^ 

And 600 + 23 vrLtt|ff.in a - (q X b) + r 
form vould be 60O =^(26 X + 2. 

600^ 23 could be" put in vertical form by noting 
<jn the right the number of mltiples of the 
divisor . Considea? the folloving: 

230 . 



370 
230 

115 
25> 
23 



is "the quotient. 



The' remaliader is 



112 



11 



17 
'l8 

19 
^0 

21 



Consider )5,U9 + 13. Wilting this in 
vertical form vould give ^ 

13 > 15U9 
13000 



2119 

130Q. 



819 
^0 



169 
130 



39 



1000 

100 

v. 

50 
10 

3 



22 The quotient vould be ' and the remalnoLer 
is .. 



1163 
*0 



23 The. lual^ematical sentence eqtdvalent to 

15,A19 +"13 is 35,119 ( . X 13) + 0; 



1163 
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CHAPTER 12 
SmUMCES, nUMBER LINE 



.12-1. Introduction 



f 



• up to this point ve have been uising mathematical symbols_for n"umbers, 
for operations^ and for relations between numbers. One p\jQ:^de of iihis 
chapter ig to corw>ine these symbols in certain vays to form number" seir^ences, ^ 
FoCTUlas and equations are forms of number senCences. 



7 « 5 « 2 i© a 



7-5*9 also is a 



7 - 3 + 5 0 a number seoitence. 

(is, i*s not) 



7-3+5 ^ a number sentence, 

(is, is not) 



nuxnbe¥ sentence 



number sentence 



is 



is not 



Consider the symbols: 7^ 5, 2, = . Indicate vhich of the folXo^ng 
are number sentences. 

• □ M 7 + 2 = 5 □ (c) 3 + 2 = 7 

(b) 7 = 2 + 5 ^\ Id (d) 7 + 5 + 2 



V 



5(e^)* Correct • This is a nuinber sentence, even thourfa 
jJlT^^s not true. Befer to 5(b). ejad 5(c). 

5(b) Correct, and also is a true number sentence. 
Befer to 5(a) and 5(c). ^ 

5(c) Correct, and also is a true number sentence.- * 
Befer to 5 (a) and 5(b). , 

5(d) Incorrect. This is not a number sentence, but is 
a number phrase. See 5(a)» 5(^0U^(c). 



8 



10 



11 



:_! L ^, : 

In JMuber sentence 2 +3 > 7^ the symbol, 
^ licts as a verb* 

In the nxmber sentence 2 +-3 < 7* the symbol " 



<> acts as a 



*t .+ 2 = 9 is a 



(true, false).. 



number .s^ntenc^ . 



7 10 is ^a - ' nmber sentence » 

. • * (true, false) 

7 aAd 5+4 are exaiirples of number prases • 

* What' symbol may be used as a verb to* form a true 

*^numbey' sefitence^ l^om these* tvo ^phrases? 

♦ 

Wtxat symbol mety be usi^d as a verb to fom a false 
numtoef sentence from the tvo phrasf s of 
Frame -10? ^ . . . * . 



veri 



true 



, falfe' 



y5 or > or < 



12-2 • Open Mumber Fh rases and Sentences 

If a nv3Uift)er phrase has.^ space not filled ^ a n^eral, it is usual to 
fill that space by spme letter such as n or a •/.'For ins-^ance, n + 7 ' is 
a number phrase in which a numeral is represented by n, !I3iis phrase is 
calfed an open nuj^ber phrase since the numeral to replace n is open to 
assignment. Whto one or more open number j^rases are used in a number . 
sentence, the sentence is called an o pen number sentence. 



I2P 



ll6 



12 



Which of followixiig ar/' open number sentenc6&? 
(Check one or noreii) 



Q (a) 3 + n.? n + 3 

/ ■ ' » 
O (b) 5+2=9-2 - 

Q (c) 5 > 2 + n' . * ' 

Q (d)^n + 8 = 16 

U O (e) The sijg^^;f 8 arid 7 is 19. 



12(a)* Correct. This immber sentence i^made up of 
tVQ open nwber phrasefi hence, it* is an open 
nuiaber saatence* Bote that 12(c) aM 

^ also are correct. ^ : 

12(b) Incorrect, Tbis is not an open, number sent^shce*. 
However, it is a true number sentence. 

12(c) Correct. This number sentence is made up 
one open number ^rase. Note that 12(a) ' 
and 12(d) also *are correct. 

12(d) Correct. This ^n\amber' sentence is made up of 
one open nomber phrase. Note that 12(a) and 
12(c) also are correct. 

12(e) Incorrect, This jaumber sentence is a false 
number sentence , and it is not open. 



^ r — 

Which of the'<folloTidng nmber sentencjes are true, falee^ ^ 
and/or openf (Check appropriate^ansvers* ; * 



- # 

5Jrue False 



*(a) "8 ^"7 = 12 - 



□ 



(e) n 4-8. = 16 



13(a) itlse^ and is jiot open. ^ [ 

13 (bX Open and True. This* nurnber sentence Is made up » 
of^*vo open number phrases j hence it an open 
namber, sentence. And, n + ft = '+ n is true 
for all vhole numbers n, 

13(c) False.* 3Jhls Is not a true number sentencte, and 

it is not open. „ . . . 

l^(d) True* This is a true sentence^ and it is not open. 

13(e) Open Imvk no ,W>f telling whether it is 
true or'^aIse^**^Alfitf^:jBee response 13 th;, 



if s 



12-3* Solving Open Sentences 

From A « (0, 1, 2, S, k) select the subsets of A such thatr each 
meffloer of the subset selected iri»kes the number sentence true in the following 
frame&I. • • 



Ik 
15 
16 



+ 2 « 5. 

n + 2' < 5 
n + 2 > 5 



{33 

{0, 1, ,23 



Bach set selected above^ providiei it is a subset* of A and provided each 
of its meftibers makes the corresponding sentence true^ is called the solution 
set for the open sentence. 



17 



18 



19 



20 



Any member which makes an open s^^ntence true is 
called a s__]a of the open sentence • 



Ml the numbers, •ai^^one of which makes an open 
sefl[bence true, form a » of solutions called 

the solution setr.of the open sentence. 



Wilte the solution set of whole numbers for the 
number sentence n - ^ < 5 * ^ 

r 

\jOien we ^lave found the set of all solutions of 

an open sentence, we say that we have 

the sentence • 



solution 



set 



C^. 5, 6, 7, 8} 



Solved 



12-i^» ^ Use of MtettKematlcal Sentences 



21 



.Given the open sentence n + 5 = 7» Which of the folloving 
is; represented by this open mmber sentence? * (taiecfe one.) 

O (a) TOiat ntMober added tq two equals, seven? 

□ (b) John has^seven pennies. He has five in one hand. 
How many does he ha.ve in the other hand.? 

O (c) Bill has five animal&.\ ^He bu^s ^even laore. How 
raeaay does he have all together? ' . 



21(a) Incorrect. There is no relationship ""between this 
statement and the open number sentence* This 
statement- is represented by the nmber sentence 
2 + n =*7. . 

21(b) Goixect. * . 

2l(c)» Incorrect. An open number sentence to represent 
this situation is ^ 7 = *n. ^ 



^2 



There are 22 children in a class. Ten of the children are boys. 

*How n^y girls* are thei^e? Select -Uie open sentences which e^Jpress 

the relatitnshj.p between' the numbers involved (Check all correct 

responses^) * 

□ (a) ^iO + n = 22 O (c) 22 ^ n = 10 . ^ 

O (b) 10 + 22 - n O (d) x> = 22 - 10 _ 



22(a) Correct. This number sentence mathematically* 
represents the problem which was given in words • 

22(b,) Incorrect* This ntimber sentence is false since 
the set of girls ha^ already been included in 
the 22 members of the class* ^ ' 

22 ( c ) Correct . ^Read e^qplanati on for 22 ( a ) . 
22(d^ Correct. Read explanation for 22(a)\ 



124 



120 



12 



" ,23 



What is .the solution of the OToblent in 



Frame 22? 



US* 



12 girls 



12-.5. Solution Sets on the Mumber line * 

Sometimes a niaaiber line is used to represent the solution* set of a 

it 

number sentence such as T ^ k ^ S^e Figure 12a belov, ' i 



^ 1 1 4 



J L 



3 4 5 6 



Figure 12 tl 



2k 



25 



26 



27 



The solid "dot*' on *he number ^ne in PIgure il^.l 
indicates, the^oluti on of the, number sentence 
7 J li^ = .n is n = . 



Using solid dots, indicate the solution set of the 
number sentence n + ^ = 7 on the number line 



belov* 



J L 



I 2 



Using solicTdots, indicate the solution set of 
the number sentence'' rT + U < 7 on the number 
• line below. 



J L 



± 



J I I L 



I 



6 



Using solid dots, indicate the solution set of 
the number sentence n - U < 3 on the number 
line belovj 

J « ' ' ' I -I- i -1-^ 



1 



3 4 



0i I 1 *, > i > 
o I t • 4 r • T 



,4 4 * 1 i t > l> 
o I a a 4 • • T 



»i i , I t 4 I 4 ip^ 
e t a a 4 i i t 
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CHAPTER 13 - 

AM IMTRODUCnOH TO GBOMETIRyt 
POIMTS, HUES MD PLAUES"' 



i3-l. Points - ' - . 

In tMs chaj>ter ve liLscusB three basic Ideas in geometry t yolntSj lines 
and planes , 't^e consider some of the properties of the^e familiar ideas and 
our discuskons vill not* set up any foxroal deductive \syst®ai« The.first idea 
discijssed is that of yaint . TBtie^tem point is undeftned in. the study of 
geometry* 



Iftie symbol ^ is not a- number blit re^esents | 



a 



In geometry, Ukie symbol ♦ is not a point, but 
may be used to represent a 



number 



point • 



Select the better representatton of a point:' (Read all responses •) 

Q (a) The^sharp end of a straight Ida . 
O (bX Tlie head of a s-£raight. pin. 

O (c) The location vhere tvo adjacent vails and the floor 
of a room meet • > 

'O (d)* The eraser end of a pencil. ^ ; 



3(aO If the pin Is considered stationary ^.^this response 
correct. It is incorrect if the pin is thought 
of as moving. 

»> 

3(b) Btiis response includes many more points than the 
^ exanrpie in 3(a). * Henc^ it is incorrect. . 

3(c) This response is correct, 

3(d) OMs response is incorrect. Even if -ttie pencil is 
' considered stationary, the eraser end of a pencil 
is a reiareseniatlon of aiany points. * > 
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13 



Since ve think of appoint as a single location, 

do^s it jiDve? ^ 

(yeg^ no} 



5aie tip of the pencil you are ueing, represents a' 
point. Move the pencil to your other hand, then 

point • 



the tip represents 



( the same, a different ) 



If a point P is represented by a small dot on 
a sheet of paper and the paper is moved, the 

* does not move* However, -the representation 
of the point does move. ^ 



no 



a different 



point 



A dot on a sheet of paper can represent a point but actually it 
reixresents the follo^ng: (caieck all co3:Tect^ responses . ) 

O (a) zero points . O only two points 

O ^b) only one point O (d) mar^ points ^ 



7(a) ©lis response is incorrect because any represen- 
tation on paper covers many points • * 

7{b) This ^response is incorrect because ax^y represen- 
tation on papfer covers 'many points • 

T(c) This response in incorrect because any represen- . 
tation on paper covers many points* 

/ 

7(d) This response is correct because any representation 
on paper covers many ^points* 



Although it is not accurate, ve use a small dot on a sheet of paper as 
a model of appoint*;; It is a representation of a point, not the actual point* 

l>oints generally are labeled by cafd-tal lettws, such as A, B, E, Q 
and so forth. * 

In this sub-program we have stressed the follovings a point imjjolves 
position only; a point may be represented by a dot on paper, the enpl of some 
pointed objQct such as a needle or pencil, the .coiner of a rocam, or by a 
capital letter such as P. If the dot is erased or the needle is moved, the 
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original point rfematiis, since it is. a position. Hote that no f onna\ deHnl- 
tion has, been gcLven for y point* The tem point Is xmdefined in the develop- 
ment of geometxy^ . . r * * 



Sets of Points " ^ ^ ^ 

We think of llnesj curves and planes as sets of points, and space fts 
the set of all points. If spa'fce is the set of all points- (or locatioi^), 
ve shall find that geometric figures *such as lines, curves, t^s, angles^ 
triangles^ and circles may be thoughts of as subsets of the set of all points 
in space* \ 



8 



10 



Space is thought of as thd set qf all 



Giveti points A and B belov. Ple^ee your pencil 
on point A and, without lifting your pencil from 
the paper ^ mov^-the pencil to point B*, * 



A. 



V ^ ^ •b 

Ihe path ^ou made rep?;esent0 a set of 



Given points M and Jf belov% Usii^ a pencil 
make tvo different paths from M to N* 



M 



The paths represent " sets 

, (the same, different} 
of points* ^ . ^ 



points or 
locations 



B 



points 




M 

different 
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A carve is a 



of points all of tiM ch etfe' 



on a particular? path^j^m a given point A to 
a, given point B'^ ^xA including A ^ and B« ^ 
frequently in otHer mathematical considerations 
this definition is modified to include curves* 
vhich do not have endpoints. line is a* 
special case of a curve without endpoints* 



set 



The nxaafeer of curves from given point A to given point S is: 
O (a) only one 

O (b) only tvo ^ 

D (c) any whole number j * • o 



12(a) This is inconi^ect. It is possible to draw more 
than one* ' \ ^ 

12(b) This is incorrect* It is possible to dbpaw more 
tha^j^two. . ^ ^ V 

^2(c) This is corrects ^ ;En fact, there is no limit to 
the number which can be drawn* 



The path from C to B is called: 
^ * O (a)*" a point 
O (b) a curve 
O (c) space 




13(a) Incoirect. The path contains many points. 
13(b) This is correct, 

13(c) Incorrect • Space is the set of all points. 



The nuratoer of curves from point P to point ^ 
is 



ffinite, infinite/ 



ij^nite 



129 ^ 



\15 



16 



•The set of points which make up each cxtrve is 



(finite, infinite}^ ^ 



If^ a patln^JT^rom A to^.B is made by moSdng a 
pencil along a rul^r or a stredL^Vedge, ve 



jref er to the path as a 



segment % 



infinite 



line 



17, We \ise the symbol CT. to re^esent the 
line ^ " determined by vliie points € 
and ' B, C »nd D ^are called endpoints 
and are a part pf the line segment* 



segment 



* 18 Hame tbe line segment (sc»aetimei^ vinnecessarily* 
c^led a straigjjt line segment) detenniried 
by the points A and B; 



19 MW contains points M 




AS 



21 



If AB is extended in both directions so that 
it does not stop at any point, the result is^ 



a 



Arrows are used to indicate that a Une does 

not stop. Thus TOT is used as a symbol for 

the line containing the points and 

# - 



r 



IJne 



A 
B 



22 



The line segment AB is "a subset of the line 



1 
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Waich of the following represents a ^eciar cxxrve called a line? 






Incorrect. • 


It represents a curve^ not a Une. 


23(b) 


!Ihis is. correct* 


23(c) 


Incorrect. 


It represents 'a line segment, not 




a line* 




'•23(cl) 


Incoi^ect. 


The picture consists of several 


•1- 


curves. 





13 



2k: 



mdch of the following' 1b a model of 'W detenained fey the 
points A and B? ' 



. . A 



B 



□ (b) 



B 



□ (c) 



A 



B 



□ (d) 




2kU) This continues, in both' directions throu^i A 

* * 

and B% * Correct. 

2h{h) This continues in only one direction l^roxigh 
Incorrect • 



2kic) Sncorrec t • 
2lv(d) Inco3:^ect* 



i 
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Which of the folloviiig statements are true concerxiiiig the model 
belowt , * 



□ (a) . "JG? a "Sf 

□ (b) ^ =. AC 

□ (d) Kb='JB" 



S(a) Eve^ point on ITMs . poWn "ST ^ 

conversely . Correct * ^ * 

*: ^ • . " 

^(b) The points on CB are not -Uie same as the points 
on AC, Incorrect* 



^(cy Evei^y^ pcdnt on M is a point on and 
conversely • Connect \ 

S5(d) SChe pointp on 5B are not the same as th? 
points on AB is a part of , 

Incorrect* t . . 



26 



27 



28 



29 



30 



Draw a model of tha^line segment determined Ijy • * 
"B;. and P, the pair of points given below. 



f 



• F 

W in Frame 26 is the set of all points on 
between E and F 'and includes the ^)ointa E 
and . . 



Draw a modAir of the line determined by the 
points ^ and B. 

A 



B 

m 



^ m 



Draw representations of all ijossible* lines 
'determined by the points ^ A, B and C. 

A ; c 



B 



I^aw a niodel of all possible Une se®aaents 
determined by the points A, B and C. ^ 



A 

# 



C 

• 



B 
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Henceforth, ve vill dispense with "a model' of" or "a representation of" 
vhen are ^ked to drav a model <>f a line or a line segment, vith the / 
-understanding that it is possible to drav ^e model of or the representation 
of, but impossible to draw the line or Une segn^t. , ^ 



32 



33 



Draw all possible lines' throxigh all tlxr^e 
points ^A^ B and C 



A 



B 



Draw all possib3fe lines throiigh all three 
points A, B ai4. C. 



B 



A 



C 



.The line in Prame 32 may be denotjpd by 



* or 
or 
or 
. or 
or 



A-B C 



B 



tr 

It 
-St 



^ has the folloidng nximber of endpoints: (Check one.) 
O (a) zero Q (c) two 

O (b) one' . O (d) many 



ERIC 



3^(a) Correct* A line extends indefinitely in both 
di*rections. and has no' endpoints.. 

3Mb) Incorrect* A linens no endpoints ♦ ^ ^ 

3^(c) Incorrect • A line has no endpoints. 

3U(d) Incorrect, A line has no endpoints. 

* • * \ 
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13 



35 



, 37 



38 



What %e the greatest niMnhBr of lines .that" .can 

be dravn through. a given point t 

■ ... . . . * 

Dra^f aH iposBible lines throiigh both A and B. 



A - 



Bovi many lines can be drawn through aiiy two 
different jpotnts? 

Ihe figure below is a model of the rajr from A 
through The ray is denoted hy Efl 



B 



The figure below is a inodel of a ray and is^ 
j^Lenoted by • 



. c . 



D 



39 



Given points A and B. Draw a line or portion 
of a line determined by A ^-a3ad and having 



(a) no endpoints 

(b) two endpoints 

(e) one and only one 

• midpoint 



A 
A 

# 

A 



B 



B 
B 



iitflnitely maioy 




one and only one ^ 



•A 



or 



B 



B 



B 



B 



i 
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V 



h3- 



A ra^ ^ is a portion of a line starting at a point 
aD4 Including .tiiat pointj and extending in ** ' 
di3^eQtion(s)« 

^zero, one, two) 

The figure belbv is ^ mcAel,ot liie ray vith. 
endpoint B cspd extending through The ray 
is denoted t>y 



B 



The figure below is a model of a ray and is 
denoted hy ^ ' \> ' ^ ' 



D 



Consider the follovLng model: 



M 



N 



.iPo\ir different rays areT 



is a set of points consisting of Ji and all 
points of IS" vfilch "are on the same' side of A 
^ as the^point / 

Is tlhe set of points tiie same as the set 
-of points -m? — 



one 



Thecfe are the 
some ray« 

SSTor ST 
These are the 
same ray« 



B 



no 



4 
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^^5 



WL-d^ reference to the figure below, vhich of the folloving 
Btat^Dents are t3fue? < 



O (a) Af^^S" 

□ (d) ST^dT 



D 

, □ (c) ^= oT 



B 



1^5{a) Both rayia consist of the same points, therefore 

they are equal* Correct, 

- <• . - - 

^5Ct^)^^^W*sys consist of the same points, th^-^fore 
they are equal • Correct* ^ 

k^{c) These tb^b have the erne endpoints hut are in 
opposite directlons^e They are different rays, 
and therefore are not equal • Incorrect* 

^5(d) These 3fttys have the same directions hut have 
different endpoints, therefore th^ are not 
equal* Incorrect • 



*^ In this sub-program ve have studied sets of points iJhich are subsets of 
the set of all possible points or locations.. Any path from one point to 
another point and including the two points is called a curve, We have 
devoted most of our attention to line se^nts and lines , A line segment 
is an infinite set of pointsy vtvo of i^Mch are called its endpoints, A line 
is presented as the exte^ion of a line segment e^ittending continuously in 
both directions, A line also is an infinite set of points. We usually use 
the syiflbols W and Ic?" for the line segment and -Uie line ijespectively,^ 
determined hy ihe points X and Y. A^line is a speTrial case of a curve. 
A ray f arom B ' through C and extending contiiraously in the Erection of 
C- is denoted by B?". " ... * , 



135 



138 ' 



13-3 • Plsjaes and the Relationships of PointS j Lines and Planes 

--ir— ini-..--U-.T. , -1 r immm^ ' — • ' ' 

A plane is a subset of the points in space. It is infixilte in extent « 
In this sub-program sc^e relationships between points^ lines and plines are 
iUuetrated, 

'k6 



t~ ""SaeilVdnaodei rgpresejgfEs a se%*" of 



^9 



50 



51 



52 



53 



55 



* 56 



Shink of your dei^k top as a mq^el of a plane* 
This is only a r n of a part of a plane. 



in space • 



If the desk were moved^ the 
would not changer , 



of points 



The plane represented by Ubie desk^top is the set 
of all points obtained by extending all line 
With endpoints on the desk top* 

tJonsider two points A and B on this model of 

a plane. A and B detemdne Hnes? 

• j[how many) 

If A and B are diiTerent points in space^ there is 
one and only one line passing thro\igh A and 



Property 1 : Through any two 
there is exactly one line* 



points in space 



^Consider two points A and B ^Irch lie in, a model 

of a plane*, lie in the plane* 

(does I does not] 

" ^Property 2 : If two different points lie in a plane, 
the' line determined ^y the two points 



in 



theio plhne * 



Select another model of a plane holding it above the * 
desk. (This could be a small piece of cardboard*) The 
plan^ represented by the^esk top and the plane repre- 
sented by the cardboard model^sare ^ " ♦ 
^ ^ (J^ie same, different) 

Hold the cardboard n^del of a plsoi^e in one hand so 
ianat^otrr thmb Ts air'p6Tiit" B " ahdryoiurmiaaTe fT^ 
linger is at point A. Boes ^ff lie on the plane? 

{yes, no) 



representation 



jpolnts 
set 



segments ' 



one and only one 



B 



different 



does 



lies 



different 



yes 
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5Chie nmdber of plane© which can l^e represented by \ the caMboar* 
model hdldijig points A and B stationary is: {Che^ one,) 



Q (a) 



one 



Q.(b) tvo 



□ (c) many , 



57(a) Incorrect. See 57 (c^. 



5?!^ V jCncorrcct* See 57T5) « \ . ^ 

57(c) Correct. As a inatter of fact^ ,there are inifinitely 
many different planes Hsontaining See the 

picture below* 





Property 3 : ^Throu^ two points in space, and hence 

throxigh a* line in space there are ^ 

^ ^how manyj 

possible planes • All of these planes intersect in 

in a line^ that is*, their intersection is a line* , 



infinitely many 



137 
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59 



Hov^Imw^ p60itica» erf the cwdbofi^rd model are poB»ibl« 
hoMiag points B\and C stationary? ! 




-60 
61 

62 
63 

6k 
65 



Proiperty k : . Any three i>oints not on the sake line 
detenffLnLe/one and only one ^ • 

Consider , on another model of a plane • 

Point M lie on 

(doeSj does not) 

Place' yotir pencil point on M, The poj^nt . 



lies on the line represented lay the pencil* - 

M is a point lying on both 15t* and the line 
represented by the pencil • M is" called the 

inte rsecti on of these two ♦ 

■ n — — ^ ^ 

Property ^ : If two different lines in apace 
iriterpectj their intersection is one . 



one 6uid«.only :pne 



plane 



does 



M 



lines 



point 



If two distinct lines in space Intersect^ the number of points in 
the intersection is: Check one.) * 



zero 



□ (a) 

O (b) ' one 



□ {c) tvo 

Ik 

O (d) Dialer 



^(a)' Incorrect* If ther^ are no points in the 

.Intersectl'on^ l^ie two lines do not intersect. 



65(b) 
65(c) 

65 (d) 



Correct. > 

Incorrect. If the iijtersectlon contains twj 
points^ the two lines are the same Hne and 
their intersection contains many points. 

Incorrect. If the intersection contains many 
points^ the two lines are th^ same line and 
their intersection contains maiiy points. 
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66 



61 



68 



t 



Iiay your pencil on a model of a plane so that a 
point of the pencil oorrenj^orAB to i^nt A in 
the inodel and another point '-the j^encil corre- 
sponds to point B in the inod^l* Tli^lAne 
represented l^y the .pencil is denoted •hy * 

1 



3!he intersection of ^ and the plane repre- 
sented lay the inodel is ^ ^ 

Property 6 ; If a line and a plane intersect, 
their intersection is either , point or 

Hhe entire , * ^ 



a3 



one 
line 



/ For -ttae jfolloving tvo fr^es, consider Idae pair of planes belov, ^ 
denoted by Plane 1 and Plane 2. . ^ ^ 




Plane 1 




Plane 2 
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69 Bold m inodel of ea|h plane so that points A 
a£d B. are on both loodels asid point C is 
on the model of Plane T but not on the model 
\oT KLane 2, See figure below. 




Plane 1 



Plane 2 



The intersection of the iBodel of Plane 1 and 
the idodel of Plane 2 is the line determined 
by the points and . 



A} D 



70 Property 7 s If two different planes intersect, 
their Interaectloa is a straight , 



line 
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. In this sub-jwgram we haVe' discussed the meaning of a plane and the 
meanings of ceartain relationBhips between points^ lineSj and planes* From 
these relationships we have discovered several properties of points, Unes, 
and planes*^ Th^ae properties are identified in the program and are^'f acts 
we need to know^s we continue the study of geometry* The seven properties 
are the following 5 ^ : * 

. (l) Througji ai^ two different *points in space there is exactly 
one line* * * ^ 

(2) If two different points lie in a plane, the line detenuined^ 
by the points lies, in the plane. 

(3) 5nir43Ugh two poiitts in space, and hence through a line in 
space, there are many ppssible planes, 

(^) Any three points not on the same line determine onp and 
only one plane, / 

(5) If two different lines in space intersect, their intersection 
^ is one point* 

(6) Tf a line and a plane intersect, their Intersection is 

either <3ne point or the en$lrje line. 

*» * . ' * 

(7) If two different planes intersect,* their intersection is 

^% 

a line. 



CHAPTER lit 
CLOSED OJBYES, POLICGQNS ADD ANGLES 



■ TTit.firfieoti.ng. . or Parallel Planes and LineB 



If tvo 4iifferent planes ^ intersect'', 

* , tdo^ do'.not} 

HI 

then they -are parallel s <^ 



If tvo different lines in the same plane do 
not^ Intersect ^« then th^ eore • 



TWO different planes either 
parallel. 



or are 



If a line and a plane do not intersect^ liien 
they are • 



10 not 



parallel 

♦ 

intersect 



parallel 



l4-2. The Separation Pjroperttes of Planes, Jtdn^^ and Poir^s 



X 8 



Any plane in space set>aratee all points in 
space into three .subsets: the points on one 
side of the plane, the points on the other 
side of the plane, and the points in the - 
itself each form a subset \ ^ 

The set of points on one side of the p e 
is called a half-sgace. 

And the set of points on the other side of the 
plane is called a • 



The points on ^e sepe^rating plane do not lie 
in either 



r 



plane 



plane 



half-space 



half- space 
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10 



11 



12 



0^ 
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Any line in a plane separates all iK)inta of that 
plane Imto thre^ subsets: the points on one 
side of the line^ i^e points on the other side 
of Idhie line^ and the points in the . * 
itself each form a wibset^ 

Ihe set of points in a plane on one side ox 
the other side of a 1 e in that plane is 

called a half -plane T 

The set of ^points on the separating line does 
not lie in either • 

A point on a line separates all points of that 
line into three subsets: the points on one side 
Vof the pointy the points on the other side of 
the pointy and the itself each f o3nn a 

subset* 

The set of points on a line on one side or the 
other side of a p ^ t on that line is called 
a half^Une . ^ 

The point of separation does not He in either 



In Eraiftes 5-13 ve have considered the s_ 
properties by points, lines and planes 



9 
n 



line 



line 



half-plane 



point 



point 



half -line 
separation 
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17 



18 



19 



20 



21 



The set of all points which" lie on a particular 
paiii from a given point A to a given point 
and incluaing A ancL B is called a 




frequently in oliier ma'tiieinatical considerations 
.this definition is inodilled to include cwves 
^>Aiich do not have endpoints* !Che line is a 
special case* of a curve having no endpoints* 

A line se©aient is a special case of a * 



The points of a curve always lie in the same 

pltoe ♦ ' 

^true, false} 



* If all "Uie points of a cvgrve lie in a plane'^ 
,^en the curve is called a plane ^» 

^ ____ curve is a set of points^ which can be 



rej^esented by a pencil drawing made wii^out 
lifting the 'pencil off the paper • 



Line segments are examples of 



curves* 



" Ik 



curve 



curve 



faXse 



curve 



2lane 



plane 
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llvA, Closed Curves v . 

A closed curve is a plane curve vhoee representation can be drawn -without 
retracing and vlth the pencil point stopping at the same point from which it 
started. Some examples are: ^ 




22 



23 



2k 



Closed Curves 




If a closed curve ■ intersect 

tdoes, does nony) 

itself at any point. It is called pi simple closed 

We could Bpeak ofjsotng around>a simple ^ ; 

curve and, ythen 1©do, ve pass through each" 
point ^ just' once, ex^^ept the starting point. 
(For the *reniainder or this chapter, we consider 
only simple closed curves in a plane •) ^ 

Every sinqple closed* curve in a plaii^ separates the 
plane into three subsets: the interior points 
-of the cuiye . the exterior ig>oints x»f the ci^rve, 
and the itself each'*form,a sub^t. 



Simple Closed Curves ' ^ 

does not 



closed 



curve 
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26 



* 27 



28 



29 



Any tvo pointB In the Intexlojr of a-Blinplis closed 

be Joined ty a portion pf a 



cxtrve 



(can, can not) 
curve ;»Mcb does not interj»cct*tilie original 
eiiBSple closed, cyrve. ^ ^ 

same I0 true for any tvo points in the 

exterior of a siinple closed curro, 

. ^ (true, false) 

Xhe interior of any siinsple closed curve, to- 
gether vith the e^ e 0 d> curve is 
called a re ^pn . 

The siinple closed curve is c^^Ued l^e bouncLary . 
of the 

...... ' 

Note that titie houndazy of a re^on is a peprt 
of the . ' 



T 



can 



true 



siiaple closed, 



V 



region 



region 
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Polygons ^ 



.31 



32 



33 



Polyg^ons have special names ac^^rdixig to the 
nttmber of line segments involved^ A trlaaagle 
is a polygon witii ^ ^ line segments. 

A quadrilateral . Is a simple closed curve made up 

of line segments. 

^ (hov many) 

Pentappltij hexagorfj octagon and deca^n are names 
for haidng .5, 6, 8 and 10 sides 

respectively* 



If a simple closed curve in a plane* is the \anion 
of three or more line ^egm^ta, it is called 



tharee 



four 



polygons 



polygon 
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No1ie that the definition, of polygon apecl:K.es 
^ - _ ' curve in a plane; Jii other vords, * ^ 

*a curve can be tiie miion of thre^^^ inore 
segments, end not be a polygon* Polygons are 
defined a:a simple clos^ plane qurnces ^ Some 
plane d»ves ere not polygoi^. p 



simple closied 



Below are «ome plane* CTXrves ^ch are not pplygons^ 





Angles 

35 



/ 



■ 36 
37 



An angle is the union ^ of two rays which haye- a 
cGtmpn end 
same line* 



commpn endpoint and * P^ts of the^^ 

(are, are not J • ^ '^^ * 



The common e * t df the two' rays is calied 
the vertex of the angle . 



Hote that in tl8te figure below^ S -i^ a point of the 

angle since S is on Point W 

; (is, is not} 

a point df the angle since it* Is not either P^" or 
3^ 





aipe not 



endppint 



is not 
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^Qjie eyvi>ol for «q ^^^y' le /h 



is 



39 



A9 angle usua^y is deiaoted "tiy. namlJQg ' three points 
of the anglet the firet a point (not the vertex) 



on one ray, the second the 



a j5K>int (not the yertepc) on thp other r«^» 



vertex 



Correct: namea for the fipagle re]^esented..by the :^gure below are: 
•(cnaeckall.correct-r,8icmseB.)\ . 



□ (a) 


/GAB 






□ (b) 


angle PAQ 






. a (c) 




• □ (d> 


angle QAP 


0 (e) 


/ABC 




B, Q 



l*0(a) Correct. See also " l*0(b), l»0(c), Ao(d>. 
ko(h) Correct. See also hO{A), l^O^c), kX){d), . 

lit 

kO{c) Correct. See also i^O(a), to(b), l*0{d). 
l*0(d) Correct. See also l^O(a), 40{b), 4o(c). 
>0(e^ Incbrrect/^ since the xertex A -is viltten nyst. 



In the l^recedin^j frame note that, it ^joxrect to sciy 

/CAB a angle PAQ .^ angle ^<yiP aince /Cp, angle PAQ 

and angle QAP -are dl:^erent for tibie same. ^ 
angle. , *^ 



ndioea 



* We have been concerned in Chapter 13 BfA Chapter ^ with variouii*fi 
geoiaetric figures' and some of their icroperties. We now ttc4n to a cojasider- 



ation of their^eaaures or sizes. 
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I In Chapters 13 and 1^^, .we' conaidered lines', KLiiie segments, rays and 
siaple closed plane curves, tChe latter included polygons with yaiious nuibers. 
of Bides as weU as. figures bounded by a* curved line. Although we talked ' 
about "tile ^set of points interior to the simple closed curve, the set of points 
making up the boundaiy and the set of exterior point*,' we did not consider any 
of the properties of geometric fi<gures which Involve the idea of size or 
measxire. We new consider soxae geometric figures to determine how the. concepts 
\f£ '!iT3 equal to;^' ''is more than" and "is less ^than" apply* 



* igT-l • Congruence >of Segments 
1 



7 8 - k i6 a true statement bemuse, (7 - 3) 

and^ (8 - U);'are different ^ > for the number 

Consi'Uer'the fig\ire below. AB ^ OT ^ AD = OB . 
is a true\statement because AB, AD and 

^ are different names for the set of* 

points, namely: the line segment. 

■ • . ' B 

D 



Consider the fijgcire below. ^AB is not equal to 
CD because AB and ^CD " do not the same 

i 

line segment. ^ ^ 

A 




names 



seuae 



represent 
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Xn the figure, of Itame 3j 

SS" is > ^ to 
^' ^equal^ not equal; 



-ttie figure beloy, AS ^ BC . 



A 



C 

B 



In 'the figure below, 3c3f ^ la a true jtatq- 

ment *siace xf a«d ^ different 

line segnipnts.' . 

• X— — — ^ — ■ 

C ^ : — -D.- 

. Make a representation of the line segment XT 
of i^ame 6 by placing one tip of .the coirrpass 
on X and adjusting it so the oliier' tip falls 
on !• If the compass is mpved^ the tips bf the 
conrpass deteiinine a line segpnient which is called 
a representation of the line segoaent - 

Compare the representation of >^ with CD by 

placing one P9int of the compass on . C and ^ 

seeing if the other .point^bf the compass falls 

on D, The other point of the cpmpass 

fall on D. 

(does J does not) 

Representations of line segments may be moved* Since^ 

a line segment is deterndneaKhy its two endpoints and 

these point8^'repreeent.jE>ositionBk In space, they cannot 

be moved. Hence j line segments _i be moved 

{cm^ cannot) 



153 «^ 



15 



V 



11 



12 



13 



CtLven the line segment? M and CSD. * , 



■B 



inay .compare them by raaJdng a representation 
of 1^, say vlth a coinpaSB, If one point of 
the compass is placed on we find that the 

i 

Other point will fall 



^between C Bxk beyond D) ^ 



Hence ^ we may say that AB is 



CD. 



•We often eaqpress the relation in' Rrame 10 by 
using the* symbol < • Thtis^ ^ TO* 

If any two line segments are compared by using 
representations of them, there are three 
possibilities: 



Either AB 



C3D, 



or AB 



CD, 



or AB and CD are congruefft » 

In the third iPlsibility in Frame 12, namely, 

that AB* and 00 are congrueDCJ^ we ' 

^ ^(can, cannot^N 

say = CD because ^ and CD repir^ent 

different setp of points • • 



between C and B 



less than or 
nol^ as long as 



AB < CD 



AB < CD 
M>CD 



cannot 
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If one repreBentation of a^-line segment is not 
pore than and not less tl^an i^B repssesentatlon 
of another Une ' segment^ ve use thejwprd "congruent 
denoted by the syrobbl . S ^ rather than the word 
"equal," denoted t^y the synibol «\ In the 
figure .^below, m ^ PQ , > 



M 



-N 



In this Bub-jffOgpt'am ve have Introduced Uhe ccaa^risoD of tvo or more 
line segments • This Is basic to the Ide^of length to be discusseid in the 
next chapter* In mathematics, since the vord or synibbl for "equal" is used 
only when two phrases name the same object, it is not possible to speak of 
equal line segments unlesl^ they do Indeed represent exactly the same segment* 
Again, since a line segment is determined by two fixed points in space, it 
cannot be mov^* ^ * * - » 

However, we do make a representation of a line segment by using a 
compass, a stretched string, marks, or a tracing on a card or paper, "or a . 
strai^tedge* These representations of line segments (we usually use a 
compass, if available, becausfe it is handier) QBXi be moved wid for this 
reason we can compare two or^more line segments. If we are given any two 
line segments such as AB and OD, then by usir^j representations of these 
segments we may discover that one and only one of Uie following statements 
is true: • 



< 



CD 
CD 
CD 



Ii(otlce In th^ last statement ^ove we use -i;he symbol for congruence to 
indicatjt that AB is not more than and is not less than QD» Ihe reason is 
that in the study. of mathematics we want the word "equal" used if and only if 
we have different {or the same) nsundes for the same thing. Bote lihat jffi s AB 
is a true statement* 
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Comparison of Angles 

In cowpailng angles ve use tracings 5^ the angles as ve did in jcomcparlng 
segments- 

16 



In the figure below, t^e cmgles BA.C and DAE 
are 




The reason ve ma^ use the equal sjymbol in Frame 16 
is because angle MC" ili^ ."angle DAE?* are 

> for the same TO^^^of points* . 

Given* the angles BAG and EDiF below. 





Make a tracing of /BAG, call it £mO», and . 
place it over /ECT" so that -0 falls. on D 
and Wr falls on Hence, /BAG . . /EDF 

because Wt falls withirf fWF. . 



equal or « 



different names 



< or is less 
than 



PRir 
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19 



20 



21 



In a siniilar manner, conipare ^ISQ vith ^PML. 

' R 





The result ot the comparison is /ESQ 



The three poBslbiUtleEi in coiiipa3:i.ng the angles* 
MHO and SST are: 



either 
or 
- or 



/MNO 

•/mo 
/mo 



/RST, 



Consider points P and B on Uxe line 
such that P is between A and ^ 

Q ■ 



.A P B 

Select a point Q not and draw 

% looking at the figure or »aki«ig a tracing 
representation of /APQ, w4 jfind^ that 
/APQ_ /BPQ. 



\ 



^ or . is more 
than 



> 
< 
31 



"er|c 
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?2 
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Use the figure below to compre /AKi and /BPQ. 



We find th&t /APQ 



P B 

t 



If this 1b true, call 'the angles APQ and 
EPQ right angles ♦ Later ve leara that the 
degree jaeasx^ of each angle is 90°% iHirther-- 
We, if P is a point on AB and /aPQ S ^BPQ, 
vi* say that is yerpencdcular to 

In the figure belov, couopare the tvo angles 
APQ and BPQ, 




21* 




We find /aPQ 



iJf ^MHO^ /PBQ and /PRQ > /aBC, then it 
*£oll^^ that /mho ^ABC. 



A In this sub-program we have developed sbme ideas analogous to those for 
line segments. We may conipare angles by using a representation of one of tjie 
angles, usually traced on paper,, then placing the tracing over the other 
angle. Given any two angles such as /ABC and /DEF, then by using 



15T 

1 tr 



representations of them we lafiy. discover that one egnd on3y. one of the following 



statements i/3 traes * 



/ABC ^< IpW 
/ABC- » /bBF 



Right €UQgles were discussed briefly and defined. They vlll be used more 
and Btore in eucoeeding chapters. One wey to make a model of four right 
angles is to vise a sheet of paper j fold* and crease it once any^erej. theij 
make a second fold so the crease folds on itself. •Che result is a model of 
fo\;^r right angles* ^ V * ' 



l^-^* Classification Triangles and C^aj;j>lateirals 



25 



26 



27 



.28 



^In.the triangle ABC, 

use a compass to 1 

compare the line* 

segments ^AC und 

15 and the J.ine 

segments and ^ 

BC. It is^fouiMi that 
1 / 




and AB / 
3^ 



BC. 



From t^e statements in the response to Trem ^ 

AC /' 51 . ^ ... 

y 

• / • 

Ifyfell three aides of a triangle fire j 
then the triangle is called an e<iul lateral ' 
jbriangle* . . 



Xn the txlangle EGcF belov^ compare the sides 
ISG and W and the sides j W and 

G 



■ I 

The results are IS 




w and EG 



1 -v. ^® 



AC S BC 
Sc S AS 



congaruent^. 





In the triangle ABC^ AB is ^ei^endlcular to 
AC** Hence, angle BAC is a ^ anjgle* 

Bi 




I 



A triangle which ,ha^/a 
triangle • 



egogle is a rii^t 



rigi^t 



The. triangle ABC in Frame 40 is ^a ^ 
triangle, * 



right 



Compare the aides AB and AC of triangle ABC 



in Frame 1^0* The result is AB 



AC, 



AB ^ 5C 



From the answer in Frame 43, the triangle ABC 
is also • ^ 



i808C€^eS 



In the triangle DJT below/ each of the angles is 
smaller than a ^ angle and each is called an 
acute angle. 



right 




U6 



U7 



^^9 
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51 



52 



Since all" angles of the triangle DEP of 
Frame 1*5 are angles, the "triangle is 

>6teilled atx acute triangle* 

In the triangle MRO belov^ angle OMN^ is 

greater than a angle and ir^elle^t an^ 

obtuse angle* 




The triangle MHO in Frame 47 is called an 
tria)agle. 

Use a compass to compare *the sides of the 
guadri lat easal 




Each side is 



to every other side* 



»A quadrilateral vith all sides 



i^ 



equilateral > Such a ^quadrilateral also is 
called a rhombus. 



A- quadrilateral vith no pair of sides 
called a* scalene quadrilateral* , 



is 



A quadrilateral vlth all of its angles 
angles is called a rectangle. 

^ l6l 



IS 
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A quatoi lateral vith each pair of opposite^sldes 
congruent and Is called a parallelogram ^ 



A rectangie JBilso is a 



An equilateral giiadrl lateral also is a 



A qxiadri lateral vith each side*^ to every 

other side and all its anjgles right angles is 
called a' square ♦ : 



pfiorallel I 
parallelogram 
parallelogram 
eoxigruent 



In this sub-program we have discussed some of ^e classifications of ^ 
triangles and--quadri laterals* These figures maybe Classified acco3:Hiing to 
properties of their sides or according to properties of Uieir angles* 5he 
most important of these are smmailzed as the folloiSngt 



Triangles are 

Equilateral 

Isosceles 

Scalene 

Bight 

Acute * ^ 
Qbtuse 



If . 

all three sides are congruent, 
at least two sides are cong3ru€nt. 
no two sides are congpruent. \ 
one angle is a right angle* \ 
each angle is.^lfess than a right arigle. 
one angle is an obtuse angle. 



©tese classifications overlap* An equilateral ^tri angle is^lso isosceles 
and acute* Right, acute, kod obtuse triangles may also be isosceles, An^ 
acute triangle may be equilateral, isosceles, or scalene* 



Quadrilaterals are 

Equilateral 

Scalene 

Square 

Rectangle 
Parallelogram 



each side is conmient to every other side, 

no two sides are cfj^^^^t* « 

each side is congrl^B^o every other side 
and each angle is a right angle. 

all of its angles are right angles. 

each pair of opposite sides are congruent 



and parallel* 
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We now Oxitt qw attenitlj&n lio another siBiple cl9eed curve j, the circle, 
*Thi8 curve bears certain relatione V> po^gons 6f me^ sides. 



57 



58 







5^ Circles 

"» " 




; Caven the ttgure helow^ TJse a corag^ss to find 
a representation of the line se©nent OA and 
conipare IMS segment vith ^ and ^66^ !Che 
result is ^ 










A — ^ — 


/ ^ \ 

b 








Select another point X on the simple closed 
curve in Frame 57 and coHq^are. ^ vil^ OA* ^ • 
Since Wt 1b to ^STj it also is 
congruent to ^ and to ^Sf. 



OA 3 OB S OC 



congruent 



Definition : A circle is a simple closed cxjo^e having a Boint 0 in its 
iinteri or .such that, if A and B are any two points on tfie 
c\irve, -then 5a S 55 and and all other line segments 

frcflii 0' to points on the closed curve are called radii of ^e , 
circle. The point 0 is called the center of the circle. 



:Dir 
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Select points P the Interior of the 

circle # 'U&e a^conmass and cc»crpare QM. ^ and 
OP with the radius* OA. !rhe results are: 



OM 

< 


OA * ^ * 




w 


OA 


• 


■ W 


OA 




' A 1^1 n^ ^uch 


as M ' in- the 


of Idje circle 


idth 'center 


0 -Nand radius OA .if 


CM < OA. 



In another circle . select the points X, in * 

the extylfir of the/circle ^and corapare OY aM 



02 vith Qk^ The results are: 
Ok 



OY * 


OA' 




\ 




OY > OA 


OZ 


* <5K 








OZ > OA 




..OM < OA 
M < OA 

interior 



V 



ERIC \ 



i6k 
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63 



65 



66 



67 



A point " Buch'as X i a in the exterior of the, 
circle iffc mC ■ 



OX > OA 



A cijpcle is a simple closed cuj?^ Ihe interior 
of a circle ,vith center 0 and raM'&B ^ 
consists of all points M s\^ch tMat W. 

. ■ , ■ -S^^ ~. 

The exterior of a circle vlth center 0 aijd 
radius OA consists of all points X ^ s\^h\^ , 
tliat' \ OA . - ^ \ \ 

Shade lightly the interior of the circle, center 0. 
aaie ijnion of the circle and Its intefi^pr is' called 
a circular - , * 



QM ^ OA 



OX > OA 




region 



The 



is^^-called the boundaxy of the^ 



9ircular' :re£i on • 

A circular region is the 
it^ interior* 



of a ci^<Jle and 



circle 



union 



^ ERIC 
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35 



68 



69 



70 



72 



In a glvt^n circle > drav a radius OA and extend 
OA 'through O xintil %% meetfe the circle, on the 
other fiiae . of 0 at B* - TOxo lin e — — — 



16 called a diameter of l^e circle* 




Consider a circfle and 

points A %nd B on 

the circl^v One ♦ * « 

portion of the circle 

(an arc) is witten 

AFB« Points A and B 

separate the circle into arcs 




and 



• A single joint on a circle . 

(doesj does not) 

separate the circle into i;vo parts. 



Given a line* segment 
^» Poin£ P between 
•A and separates 
the segment into 



' parts or* line segments • , 

(how maijyT * 



Two polntsi dn a ci3?cle^ separate the ,cl3rcle into 




'distinct parts or arcs, 
(how manyjr ^ 



g e g aai ent 




AFB; AQ3^ 



does not 



tvo 



tWD 



ERIC • 
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" 73 


Two arcs of a circle may or aiay npt/be congruent. 
If tlae points A and B are endpoints of a 


> 




diameter^ then the two parts of the circle are 
arc&^ Each of these arcs is called a 
Bend-circle and ^ is called the diameter of 
the semi-circle. 


congruent 


1\ 


trhe tuiLoa of a send. -circle and its diameter and 
its interior points is called a semi-circular 
« 

* * 


region 



In this sub-program we have iTitroduced the concept of a circle as a - 
parti cula|| simple closed coirve, one that has a point 0 in its interior such 
that all line segments from 0 to points op the curve are congruent segments i 
A circle separates tlbie plane, into, three regions: the interior of the circle., 
the exterior of t^e circle j and the circle itself. The union of the Interior 
of a circle and the circle itself ^is called a circular region . Thus, the 
word "circle" refers to the houndaiy between the interior and the exterior 

of a circle. A circle is a set of points and is an example of a simple 

* ^ * - It 

closed curve. Later we measure the length of a circle^ but the area of a 

* . ^ 

circle" has no meaning. However^ the "area of a circulM- region" does have 
jaeanlng. When we talk about area, ve mean the area of a circular region. 

15-6. Summarjr * . " 

In this chapter we have used metric properties of sets of points, but we 
have not done any measuring nor have we defined mejjgpurement . We re-eraphaslze 
the fundamental^ meaning of the wo^ "equal" and the symbol ^ as used only 
when we have two names for the same object, J'or line segments as well as 
other geometric figrares, we try to obtain a representation of the line 
segment, such as^the separation of the' points of a compags. These represen- 
tations can be mbved, but the points and segments themselves cannot be moved. 
In this chapter, by means of representations, we compare two line 
' segments and all we are able to do is to say that one segment is shorter or 
longer than the other or that they are congruent. Hence, given two line 
segments ^ and we say that one and only one of the following state- 

ments is true: 



AB<MN 

Wltibi atngles ve do the same thing* 5y conlparison, ve say that one and 
only one of the folloving statements is true: ^ * 

/aob. < /mkr . / 

/AO^ > /MP ^ , 

"/AOB a /MSB 

Tfiangles arid guadrilkt^E^ls are classified according to whether slde^ 
are congruent or greater than or less than, ;t -- 

^ A circle was discussed as a simple closed plane curve with a center and 
equal radii « The set of points interior to & circle together with the points 
on the circle form a^tset called a circular region. 
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l6-l» Introductlojf^ t ^ 

l|ich of Gwr previous efforts haye been directed t6 counting*the members 
of a set and iSsing these nxaabers in a3:lthmetical operations of addition,, . 
subtract! 01/, multiplication and division. The concept of measure also 
depends on counting • * 



If we. wish to" find out how many books are on a 
shelf, we the number of books there. 



On the otinier hand, we 
desk« * 



the length of :a 



count 



measure 



The act of measuring a line segmen^involves the selection of a suitable 
unit and applying this unit ^o the Mne segment, counting the a pproxlmte 
number of times this unit fits the line^*seg«ient , This number of units is the 
lengthj Or magnitude , of the line segment and is written as ^^n" units. 



In measuring a line segment, we 



the 



number of times that the, unit is applied to 
the line. 



Two line segments arp equal if thej^consist of 
the samel j of points. 



sTbe measure of two equal line segments Is 
(the sWj^ifferent}^ 



<^unt 



set 



the same 



. Our interest also lies in line segments which have the same measure but 
are not equal. Such line segments are said to be congruent , If AB and CD 
are cotigrueirt, we write AB ^ CD, * 
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- -If two line ae^ents are not cotigrue'nt, then the measure of one is less 
tha|p.the measure of idae other and we write m(AB) < m(CD) or m(CD) < m{AB) 
where m(PS) denotes l^e measiire of ^ and m(GD) denotes the meastire 
of OD* * * 



6 

7 a5 OD means that the line sefftnents 1^ and 

^ fiave the riieasure * ^ I sfime 

I ^ 

If two line segments are congruent^ these ULne 

segments have the same ^ and also have 

/ttie same length* 



8 



Xhe ^mboX for congrucoat Is 

I 



measxn^e 



To determine Aether or not two line segments are congruent^ it is 
necessary to compare their lengths. This can be done by placing the ends 
(tips) of a conipass ,( or dividers) on the endpoints of one line segment and 
seeing whether ^e tips of the ccjmpass will coincide with the endpoints of 
the othpr line segment. * ^ 



c. 



\ 



-D 



I 



10 



11 



^ — 1 -zr^. 

Set a compass to the length of AB^ compare to 

a> by placing one tip on C% Since th^ second ^ 

tip falls on D, the line segments are ^ • 

Now considei*^ another line segment CE* Keeping the 
compass set to the length of SS, pla.ce one tip of 
the congpasB on C and compare CE to the 'length 
of AB^ When the second tip falls between C and . 
JB^ we say that the measure of AB is less than 
the measure of CE and write m(AB) m(GE) » 

The measure of CE also is greater than the measure 
of AB. This may be written > m(SB). 
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i7i 



congruent 



in(CE) > ra(AB) 



One speaks af aS as less tharx CE if bCAB) < m(CE)^ Por notational 
fiiittplici'ty^ this relationship is symbolized by wititig ^ < Cl« In subse- 
ijuent parts of tbls p2H^g!ram^ this sistplified notation is used^ ' 



l6-2« Measxttlng a line Segnent * - ' 

Pundamentally^ the measurement of line segments 'is a process of comparing 
one line segment to another one. If^ however^ thfe line segments are not con- 
gruent, it is not sufficient to detexioine whether one*'4B greater than or less 
than iihe other. 

One needs to select a line segment^ for example AB^ to serve as a unit* 
Hie unit selected is arbitreory, and its measure is on e/ Once a unit is 
selected for a giv^tt-problemj however, it is the smallest length that will 
be accepted in measurements of tha^ problem* One may select as a unit any 
suitable lengxh, for example oi?e-third of an inch, as the ^bitrary unit. 



12 



13 



Ik 



15 



16 



17 



In comparing 6\xr tmit AB to some line segment, 
there are three possibilities: 
the line segment may bfe to, greater than, 

or "the unit AB. 

If CD ^^\Sb, we" say that SS^ ajfKi , CD have » 
the . % ^ 



Since CD = AB, we rjlay use either 
AB as a unit. 



The number assigned to the unit M is 



or 



The exact length of the 
ment is arbitraiy. 



used in measure- 



Any line segment which is congruent to oxir unit 
AB has a measure of • 



congruent 
less than 



same iM^gth or 
same me^ure 



CD 



1 or one 



unit 



1 or one 
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3elect a line aeemeul Buoh pib " ^ ' beluw ua- Uie az^bl l^' : ffi*y --Tmlr^ 



ERIC 



18 



19 



20 



21 



22 



23 



2h 



M 



1^ 



N 



To meaaur^ a line segment auch aa Im tor 
exanqple and using ^ as a unit, proceed as 
follows: set tiie coiopaas auch that ita points 
BXe on It and S and strike otf on 1^ a 
vuiit length from A} i^e meaaxire from A to 
this point is one 

Prom the end]^int of the unit segment Hov marked 
on AB, strike off another urdt leng^« The 
length from A to this second point is 



On doing this a third time, if the final mark 
is at the length of aS is . 



In general, to measure a line segment^ .we first 
choose a srd table and assign to it the 

measure one or 1. ^ 

Then, with a compass, we strike off successive line 



segments each 



to. the unit. 



If, on the last stilke, the point of the compass 
coincj|des with the second endpoint of the line 
segment being measured, wj count the nxanber of 
unjts. [If the count is n, then the length of 
the lini^ segment is scdd to be ; • 



The measure of the^^^line se^nent AB in ]^ames 

18 - ao* is 
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B 



uni 



2 units 



3 units ^ 



unit 



congruent 



n uikts (n isV 
a counting'^numbei^ 



-fc-ttet Br i ulne Uie le sgtK 6f a llfie-'segment . orie" 
also BMfet speciiy the ^_ . . 

The length of a line segment AB \zsed In 
SraiBfiS 18 • 20 Is . 



To. measure a line segment. 



of times the chosen unit is used to con^jletely 
cover the line segment. 



If n -units are used to measure a line segment, 
one says that the leiw^ of the Une segment 



The measure of the line segment in li-ame 28 
is ^ 

Instead of using a unit as measured by a ^oirrpass, 
select a starting point at or near one end of a 
straight-edge. Having selected a unit, mark off 
a unit length from the starting point. The 
measxire of this" segment is ^ 

Prom this point mark off another unit. Olhe 
measurement frbm the starting point to this 

second endpoint is ^ ^ In a similar manner 

additional units are marked off on the straight- 
edge* . \ 



taiit 



3 unjbti 



trount 



n units 



n 



one or 1 



tvo or 2 



A ru ley is formed hy cowiting and labeling the units along a straight- 



edge, 

32 



Th^ measufp of a line segment " 

1 ♦ (does, doeB not} 

depend upon the endpoint from vhich the units are 

counted. 



does not 



ERiC 
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I6r3. The ApTiToxiaiate Nature of Measure 

IS measured in teims of the unit M of Vas last section has a length _ 
of 3 units. We know, Hweyer, that other line segments will not necessailly 
be neaaured evenly with a given unit. • 



M 



N 



B 



33 



3^ 



35 



36 



The sentence, 

. "A line segment is 3 units long,-" 

means that the measure of the line segmentals the 
number • ^ * 



lHhen we measure AB and MN using M as the 
imit^ ve find thfiit each* is units long. 

Howevpr, AB aM I 



are not 



Thus J to say that a line segment is 3. units long 
^eans that its len^ is closer to three uxdts 



than to 



units or to 



units « In 



general, measurement of a line segment is appjroximate . 



3 or three 



congruent 



2 J 



^Once M unit is selected .for a given problem, it is lOie smallest length 
that vill be aco'epted in. the measurements* of that problem. ^ 



15 



37 



Vhen IS above is the \mit, the measxare of W lies half-way 
betweeci k and 5. The line segment HJ shouWl be assigned the 
measure 



P(a) 4 



0(c) 5 



I 



37(a) 3MS* reajK^ise is incorrect • Once a \init is 

'selected, the length mst be specified as a vhole i 
nxjunber of these units, and the measure is that 
vhole number* 

37(b) 'Hiis resi^onse is incorrect* 37(c) is correct. ^ 
Remember that at best, measurement is an approxi- 
mation. Here we have a difficult situation, To 
do better we would have to select a new xinit, one 
that may be smaller than However, by 

convention, if a length is as much or more than 
one-half unit more than the smaller measure, we 
use the larger measure. 

37(c) This response is-co'Trect. Bead 37(b). 



N 



1^-^. Standard Units 

— I — . • 

The actual selection of a \init is arbitrary. However,; to give measure- 
ment meaning, it becomes necessary to agree upon a unit to be used univerj^ally. 
Such units are called standard unlt^ The standard unit is one accepted by 
all concerned with its use so that sk measurement may be interpreted at 
another time and place. . * • 

Historically, there have been many units. In the United States the 
National Bureau of Standards is responsible for the establishment of our 
standard units. 

Today, there are two major sy^ems of units ^in use. The British-.Americar| 
system has^as basic units the familiar inch, footj yard and mile. The 
particular unit depends upon the use to which the measurement will be applied. 
The second system in common usage is the metric system with the meter as the 
basic unit. In 19^^ the meter was redefined in terms of the wave length 
of orange.light from kiypton 86. * 
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l^*-5. Gx^ouplng ^of iJnits ^ 

> ThQ BtandaStt units are frequently converted in reporting ordinary 
lengthy. For exanrple^ 12 inches to the foot, ^ 3 feet to the yard, 5,280 
feet to the raile and so forth/ These equivalences are advantagi^ous in ^ 

specifying lengths. . * 

»^ * ^ 



38 



39 



kO 



hi 



k2 



W3 



For exanrple, 4l iaqhes may be written as 
feet and inches. 

It also may be -written as . yard and 

Ijjiphes* 

If a line*fife^ent has a length of 36 inches, 
it is implied that the unit is the inch and 

its measure is closer to than to 35 

or to * > 

By converting to feet the 3^ inches become 
feet. 

But, if the unit is a foot, this implies that the 
length of the line segmen-J is closer to 3 feet 
than to feet or to k feet. 

The assumed error in any quoted measure is at most 
half a unit* In I^ame k2, six? inches is the 
implied error. Therefore, a length of 3 feet 
implies Idiat its actual length lies between 30 
inches-^iydBH inches * 




This statement tells us much less than the original^ ^ 
statement that *he line segment has a length of 36^ 
inches* To correct this we can say th&t the line 
segment is 3 feet^ 0 inches long or 3 feet 
lon|^ to the inch. 

In a similar manner we could have said that tjie line 

segment has a iength of yard to the nlearest 

inch. ^ 



t 



3j 
5 



36 
37 



k2 



hearest 



one 



7 
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l6-6. Suinmary 

In measuritig a line segment^ one first must select 'A-^mit the length of. 
which is assigned the nximber one . The unit is then applijEd to Ihe li.ne seg- 
Jiient to laeaBured. Hnally the number o^ succedlj^ve segments^ each congruent 
to the unit. Is determined as 'the measure^ If the last unit ends on the ^ 
terminal point of the line segment,, we, hs^ve a measurement tixat is exact (to 
within eacperimental error):. Usually it is necessaiy to determine the \c^j^er 
of^units that most nearly approximates the |.ength of the line segment* 



16-7. The' jjramLn^ of UnitB 

In tiie' British-Americsji syetem of steoidard units, the inch is frequently- 
used. However, there are many occasions for which a smaller unit is desired. 



k6 



^1 



^9 



If a carpenter needs to determine the length of a^ 
boaard to the nearest quarter (jj-) inch, he will 
select as his unit the inch> 

Technically, the length (^f the board will then be 



stated in terms of a 
inch units. 



of quarter- ^ ^ 



In practice he will probably ^ate the length of 
the board in terms of feet, :^ohes and quartfer- 
inches. In measuring and cutting his boa3rd, he 
must know that his unit is the inch*^ 

In a similar way, the machinist specifies a ^ 
tolerance that must be met. This allowable 
tolerance is thS , of measurement that he 
must recognise and 



quarter 



whole number 



quarter 



unit 



Even the cook is faced with the problem of using units of measurements. 
When a cake recipe calls for one cup of Hour; the flour must Ije measured to 
within some specilled limits or the cake does not come out right. Maybe the 
cake making would be more, successful i?^ the unit of measurement were specified 



more carefully, } 
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...;,l6-8. Ifeasuremeilt of Angles • ' » 

^ This Bub-program wlil hxi^f said vhp.t ts done will depend on a. find. 
gr^sp of. the idea of measvire of a line segment, ;as discus^d in^the preT^fbus . 
:'sfecVi6ns, and on the definition of an angle discussed in^apter Ik, ^\ 



56 



51 



52 



Basically^ measiirement consists of tl^ee things. . \ 
The first is to select a ^ whitrh, vilX be 
&ssj[giied^ a value of . ; * 

T5ie unit used to measure. an anjgle'^is an.pngle* * > 
Once the uMt is selected it is applied to^ tKe 

.angle, separating it. into a nttaiber, of sioaller 
parts, each df which is ^ to the unit angle* 



We finaUy c^t the 



V*into\ 



which the angle is separated, vOJhiB coQfft ife'the 
measure of the angle* . , ' . 



unit . » 
,0ne or* 1^ 



^Mceingraent; ^ 



nuraiber of units 






B > 



f ^ 



* * * * 

^ In the picture above, wi see several angles w one of which may be ^xsed * | 

ed'^once a unit is ^electpd. "Let "ttie angle 



as a ynilp, or can be meas^ed^c 
^* ^e -ti^e uMt angles 



•53 



5^ 
?5 



56 



V- 



57. 



Cp):|8ia.er the angle QjSP. Using */ABC as the ^ 
UDlt angle, tbe angle liEP- is separated Into 
parts eacli congruent to the vinit. angle. 

Hente,^ iAip im^Bv^B of >kngle DBF Is " : ^ • > . 



i 



Kov coxmider the angl^ GiDCe It Is not separated 
into a whole number' of \^ ^ ^ ; parts ^ ^e^e 
of the uni* angle ABC* ^ 



Kie ^tneasure' of /GHK ii^ more 1^an 
less than * 



hut 



Since Uie joeaswe of aiigle GEK i| nearer 5 
th^ unit, angles^ ^ay that its iaeas\ire ^ 
is « • , ' * 




Measurement ia^ at best an approxLipatioirr ^ Xhe 
meaaixre of an angle can tbe^cLetermned only to' 
•vithi^ half a unit* Bpr both lS.ne segments anC^ 
angles the errors can accumulate gi^Ad^ng , 
different Values'" for Idae* sura' of thfe measures ' 
and the measure of the sum* ' 



As a convenience in measuring angles ^ kind of ruler is needed v Por 
emiwpley the face of the clock may serve as device for measuring angles* 
Such a device Is not called a ruler j butT.s named a protractor * 
^ ' \The most familiar stantord unit of angle aneeus^ire is* the degree* The 

^symbol * ^ ^' is used for the degree* * This ttolt has been used longer and 
more cohsi stent Jat than any oth^^unit* Ot^er angular units used today ar^ 

'^the radian and, the mil measure. * . 



1*^ 



179 



BSy definition, there are 36O degrees , in a circle. Consider the circle 
center P belov. * . • , 





58 



59 



60 



If 'the angle ABC * i^selec;;fced as the xqflt 
angle^\hen'it ""separates the circle into 
IS ^parts% 



Consequently, the nnit'ari||ie contains* 

« *■ 

degrees • . * 



!Ehe measure of eua* angle is actrurate only to 



wilMn the nearest 



> unit* 



congruent 



30 



half * 



In suramasy, .>(e Observe that the measurement of an angle is very similar 
to the measurement .of a line' segment* In both cases, a unit is selected!, 
and thfs unit is applied to th<? line segment or angle to be measured; The 
measure is the number of times that the unit ie used* V 
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PAcioBS mi mnm 



This chapter is concerned with whole numbers and some of the properties 
of ii^ole numbers useful in the study of fractions or rational numbers. While 
it is not an exercise in conrputationi involve a imovledge bf tech- 

niques of compiitatioj^ previously presented. Throughout this chapter/ "number' 
■will mean "whole number," that is, a member "of {0, 1, 2, 3, 1^, 5, ..,). 



17-1. Products and Factors 



.5 

* 

7 
8 



The ]product> ^ij^ X 3 is. 



I!h^ product of k and 7 la 



ln^4^e inatheniatical sentence^ ^*5*X 7 ^^35^" 
the nmlier 3^ is tl^e f of 5 and 7* 



,Xf 2X ts considered as a product pf tvo vfyol^ 
^ * % ^ . t.* * I ' ^ 
njombers, the tvo numbers are and 

4* ^" r 



7 is a faclor of k2 because 6x7 



S\ also is a 



• * pf 42. 



Since 5 X ^ = 20^^ either the nunft^er ' 

\ ' ' , , . 

or the nuWber *is a factor of 20* ^ 

Since 3 X 2 =t 6, then both 3 and 2 are 

>^ ' ^ of 6, ' ^ . . 

One also can say that 3 is a factor of 6 
because 6*3 is the whole number ' . 



12 
28* 

product ^ 

31 7 
I' • 

i 

factor 
factors 




10 



Factors are involved in the followi«ig (derations; (Check one or more.) 



11 
12 
13 

ih 



.15 
> 16 



□(a) addition 
Q{^) division 



Q ( C ) nrult ipli cati on 
.Q(d) subtraction 



10(a) Incorrect, Factors are used in the- operations 
of multiplication and division^ ♦ 

* • 

10(b) Correct. ^ 
l6(c) Correct. • * ' ^ 
10(d) Incorrect^%ee 'lO(a). 



1 is a 



n is a 




7 



8 is a factor ©f 2h ^ since + 8 » 



T 



of ,n * since n 4 1 = n, 
of n since n ^ n = !• 



Deflnltiofl : a is a factor of b provided 
the3t4 is a whol6 •number n such that 



n X 



a =* 



The set of facVors of 28* is 



T 



factor 



factor 



(1,2,11,7,1*^28} 



i 



ERIC. 



The set ibf factors of 8 ie: • (Check one.) 

, ' { . • ' ^ 

0(a| (|, 16/8, 2, 1) Q(c) (1^,2,8,1) : 

□(4'(3v 5, 6, 2) . □(d)^ (2^^) ^ . 



'iql(a) Incorrect. ~'Us not a whole number. ^ Furthermore,^ 

I l6 i^ not 8 factor of. 8 since ^ l6 is greater 

I than 

' ll(b) Incorrect* ^ Ufiese elements only. 2 divides 8, 

l5fc) Corvee ti» Note vhy the other answers are incorrect. 

l6(dO Incorrlet. 2 and , are factors of 8. Since 8 
and 1 also are f afcrs of. 8, then iZ, h) is 
not the set of fac-Jrs oK 8. 



T 



-I 

i 




17 



17 



— ■ 7 ^ ' — ! — 

Sela^t a set. A each meinber of vhic^ has 6 as a factor: 
• QCa) A = (6, 12; 21} " ^ 

^□(b) A= (12, 36, 72) ' • . . . 

□(c) A.» (1, 2, 3, 6) ' . . 



17(a) There Is no Vhole nxanber n such that 
\ 6^ n = 21. lIplB aesponse is incftirect-. ^ 

17(b) Correct. 6 x 2 = 12, 6 x 6»=r 36, 6 X 12 = 72 , 
Therefore, 6 is a factor of each member of 
{12, 36, 72)^. . . 

17(c) Since there is no whc^e number n .such t^t 

i\ X 6 = 1, . n X 6 to 2^ or 6 x n = 3, then 6 
is not, a factor 1, 2^ ^ Hence, this Is 
not a coarrect response* 



^ ^PrQduct>> has been used\|)ejPore as another for the ansver vhm numbers 
multiplied* factor involves the inverse lleai vhen tvo vhole nianbers are.^ , 
jDttultlplied to obtain a product, each of the numbers used in the imiltipli cation 
, is called a factor of the number vhich is the product, - . 

^ We say that 2 is a factor, of 1^^, ^ecaus^ ve-are able to find another 
whole number, namely 7i '^^^ multiplied *by' 2 gives Ik^ that is . 
jx^^lh^ Given a number such as 36, one cap often, by inspection, vrite 
all of its factors ,^ including J 1 and^^ 3^, , The ^Tactors of 36 cure 1, 2, ,3, 
6, ^, 12, 18,;36\ * • ' ^ * • ' ^ ' 



20 



17-2, Rrime^ numbers' 

18 
.19 



The factors of ' 7» an 



and 



The set of factors of I3 is 



The s.et of factors of 7 other than ^ and 1 
is . ^ . / » 



7;V 1 

{13^ 1) 



ERJC 



17 



21 



\ 



3!he *^aet of whole nxambers less than 10 each 
laeiifiW of which has exactly two different factors 

is . !Ihfe mejubers of this set are called 

' J' 

the prime numbers less than 10 ♦ • * 



2, 3> 5, 7 



Definition s Any vhole number which has exactly two different factors 
is called a^prime nuudDer, TOie only factors of a prime 
number are the nximber itself and 1. 



82 

2k 
25 

26 
27 
. 28 

29 
30 



The number one \ ^ . a prime number. 

^ (ilB^ is not) 



The number 1 is not. a prime because it does not* 



have. exactly two different 



The next prime number greater than IQ is 



The first two prime numbers greater than l8 
and N •» 



are 



3 X 0 0 and k X 



5= 0/ ^ 



3, U and 0 are all 



of ze:ro% 



0 i% not'' a prime number because it does not have 



exactly 



different factors. 



The. set of f^ctojrs*>>f 6 is . ^ * ;^ * 

|Ihe number 6 is not ^ Jnumber because it 

has mqjre. th^n two diRfez^ent f electors* | 



is not 



factors 



U 



19i. ^23 



factars 



two 



(1, 2, 3> 6) 



prime 
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17 



31 



Which of the followiiig sets have aaly prime nvuaberB as members? 
(Checl; the correct responses.) 

^ Q{4 (d, 2, 11, 73 OCc) 'ip, 5, 7, 9) 

□ (b) (1, 3,5,7) DCd)^ {2, 3, 7, 5) » - 



3l(a) Incw^p;*- Zero is not prime. 

31(b) Incorrect, One is not a "prime since it does not 
liave tvo. different fkctors, 

31(c) ^Incorrect. 1,^ and 9 are all factors of 9* 
^exx^e^ 9 is not pilme, ^•i 

31(d) Ttds IS the correct response. 



Definition : Any whole nuimber, other than 0 and 1, which is not a ^ 
prime ntunber is called a compbsite nmber, A composite^ % 
i * number has at least on? factor in addition to itself land *1. 



The ntmiber I5 has the factors 15 > ly^ 3 ^ 5 
and thus is a number* 

lEhe set of composite numbers less than- 12 
is ^ . 

All even n\AiidJ^s greater tharii 2 are 



numbers* because each has more tJian two .different 
factors*. * 

All numbers in decimaOi notation which end in 5 K 
or 0, other than 5"* and 0^ are ^ 
numbers* 



;e 3 is a 



of 6, we say that 6 is 



a mumiple of 3 



3 is a factor. of 3 and as- a consequence^ 3* 
is /a multiple*of • ' . ^ 



comg^ite 

(l^,6,8,9,10) 
(jongjOBite 



'Composite 



factor 



165 
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38 



•39 



Eveiy vhole number is a factor of ^0, and 0 

^ ^ Of eve3:y ^hole* numberV 

Eveay whole number is a laultiple of 1, anck 1 



is a 



of every ^hojL^ number* 



jnuitiple ^ 



.factor 



ko 



If A is' a set dtf conrpoeite nximbers, then A could equal: 
0(a) Xo, 9/10) • ' . □(e)* (ivi*6, 153 

0(b) 8, 12) : ^ \ □((!) (6, 9, 21} 



39\a) Incorrect. 0 is '^xcl^ded frcttn the list of 
• conrposite numb^ers by definition • 

3^(b)^ In^rrect* Bach meir*)er of -the set is- ^i^muliiple 
of 2^ ifxxt i 2 ife a xsrliiie number* 



39(c) Correct, 
* 39(d) Correct. 



V 



i 



\, ^In this sub-program. |he* notion^ of pri.me . n\JUttber has been introduced as a 
whole number which has exactly two different factors,* the numbey itself 
and-. 1, ^or exanfple^ since 2 = 2 x 1,^ 3 = 3 X" 1, 13 13 X 1^ then 2, 
3, 13 are prime* nynft>ei*s. ^Ehe number • 0 "^is excluded from the set. of primes 
because ft lias many factors, t^halfis^/ 0=1X0, .0 = ^ X 0, 0 = n,.X 0, 

"The number 1 also la excluded since it does not have t^o distinct 'whole 

All ii^olei numbers, .other than 0, 1 and the prime numbers, are called 
tromposite numbers To fee coBiposite^ a number must have at least one f act<» 
6the» than* 1 and.itself^^ Some ^oonxposite' nfumber^sflkre easy, to recognize, as 
f6r example, all xmiltiples of . greater than 2. 



1 17-3 ♦ Factoring and Prime Factorization 



It* is rPrequently desirable sto factor a number into more than tvp factors < 
For ejcaiitple, 6 ^ 5, * brut 6 may be factored as (2x3)* Hence, we 

may writ^ ^3^ 6 x « (2 K 3) x 5 = 2 X.3 x 5 wWe each ofMiMfe factors 



2, 3, 5 'is a prime* 



1. 



hi 1 tChe DMBiber ^^2 may be eaqpressed as 6x7* 
BxjKress k2 as a j^roduct of primes* 

« g X ( X ) . 

k2 \lt k2 1 e expressed as 42 » 3 X ik, then as 
^ I ^product of pilmes k2 « 3 X ( X J^. 

k'^l Note that the pilme factore of ^ are always 

the same except for the in which they are 

written. The writing of a nuniber as a product of 
pilmeB is called the prime factorization of 
that number. 



2 X (3 X 7) 



3 X X 7) 



^ order 



4 



Eaka Qf the finai factors fo\Juad in Jrames 

h2 and h3 are prime mjoobers or factors.* 



prime 



1*6 



The prime factorization, of 30 is • 

The order 1 important^ hut it^is 

(is, is not) * 

often desirable to vrite the prime factors in 
increasing order 



k'J \ 5 X 11 X 3 X t is the prime 



of 1155 • 



2 X a X 5 

(in any o3rder) 



is not 



facto.il zatilDn 



kB I The niSnber 90^ may be factored aiad written as 
90 = 30 X 3 or 90 « 2 X i^5* In each case the 
prime factorization of 90 is * 



3 X 3^x 5 



kS j Some numbers may be expressed as a product of 
composite numbers. , For example, 90 = 6 x 15* 
Paci;oring these composite factors gives the 
prime factoilzation ' * 



50 I Each prime factorization of ^ 90 ±B tJhe 



and 



is independent of h§w it is detained except for the 
order in which the prime factors appear in the 
product. 



2x3x3x5 



same 
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187 



1S8 



17 



51 



52 



2X2X2X3X3X5X5 is the prime 
of 1800* 



Every composite number .can be factored as a product 
of 1^^ exactly one vay except for the order 

In which the factors appear in the product* 



factorization 



primes 



We hai^e developed an Id^a which Is fundamental in the study of numbers. 
That is, any composite number can be factored completely In only ons way* 
Thus^ if the prime factors of any number are founds the reWt wil^ be. the! 
same factors, except possibly' for order/ This has been stated forinally in 
Frame ^52, and allows us to speak of the prime factor! zatj on \^f a number.. 

The statement in Frame 52 is called the Unique Factorization Theorem * ' 
ant^ Fundamental Theorem of Arithmetic * Only a composite number has a prime 
factorization; a prime number dbes not have a prime factorizatidn. ^ 

How let us consider a way of finding the prime factorization of large 
composite numbers. 



53 



54 
55 

56 
57 
58 
59 



fo test a prime number such as 3 is a factor 
ofi»a given number, such as ' 312, divide the number 
by 3, that is, 312 -f 3 = , a whole 

number. . . ' 



Since, 312 = X 

3 is a factor of 312. 



it follows that 



Since iQl* is-an even number, it has the prime 
factor 2, that is x = 101*. 

52 + 2 = . 



52 = 



26 = , 



X 



Hence, in writing 'the prime facWapiljatipnvOf lO**, 

we must use the prime factor 2 times. 

4 Chow many) 



10k 



3 X ,101* 



2 X 52 
26 

2,X 26 
2 X 13 

three 
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159 - 



1 
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The prime factor! zajti on of 312 is _ 
In practice it may Ise convenient to start testing 
•with the smallest pa^me nximibers. . 



T 



17 

3x2x2x2x13 



61 



©le prime factorization of 71^ is: (Select the correct responses.) 
□(I) 6 X T X 17 0(01) a X 3 X 7 X 17 

□(b) 3 X 17 X 2 X 7 0(«) 1x2x3x7x17 

□(c) 3x7 " ' • 



61(a) il^correct; The number 6 is composite, 

61(b) Correct. 61(d) "also is correct. |pt 

61(c) Incorrect. 3*^ = 2 X-17. 

61(d) Correct. 61(b) also is correct. 

61(e) Incorrect sin««''"6Sr'numbp 1 is not a prijae. 



62 



: The prime factorisation of 'IkB^ is: (Select the correct responses.) 

to □(«) 9x3x5x11 . • □(d) 5 X 3 X 3-X 11 X 3 

□(b) 5 X 3 X 9,x 11 □(?) 1x3x3x3x5 x11 

□(c) 3 X 3 xl x.ll X5 /, 



62(a) Incorrect, 9 3 X 3* 

62(b) Incorrect • The n^er 9 i*s composite. 

62(c) Cbrrect* 62(d) also is corrtsc^ 

62(d,) Correct* 62(c) also is correct. 

62(e) Incorrect, since the number 1 is n<^t a prime. 



In this sub-propam we obseorved that a composite number it^y be factored 
into primes in only one way. Different approaches to finding the factors may 
:give different orders of the factors, *but these are not considered different 
factorizations. ' , 



PRir 



Vf^k. I The Greatest Comon gacjpr of Tm Kuiribers 

r63 



6k 



66 



•6? 



68 



69 
e 

70 



Oaie Belj^Sf' all factors of 72 is 



naie set of all factors of 30 is' 



Th^ set o:^ factors common to both 72 and 30 
is ^• 



The largest single factor ^ich appears in both 
72 and 30 is > - . We c^l 6 the 
greatest common factor '(a^reviated g.c^f.) 
of 7g and 30. . ^ . 

» » ^ 

The prime factorizations of 30 and 72 are 

^« 

30 = 2 X 3 X 5 

72 = 2x2x2x3x3 ^ 

Let us pair factors from their pilme fac tori, zati one, 

r' : ■ , " 

30 = (2 X 3) X 5 
/ 72 = 2 X 2 X. (2 x'3) X 3 

The greatest common factor is " 

X = 

The prime factorizations of 72 and 5!^ are; 

•I 

72 = 2 X 2 X 2 X 3 X 3 = (2x3 X 3) X 2 X 2 
5^ = 2 X 3*x 3 X 3 - (2 X 3 X 3) X 3 
She g.c.f. is found to be ' . 



nSie set of all factors of 8 is 
and the set "bf all factors of 9 is 

The. g«c.f . of 8 and 9 is ^ 



{1,2,4,8,3,6, 
12,24,18,36,72} 



,{1,2,3,5,6,10, 
15,30) 



(1,2,3,6) 



2 X 3 % 6 



2 X 3^;^ 3 - 18 
V 

.U,2,4,8) 
(1,3,9) 
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190 



17 



71 



72 

"73 

75 
76 



77 
78 

7^ 
80 

81 



and 



!Q3ie, prime factorization 
the prime factor! aations^of 9 ^ is 
Note thtft ti^e greatest common factor of 8 . and 
9 camjpt be obtained by ta^ng pairs o^vf'^ptors 
froia the prltoe factorization. . 



mie Bet-of.jil3^ factors of 7 is _ 
The set of all factor:* of U9 is 



The g.c.f, of 7 and ^^9 is 



The prime fa<ftorizfetion of ^^9 is 



\ 



since 7 Is a number^ it does not have a 

prime^acto3rf.2ati<^* |[encje/ the g .c .f . of 7 
%nd i^Q/cannqt he obtained hy taking pairs of 
facSiOT^s^rom the prime factor! zafe^* ♦ 

The set of ai^i- factors of 5 is^ * * 



Thrift of all factors of 7 is - ' *^ 



The g*c%f% of 5^ and 7 is^^ 



Ifeithei\5 nor 7 ttave p^me factorizations 
sinc^ they both eOre . 



82 



ames, 71 - 80 indicate the t^ree instances in 
Vhlch the greatest conmon factor of* t^^ numbers 
cannot be obtained by taking pairs of factors , 
from the prime . ' . 

These cases occur when the greater common^ factor 
is 1, \or when at least one number Is a prime. 
The g.q.f. of 5-^and^25 is-^ ' Th^ g.c^f, 
6f 5 and ^25 cannot be obtained from .the prime 
factorization because 5 ^is a prim^p^^ 



2X2X2 
3x3 



(1,7) . 

(1,7,1^93 

7 

7 X 7 
'prime 

ah 

{1,73 



prime 



factorization 



-<1 
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3 

83 
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^Che g*c»f, of' 10 and 21 is. 



Although 10 and 121 are composite numbers^ 
the gaC.f » could not be obtained from the 
ffTime. > 



Since 7 and 11 acre primes, the g^^c.f • cannot 
be qbtained from the 



It should be noted^ hovever, that ^en "ttie prime 
factorization of tvo number* does not yield the 
g*c*fv, then the g.cf • is either ____ or 
one of l^e two nuictoers. 



factorization 



prime factor! za- 
tidn 



\^ ^The greatest common factqr feay be .used in reducing a fraction to the 

lowest form* . 



17*-5 • The Least CoiMaion Multiple of Two Uumbers 

The notion of the least common multiple of two or more numbers appears 
the lowest common denominator in addition and subtraction of fractions* 



'as 



87 



\:,'- 

. 88' 



89 



90 



Jf one considers a nojm^er^ such as 5 Hjjuilti- 
pUe^ it tfuecessively by the members of the ^et 
of whole numbers, the result of this multipli- 
* caticga, is the set . " • • 



The Bet of multiples^ 6f 3 is 
The set of multiples "of ^ is 



12, 2h and 36 are common , of 3 and '4, 



{0,5,10,15,20 
25, .♦•3 



(0,3,6,9,12, ^ 
15, ...3 ^ 



(0,4,8,12,16, 
20, ...3 



multiples 
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The smlleet common multiple of 3 and U» (other 
than zero) of *he sets of multiples of 3 

4^. . niie nxmber 12 is called the 

leafet common maltlple (abbreviated 1 . c )^ of 
3 and U# ^ ^ 



The set of "multiples of 15 is 

(0, 15, 30, 45, 60,. 75 , 90, . 
The set of multiples of q is ^ 

, (0, 6, 12,. i8, 2k, |0, 36, ...3 . ♦ 
The least comubn multiple of 15 and 6 is 



The set of multiples of- 2 is 
^ to,, 2, U, 6, 8, 10, . .*.) , 
and the set of Multiples of 3 is 

* • . {0, 3, "6, 9,. 12, -rO ' • 

6 is the' ^_ • 9f 2 and 3- 



12 



30 



lea,8t coimnon 
multiple 



The least coraaaon multiple of '6 and 10 is: 

• OCa) 60 • . 0(0. 0 

* * > > 

• Oih) 30 ' . • 0(d) 20 



9U(a)^ Incorrect. "While 60 is a corfmon multiple^ of 
hoth Humbers, it is not IJie I.e. a. 

» 

9U(h) Correct.'' ©lis is the least nmber (other than. 
zero ) vhich is common to both sets of mttltiples 
of 6 and 10. 

9U(c) Incorrect. (5 is a common multiple of bo-Ui 6 
and 10, biit the |Le^lnition re'quiree a ctoiramon 
multiple to be greater than zera. 
9l^(d) Incorrect since 20 is» hot a imltiple of 6.' 



193 



194 



Writing the sets o£ Btultiples to obtain the l*c»m. 
is sometimes less economical than* employing prime 
factoriEation* Ihe prime fac tori stations of 15 
and 6 ai-^V ^ 

35 ' 3 X .5 " " . / 

6 = 2X3 • 

Any multiple of 15 must pontaln the factors 3 
and 5 anH any multiple of 6 mtust contain the 
factors 2 and 3. Hence, any common multiple 
of 15 and 6 must contain the Tactors • 

Some possible paroducts containing -ttie jPactors of 
6 . and 35 are: 

♦ 

3x5x2x2 = 60^ 
3 X 5 x-2 X 3 = 90 
3 X 5 X 2 » 30 
3x5x2x0-0 
" 3 X 5 X 2 -X 7 = 210. 

I 

All of these are. multiple^ of 6 and I5* 

The least common multiple of 6 and I5 
is ^ * * 



3, 5, 2 



c^oxmoon 



30 



The prime factoilEation of 198 is 2 X 3 X 3 X 11 and the prime I 
factorization'of 48 is 2 X 3 X 7* " 

Find the least ccanmon multiple of I98 and U2 writing the * 
prime factorization of 198 and nrultiply it by the part of the 
prime factorization of k2 not included in Wt of I98. The 
prime factorization of the least common multiple of I98 and k2 tai 
(Check all co3rrect ^sponses,) 

Q(a) 2x3x3x11x2x3x7 

□(b) 2 X 3 X 11 X 7 \ 

□(c) .,2V3 X3 X 11 X 7 

0(d) 2 X 3"x"7 X 3 X li • ' 



98(a) Incorrect. The prime factorisation of 198 

includes the 2'X«3 fa^bm the prime' factorization 
of The only factor of the prime factorization 

. . of 1»2 not inclvided i J*' the prime factorization of 
198 is 7. 



98(b) Incoirect. factor 3 mat ajq^ew* t^^e - 
since it^*appe^B tvice in one of the prime 
* factorizations of one of the numbers. 

98(c) Correct* See 98(d). . , , 

98(d) Correct, but in this ordering of factors, tbe 
L.c.m. is more difficult to recognize. 



To Sind the least common multiple of tvo niantoers, first find the prime 
factorization of one of the numbers, then multiply it hy the part of the 
prime factorization of the other number not included in that of the first. 



99 



100 



101 



lp2 



Since both 7 and 17 -are prime nianbers, the 
l*c.m. of 7 and 17 is . 



The l.cm, of' 12^ and 12 is^ 



The prime factorization of thtf^ l^.c.m. of 7 



and k2 is 



since 7 is prime and the 



prime factorization of 42 is 2x3x7. 

The prime factorization of the l.c.m. of 7 
and 62 is 



119 



12 



7x3x2 



7 X 2 X 31 



^If one or both of tvo nvunbers are primes, these are used as factors in 
the prime factorization of the l.c.m. - • ' 

• Multiples of numbers can be found by rawltiplying the number by 0, by 1, 
' by 2, by 3, et cetera. Multiples of 8 are 0, 8, l6,'2l*, 32, UO, - 
1^8, ... and multiples of 9 are 0, 9, I8, 27, 36, 1*5, • The-least 
common multiple can be found by this method, but may require writing down 
many terms of each sequence before a common one is found. 

Because of the tediousness of writing these terms, the use of ]prime ' 
factorization for finding the l.c.m. is more convenient. , 
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\ 17-6. Chapter Summary 

'The notions developed A*^hts chapter have been based ox\ factors of whole 
number^Bt Ke have considered finding th6 factors of a given nmber an* also ^ 
^ of finding 'a nuinber if we know the factors. A factor of a ntimber implies a 
^ multiplication and we say that a* is a factor of b provided ^her« is a 

, ^^ole i^uraber ^ -^sucii that n X a :=-b* We also may deterndne whether or npt 

* » " w ^ * 

, a is a £&ctor of b by di^ding b by a. If the result is a whole number 

n, then we know that n X a = b and a is a factor^ of b. 

A prime number is defined as any whole number which has exactly two 

J r 

different factors. IJiis excludes 0 and 1 and all numbers which have more 
^ than two factors. This enables us t© write the set of primes as fcO-lowsi 

12. 3, 5. 7^11, 13, 17,. 19, . \ 

^ All other whole numbers, except 0 and 1, form the set of composite nunibers 
which may be written as: ^ 

{/^, 6, 8, 9, 10, 12, 'lit, 15, 16, 18, ...) . 

For a consideration of the various factors of coir^^osite numbers, one^ 
' * arrives at ^ conclusion*^ called The Fundamental Theorem of Arithemtic . This 
theorem is stated as follows^ . , 

Every composite number can 'SBfe/factor^ as" a prodUct^ 

of primes in ^exactly one way e^ccept for the order in 

which the prime factors appear in the product. * : 

*This statement also is known as the Unique Factorization Theorem .^ ^ 
Tl^us, we are able to consider arqr composite nmber and write its* prime 
• factorization. Fo^r exanqple, , ^ * 

^ 90 = 2 X 3 X 3 X 5 and 105^ ^2x2X3x7x13, 

♦ The fact thai; each composite number. has a unique prime factorization is 

useful in ^ number 6f places in arithmetic and algebra. In this chapter we 
used this fact to find the greatest common factor of two 'numbers and to find 

? the least common multiple of two or more numbers. The greatest common factor 
is Ground useful, in the simplification of fractions. The least ^common multiple 
of twg* or more numbers is u6ed In addition and subtraction of fractions. 
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CHAPTER- 18 
IKTOQDUCING RATIONAL NUMBERS 



I All our w^rk vith nxjftbers u;? to this .point has been with the^ set of yhble 
numbers. We hajre- pi;etended^ as If they a^e the only numbers yhidh exist. We 
haye «oi^ider©d t^e operations, of addition, and multiplication in.ihe set Of" 
whole numbers and have' studied properties of these operations. 



18-1. •' Introducing Rational Numbers 

—4— 



7, 



5 

6 



8 



5 + 2 « 



5+2 represents si member of the set ^ of 
whole - ' • 



V 

The sum of twa-.v>iole numbers is ali/ays a 
nxxtaber^ * ^ ' . . . 



Since the . sum of two ^hole numbers is a' whole ^ 



number^ the s6t of whole nuirtoers is 
the\6]^ration^of addition. ^ ' 



- u^der 



5(^X 2 represetjts a member of the set of 

ntombers^. ^ 

The product of two whole numbers is always a^ 



Since the product of two whole numbers is a whole 

number,* the set of whole numbers is , 

under the operation of multiplication* 




numbers 
whole ^ 



clQsed 

10 ^ 
whole 



whol^ number 



closed 
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/ Recall from Chapter 9 a definition of the operation division* Let* a, 
jand n . represent whqle numbers^ where b is not zero* Division may be 
.defined in.tenns of m\Altipliclrtfton as follows:' * 



Definition ', a + = n if and. only if a b x n. 



10 
11 
15- 



13 



Ik 



For example 8 + 2 = 1^ since & = 2 x 
12 + = since 12 = 1^ x 3^ 



l^li + 6 = 21^ since Ikk ^ 6 x 



17 + 6^^ 



(.whole number) 



V 



The quotient of two whole numbers 
always a whole number. 



The set of whole numbers* is not 
operation of division* 



(is^ is not) 



under the 



3 



Impossible. 
Ttiere is no 
•whole number 
n such that 
17 = 6 X n* 



is jaot 



'closed 



15 



.Eight pieces of candy, are to fee dfivided equally amoAg four boys. , 
Each boy will receive:* . • \ 

Q (a) 3 pieces ' 0'(c) 1 piece 

Q (b) 2 pieces .D (d) cannot be done • 



15(aX 


This response is incorrect since x 3 
not 8. * * " 


= 12, 




15(^5) 
15(c) 


♦ 

Uiis response is correct since x 2 
This response is incorrect since, ^ X 1 


= S 






ndt 8. 

» 






15(dr 


It X 2 = e and therefore lljCb) is the 
response • , * , '\ 


correct 





"■^^l 9') 



16 



Steven pieces of candy are to be divitied equally among three girls. 

Each girl wiXl repeive: ^ 

□ (a) 3 pieces ' D(c) 0 |)iec8S ^ 

Q ("b) 2 pieces D (d) cannot be done 



l6(a) Shis response is incorrect sincq, 3x3-9, 

hot 7. " t ^ " 

l6(h) This response is incorrect since 3x2=:^, 
not ' , 

l6(c) This response is incorrect since 3x0^0, 
not ait if the girls., vait until this 

problem is solved in the set of whole 'niambers, 
this response might be correct. ^ 

fvl6(d) This response is correct since there *s no ^ 
whole number n such that 3 X n « 7. 



17 



If 5 -i- 2 n, then *n is a member of. the set of^ 
(One ?f the two responses^ is corr^t**) 

Q (a) whole numbers ' " 

Q (b) rational numbers 



17(a) This response is incorrect since 2,X n 5 
if n is a whole nxamber. 



i 5 ^ 

'17(b) This response is correct. 2 ^ 5 

5^ 



and 



''five-halves," written is a rational 

number representing five divided* by two. 



" We have now used vMBle numbers such as a and b, with b not zero, 

in the form ^ = a 4 b.%l*numbei^ in this form is called a fraction,, and is 
b 

one way of indicating a rational number . 



.18 



The rational nuifliber representing 7 + 3^ i^" 
written in the form |, is . 



I 

3 



199 



ERIC 



201) 



^19 


The number represented by r- Is a member .of the set of: ^ , 
O (a) 'coxanting numbers ^ ' r ^ ^ 

< 






Q (b) vhol? numbers. » 








(3(c) rational numbers ^ . ^ / 


N , V 








> 




— . 






,*19(a) Incorrect* The of counting numbers is. 

denoted bjr' U, 3#\^ U.) arid j ^does 

not belong to this set* • 

. 19(b) IncoisreetJ. The set of whole numbers i^ 

denotea.bj^ {0> 1, 2, 3^ ^and ^ does"^ 
not belong'^to this seti. 


i 


% 




f 8^ 

'19(c) Correct since ^ represents a rational* 
number and ^ = 8 + 5. 


•m 

♦ 














1 






* 


J 


20 


If n represents a whole number and n / 0^ ^ * 
'then 0 -1- n = 0 since n k 0 - ♦ 


0 - 


K 
















• * 

• 


♦ 




> 

♦ * 




% » 


* 
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The number sentence 0*- b = 0 iS true if. la is exay element of 
the folldvihg set: (Check all correct r^ponses.) 

Q.(a) .(3, 6^ 9) " Q (y^) i-O. 2*, h) ' O (ci (1, ^, ,3) 



• 2l(a.) , Correct since h can be any whole number except 
0. 21(c) also is correct. , ^ . 

21(b) * Incorrect since b cannot jDe 0* Recall tj;iat 
division by 0, is undefined. 

21(c) C6rrect> since b* can be any vhole number except 
0. 21(a) also is cdrrect* 



♦ 



V&h of the followii^e is a set of* rational numbers:"*' / 

- 0(f) ■ d^) t|,i,|)- 



22(ii) Incorrect' ^ does not represent a rational 
' . , , • number since 3 +. 0 is undefined. 



22(b) Correct. Each member of the set is a number 

'a 

. b 

nximbgrs and' t ^ D. 



of the form " where a . and b are whole ) 



$3 



If a belongs to A, and b* belongs to B, then | represents ; 
a rat ioneGil number vhen: 

□ (a) A - fl, 8} . and B - J^^, 3) . ^ . 

□ (b.) A - /O, 6) and B^^ (2> 30) 

□ (o) A - (5, 73 and B - (0^ lv3 ^ ' ^ 



23(a) Correct. ^1 the fractions 
represent rational numbegrs. 



1 1 8 ^ 8 ^ 
23(b) also is correct. 



23(b) 



23(c) 



* 0 '0 6 ^ J, 6 
Correct. All the fraction^ 5, 2 ^'^^ '30 

represent rational numbersr. 23(a) also is correct. 

Incorrect. ^ and ^ do not represent rational ' 

numbers, since b cannot be 0 according to our 

definition of divisioni * ^ 

» - ^ 

■ ' 9 
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l8-2,^ Models for Rational lumbers * 

In setting u^, physical modi^ls for rational nufffbers ve usually "begip lay 

fixing Bom "bafelc unit,^' for^example, a segment, a rectangular region, a 

circular region, or a collection of identical things* This unit is then 

separated* into a certain number of '^'congruentj) parts. ^ These ppirts, cQmpared* 

* to the "unit, give us the te^is fbr a model for rational numbers 

> . * . ' L . •„ • - 

2k 



/ 



25 



26 



./ 



In the model below, if the "basic unit" is the 



square region, then the part shaded represents 

one of the y ^ congruent parts? 

(how manyl , 




In the model below, the part shaded represents 

one of the cong3ruent parts of the basic 

u^i^Lt, the circular 'region. 




In the model below,, the part shadedr represents 
of the four congruenrit parfffe% 




2 or two 



f I 



4 or if our 



2 j^r two 



ERIC 



.202 



The rational niMber is used to represent/- a 
Of the ^'b" congnxent parts oS spme ha«ic Anit* * 
Thtts, ^ represents -2 • of the \ . . congruent 



parfe^. 



The rational number ^ represents 5 ©f the 
congruent parts, "(It is apparent that 



the basic unit is used several times*) 

1 



The rational number 



7 



represents 



of 



of 



the 7^ 'congruent parts i 



The rational number - represents^ 
the 3 congruent parts • 



Does the rational number t;, represent nothingt 
J[ yes, no J • 



The part of a p*ie in the. pan is pf a pie. 




' / - 0 > X 0 

The model* b,elov,re^jB£^sents ^ of a pie. The ^ 

^ mean there is nothing in the pan. 

(does, does not) ^ 




Wo» T- repre- 

sents ^one of 
U^conj^ruent 
parts. • 



does not. 



203 



34 lo the mode^ below, tli6 shaded region can he 
represented hy the ratfonal nunfcgr 




k 



35 



*Wf»feh of the following Is a -model for o^ a clrcW -region. 



□ (a) 




[7 ^- [7.^ [7 



/ 



35(a) Incorrect, There are 5 congruent regions, hut 
each region is not ^ of a cirijular region, 

35(b) Correct. Th^re are p congruent reglcMis, and 
each is -jj- *^of a circular region. Note why 
35(a) and 35(^) are incorrect, 

35(c) Jncorrect* Each region is ^ of % circular 

region, Imt there a3t4 on3^ k of tt^, not 5. 



T 
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The square region to the right 
^ retiresents the "basic unit" in 




36 



37 



38 



Shade a region j( or regions) which vould \ 
reprjesent the* rational number ^, 




Shad^fa region (or regions) whicti vould 
represent the rational numbei* 



t 








1 




- 




1 ^ 




1 




1 




4 





Shade a region (or regions) which would 
represent the rational number ^, , 




»^^^ ^ 

X 

ku, , — ^ 



Shade anjt* 1 of 
the rectangular 
regions^ but 
, no? bot^* For 
examj^^ 




Shade any 5 6f 
the smaller 
square regions. 
For example: 



iiii.^ 



Shade -any 3 of 
^the triangular 
regions. For 
example x 




\ 
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r 



18 



39 



ko 



Shade 1a region (or regions) which would 

2 

3rep3Pesent the rational number ^» 





Shade a legion (or regions) which would 
represent the rational number § so that 



1 'Jl 






✓ 




✓ 




































✓ 






✓ 


✓ 







9 



I 



Shade anjr 2 of 
the square 
region? / For 
example: 



□ 



ahalje* any 2 Crf ^ 
the triangular / 
regions • For , 
, example: V * , 



Ihe numbers for which our regions are models are called rational mmibers* 
ISie particular numeral form in which they are often expressed is called a 
fraction ^ In general th^ ''fractional form" ^ r^^sents a "rational number'^ 
provided* a is a whoJ.e number and b is some whole number other than zero , 
that is a counting number* ^ ' ^ ^ . * 

Referring to our models, we see that b, the denominator , always' 
designates .the number of congruent parts into which the basic \init has been 
partitioned] while a, the numerator > indicfites how many of these congruent 
parts are to be considered* 
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*18 * 



41 



kk 



Consider the segment AC beloy. 



A 



B 



4. 



ThB segment AB la qongruent to the segment 
,BC, vritten as AB = BC. Henpe, the iQeasure. 
of segment J AB is. the «ame ^s the measure of 
segment *BC; AniLthe measure of segmeyit^ AB 
is ^ the meajsure of segment * • 




Gondider'the segment AET helov, , 



A 
44t 



B 

-4- 



_j — 



If AB S BC ^ CD^ DE, then the measure of 
jA£ = the measux^e of AD« 



m(M) * m(BD), 



m(DA) = 



m(AE). 



AC 



k 
3 

k 
2 



/ 



In Figure l8.1 belowj^the segment \hose endpoints A and B are labeled 



zero and one has been partitioned into twelve congruent segments. 



D 



, Figure l8.1 



The rational nmber ^ is associated vith the 
point^ . 



/ 
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hi 



^9 



18* associated with the 



rational number 
point * 



The rational number ^ is associated with the 
point :. , 



* 12 

The rational number ^ ms(/ be associated with the 
^point • 



3he rationalSaumber may be associated with the 



^ point 
-3 L 



E 



B 



In the model "below, label the indicated points 'A, B, G and D 
appropriate rational iiumbers for Frames 50 - 53« 



0 



A 



B 

-4- 



C 



50 



51 



52 



53 



Point 


A 


is labeled with the rational 




number 




* 




Point 


B 


is labeled with tbe rational 




ni;unber 




* 




Poiiit 


C 


is labeled with the, ratioml ^ 




number 








Point 


D 


is labeled with the rational 




number 




• 













. 2' 



11 

T 
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Consider the 




18 



A 



ovin'g model of a nvuaber line f or I^amej 5^ - 63^. . 



A 



B 



55 



56 



57 



58 



59 



60 



61 



If AP as PB, then point 



msy "be latteled 



vith the^ fraction ^. 



If segment aS is partitioned into h congruent 
segments, the fraction -jj- may be used, to laheX^ 



If segmeift AB is partitioned into 6 congruent 
segments, the fraction —r" may "be" used to label 
,the point P. 

If segment is jartlj^ioned intq 8 congruent 
segments, the fraction/ may be used to label 
the points P. 

Write the set of all fractions any one of vhich 
may be Visei to label the point P: 

;C|^ 



If point Q is such 'that .BA s QC*'^ AP, then 
point Q may be labeled vitk • * 



If segments ^ and B8 are partitioned into 1^ 
congruent segments each^/the fraction -jj^ may^ 
be \ised to label the point * 

*lf sepaents ^ and Ito sire partitioned into 6 
cong3ruent segme^nts each, the fraction -g- may be 
. used to label the point 



P 



2 
X 



1 
2 



6 



( 



62 If segments 1^ and BC are ]^rtitioned into 8 

congruent segments each, the fraction tqe^. 

be used to lahel the point * 

63 Write^ the set of all fractions, any one of which 
may be used to label the point Q: ' * 

*^ X' "E' io> 'yl * 



12 
T 



• (if 2 ^ 1^, 

18 . ^ 



CoBsider the following model of a liuiaber line for Frames 6k - lk, \ 



6k 



65 



66 



67 



68 



The point labeled with the whole number 0 

0 " * 

mfi^ he labeled witli the fraction si^^ce 
0 + 1 = . 



The point labeled with the whole number 0 may be 
labeled with the fraction | since 0 t 



= 0, 



The poin-t labeled with the whole number 0 may 
be labeled with the fraction • since 
0 + 3 » 0. 

In general, if k is way cpunting number, the 
point labeled with the whole number 0 mBy be 



labeled with the fraction" ^ 
=0. 



since 



V 



Write the set of all fractions, any one o^ which may 
be xxBQdi to label l^he point labeled with the whole 
number 0: , , 



i 




0 + k «J 0 



.0 0 0*0- 
1*2' 3'^' •* 
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' 69 



70 



7X 



72 



, 73 



74 



There are 



(& finite n\mber of^ infinitely mar^) 
fracfcicflas. in the set in Frame 68 since there is no 
last counting^number k* 

The point labeled with the vhole number 1 may 

' 1 
. "be labeled with the fraction ^ since 

■l.+ l =^ ■ ■' . ■ ■ . ^ . 



•She point la%>eled vith the vhole niMber 1 laay 
* be l&heled with the 'fraction ^ since . 
2- 4^ 2 = 



The point labeled with the whole nUwher 1 taay 
he labeled with the fraction since ^ 

May the fraction ^ ^ be used to labejL the point 

•labeled with the whole number 1?. 

I . , • {yes, no} 

In general^ if n is any counting^number, then 
the point labeled 1 may be labeled with the 



n 



fraction since 
. n 



infinitely many 



3^ 



Yes, since,, 
!». 4- 1|. « 1 ' 



n + n-^ 1 



Consider the following model of a number line for Frames 75 



75 



The point labeled with the whole numbe* 2 may 

2 

be labeled with the fradtiorf j since 



2 + 1 = 2 
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76 



r? 



78 



79 



80 



li^rite the set of auLl Exactions, any one of 
which msy be used to labeX the :^oint labeled 

with the whole ntmber 2. . " 

( . . 



Olie point labeled with* tfye whole number 3 may, 
l5e labeled with the" fraction ^ since 



The point labeled with the whole nimber k tns^ 
be labeleol vttjn. the fraction ■ -' -since 
4 + 1 =.4. . ^ 

■ • ^' - . -V • 

The point labeled wit^\the whole number 5 may 
be -labeled with the ' fraction ^ since ' 



In gengral, if^ ri is any whole number, the point 
labeled with ,n may be labeled with the fraction 

T since +^ « 

1 — - ■ « 



, ,2 4 6 8 10 
^1'2'3'^'5' 



3 + 1. = 3 



5 + 1 = 5 



n + 1 = n 



^1 
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CHAPTER ^19 



We have developed models for rational numbers from tvo different points 
of view, namely, ^-anit regions and the number *line, Wj^ have noted that 
fractions of the form name such numbers^ with the Cj|^tlng number b 
designating how many congruent parts the unit region or segment is 
into^ and the Whole number a designating hgw^many of these congjkxent' I»rts 
,are being considered, * ^ ' 



19-1* Equivalent Fractions 





Model A 



Model B 





Model C 



Model D 



In the following frames. Model A represents the unit region. 



3 



In Model B the unit region has been partitioned 

into 3 congruent parts and of these » 

parts are shaded* 

Hence, Model B is a model^ for the i^tional 

n\miber ' ' .v^-,. 


In Model C th^ Unit region has been partitioned 
^^^o congruent parts and k of thes^ 

^rts are shaded. 



2 
3 



213 



19 



Hence, Model C is a model for the rational 
aviniber , » 

In Model D?t^ unit region has been partitioned" 

into congruent parts and » of these 

parts are shaded, 

Her^ce* Model B is a model f or^ the rational — 
number • 

Since the shaded portions in Models C and D are 

' ^, - ~ ^ 

congruent 'and have the same measures, the numbers 

representing them are the ssuae, 

2 ^ 6 
' Hence', r^, -g and • ^ are different n^aoes for 



the 



rational number. 



1^ 



Si 6 



6 
9 



same 



In the models below, the segments AB, CD and 
each has the measure 1» 



41 



o 
c 



- p 

H- 



are congruent and. 



B 



8 



AB is partiti-oned into 3 congruent segments j 


CD i-tf-^>ai*i*i©»«d,-jiniQLj 9 congruent sepaents; and 

EF is partitioned into 18 congruent segments. 



•I 



Since segtaent wAP is 2 of the 3 congruent pai;ts 

of segment AB, the measure of " AP is % the 
measure of AB and the fraction associated 

with point . • " 
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Since segment CQ Is of the 9 congruerct 

parts of segment <c5, ' the measure of CQ is | 
the measure of CD and the fraction ' is 
associated with point Q. 



la Since segment S is of the l8^ con- 
gruent petrt^ of segment the measure of 

BR is the measure of EF and the 

12 

fraction is associated with the point 



11 S^nce AP 2 CQ ^ the measures ofi these sego^nts 

» ^ * 2 6 12 

are th^ same^ Hence, the 'fract ions ^ and ^ 

are dif f eren^^'names for the s^me number^ 

^ 2 4 6* 8 12 

12 Each member of ^3^ *5^ 9^ 12^ igJ ? different 

name for the _____ rational number* 



13 I If I - 1^ = then n = since 3 x 2 

is another name for 6* 



— ...^ 



10 g Xvn 2 ^ 



■rx. 8 it X g n ' _ 



,Q -rx.^ 2x2 2 

1^ I^ = = ^^^^ " - 



2 2x5 * 

19 ^ and ^ a3re different names for the bbmb 
y y X p 



815 



21 S 



20 



21 



0 >c7 



ar^ flLifferent names for the 
r§itional nxiniber. 



f 21 



% ^ names for the 

(the same, different) i • 



same rational nimber* 



same 



different 



22 



The sentpH(% ^ = Fx^ ^^^^ j^ovlded k belpngs to ^ the set of: 
counting numbers - DX^) whole numbers ^ ^ ^ * * 



23 



22(a-) :!rhi6 response is correct since k *can "be any 
^ member of the set {1, 2^ 3, , 

3g(b) .This response is incorrect^ ^ Since 0 belongs 



. , ^ - -aXO _ 0 

to the set of whole numbers^ blTo 0 

division by 0 is undefined* 
: ' ^ ^ 



and 



^ is anotKer name for the rational number; 
20 * . 



□(a) I 



□(b) J 



23(a) This response is incoirrect since 5 X 7 ^ 35j * 
but 3'X 7/20* 

23(b) This response is correct since 1^ ^ tx5 20' 



23j[c) Hiis response is Incorrect since 9 X'iv = 20, 
but $ X 1^ 35* - 



2)4 

\ 



> The 'fractional form ^ ^ is called a higher > 
• form of the fraction ' where k is a 
counting number greater than 1* . 



J. 

13 



216 



25 



tthe highest form of 'the fraction ,.ts: 



□ (a) f 



Q(c)^-. 

Q( d) non-f 3^^%tent' 



-7^ 



25(a) Incoryect .siffcse the^|M|Ction ^ -i^ a Jligher fojm* 
25(Td) '-incorrect since the fraction -tR ^ higher forrtl* 



* ^ 20 **** 
'^c) :D[iQorre6t .since the fracti6n * is. a highei 

' X ^ ' * / , * * • 
25(.d*) TThis response is Hsorrfecb/slnce ?i ^ ■ :^ ^ and 

there is no greatest ^countjSjig n^imber since 

1 is greater than ,k for/eoiy countii^ 

number M, * * ^ ' ♦ * 
' ^ ; k ^ ^ - ^ - ■ 7^ 



- 26 

27 

28 



The fractional form 



a X k 



^here k > 1 is 



h X k 

called a higher form df the fraction 



A highest form of the . fraction ^ 



exist * 



(does, does not) 



Two lower forms of the fraction ^ are the 



fractions 



and 



29 



""The lowest form of the fraction ^ is the 
fraction * 




a 
h 



does hot 
♦ 



2 * .. -lo 



1 
2 



♦ 
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30 



^ 546 ^ 

Hbe lowest form I of 1*^e fraction i^ ist 

■ 0(c) g 



O'f) St, . 



-Q{4) none of these 



30(a) tocoryect since is a lower form Tjut not the 

lowest form of ^||. See 30(d), 

78 >i 

30(h). Incorrect since is 'a lower form hut not the 

, lowest form of .See. 30(d), 

30(c) Incorrect* since ^ is a lower form hut not the 1^ 

lowest fom of See 30(d), 



30(d) 3?his response is correct sirfce ^ is the lowest 
form of the fraction 



In this sub-program we teve develoixBd the idea thgit any rational number 
can he represented hy different fractions whichrtfere said to be equivalent s 
Any^ fraction qan he changed tg an equivalent fraction "in higher terms" by 
multiplying .both numera-^or and denominator by the same^ counting number k 
where k > 1. Since f *^ trU ^ counting number k, there is no' 
highest form of the rational number ^ since there is no greatest countings 
nmber k, ; 1 



^ 19^2, ' Equi^^lent Fractions - in Lower Terms 



31 



Since 15 -1^ 1 - 15, .15 + 3 = 5^ 15 + 5 = 3 and 
15 + 15 ^ 1, any member of. {1, 3^ 5, 15) is a 
factor of the number ♦ ^ 



15 



?l8 , 



ERLC 
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1? 4^ n Is a whole numbelr, provided* n Is a 
' of the nuiftber 1$ # 

OSie set of a^Ll factors of 10 Is ^ * 



The set of numbers dotonion to {1, 3j 5> 15) 
{1/ 2, 5, 10] is 



{!> 5) is the seir of all 
15 and 10. . 



fac^o:£8 of 



Since. {1, p) is the set qt common factors of 
15 and 10| the greatest ^coiamon factor of 



15 and 10 is 



The greatest common Ipactor of two non- zero whole 
^ numbeis n and m is the greatest numhjM' In the 
set of all V of n and mX 



feictor * 

^ \ 

(1,2,5,10) 

t 

common 



3^ 



common factors 



OSxe lowest form of the fraction ^ is:' ^ 
□ (a) ^ since glTxT 

0(c) .-5 since fe--gir^ ^ 

□(d) I Since -^ = 1^ ^ ' 



38(a) This response in incorrect. See* 38(d). 
38(b) This response is incorrect. See 38Cd)* 

^ » l if t * 

38(c) This response is incorrect. See 38(d). 

38(d) tKiis^response is correct. Hote that 2, 3j .6 , 
and 12 are common ^actoa^s of 3^ ^8 and 

t^t 12 is the greatest common factor of 3o 
V and . 48. Hence ^ Is the lowest form of the 



fraction 
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39 

la 

1^8 



2 * * Ik 

called the lofwrest form of the fraction ^ 



gince 7 /♦is the 



common factor of Ik and.^ 21* 



The set of all cpmmbn factors of 8 and 20 



The^ greatest number {1, 2, k) is J_ 



20 



Hence, the lowest form of ^ is 



OJhe set of all conuBon factora of l8 and 21^ 
is • . . * * 

The greatest common factor of l8* and 2k is 

* l8 

Hence ^ the lowest form of ^ is ♦ 



Writ^ the set of all ccanitton factors of 28 
and 42. [ . 1 

The, greatest common factor of 28 knd 1^2 
is c . 



Hence, 



is ihe lowest form of 



U2 
15* 



v 



greatest 

(1,2,1^) 
h 



1 

2 



(1,2,3,6} 

6 . 

{1,2,7,14) 
1 

14 



1 

2 



49 



a 
b 



is a lower form of » jl ^ >. if k f 1 and k "belongs to ttie set of:.^ 



13 X k 
• * 

^ 0(a) All factors of (a x k). 
0(bi^ All factors of ("b X k). 

' Q(c) All common factors of Ob^ x k) and (b >< k). 



U9(A^ .This resjponse is incorrect • See 1^9(c). 
k9{h) This response is^ incorrect. See ^9(c). 

k9(c) This response is correct. If k / 1, then 

a < (a X k) and "b < (blx k). 'JSam r- is a 

a X k 1 4 
lover fora of \^ ^ . I^r exap^le: ^ is a 



8 



lower i^drm of •jg .since 



1^ and k = 2. 




f . 
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50 



51 
53- 



^ \ is the l<*^est form of the fraction ^ ^ ^ 



ff k 



is a member of the set of common factors of (a X k) 
and (h X k) and k is the 
member in the set. 



( least ^ greatest) 



a!he set of common factors of 9 and 20 is 



The lovest foim of ^ 



^ is in lovest foim provided the counting ^umber 
^is the only common factor of a and 



great i^st 



{13 



20 



' p In this sub-program, ve have discovered that some fractions can be 
changed to equivalent fractions ^'in lower terms*** If a fraction has no 
common factors in its numerator and dencwninator othel*vthan 1, it is said* 
to be "in lovest terms" or "in lovest form." Any given fraction can be ^ 
' e:iqpressed in lowest fom«;f - « - 



19-3. Order and Equivalence for BatlCTial Niaabera 

Becalling bur work with whole numbers, we see that' there are essentially 
three relations between any two nunwerals m and nj either they are 
equivalent, that is,, they natje the same number] or the nwaber n "is 
greater than^* the number mj or the number n "is smaller than" the 
number m. ThU3, if n and jn denote members of the set of whole numbers, 
then one and only one of the following statements is true: ^ 



n 



m 



n > m 
n < m 
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' A siiallar statement can be made about two fractions^ Given fractions 
r and one and coaly one of the fbllowing statements must be trues 

(1) S tbat is; they are equivalent l^actldtis; 

(2) f >f^ »tional number named by the fraction :^ 

is greater than the raticmal number named by the fractipn 

(3) 5 < |, tiat is, the rational number npned "by .the fraetion ^ 

.V Is smaller than the rational' number named hy the f^^ion 



a a X d 

h ° h X n 

£ c X h 

d ' d X n 



if n * 



if n = 



If a 3, then ^44 = TTrr provided n = 



h ~ d' 



h X d . d X b 



Thus, 1 = 1 if and^only if (a X d) - ( X ) . 



'6 



I = -J si?ice (6 X U) = 



X 



i 



^ yf I since (9 X 3) j^l 



X 



I = ^ hut ^ ^ % since (9 X 3) ?^ 



12 



8. 

12 ^ 12 



-2- > si^e 9 > 



a a X d . '.^^ c c X b a^^c 
b'blTd d = dTb- " b>d' 



a X d c X b 
b X d d X b 



and (a X d) > X_ 



X 



i. 



-A 



(c X b) or 
(b X c) 



(c X b) or 

(b ,X c) 

(8 X 3) or 
(3X8) 

(12 X 2) or 
(2 X 1^) 

J 

(2 X 12) 



^ X b) <or 
(S xc) 



19. 



61^ 



66 



67 



68 



"69 



70 



71 



•nws .| > f if and only if (a x d) > (t> X 



I >| Since (a x 3) >- ( x ) . 



^ ^ I Bince : (7 K 3) ^ ( • x- \ . 



2. 
3 



^ l)ut .^^^ since (7, X 12)^(8 X 



7 8 . «• 

^ < ^ since T < 



a a X d , c c X b a ^ -c . . ^„ 

r - X. v> J and — « T-rrr:* If r < T> tnen 
bbXd ddXo Dd' 



X 



1. 



•nius \<\ if and only If (a x d) < (b»x 



Y < I since (» X 5) 



{\ x'2) or 
(2 x It) 



(UB X 2) or 
(2 X 12) 



12 



8 



(c>x "b) or 
(t X c) 



(7 X 3) or 
(3X7) 



72 Given ftractions . ^ an^ ^. ^en: 



□(a) 


a 

b 


. c 


if and tMttly if 


a X d b X 


Q(b) 


a 
b 


>t 


^ if and only If 


a X d > b X ^« 


Q(c) 


a 

b 




if and on]^ if 


a X d < 13 X c« 



All responses are correct but only on^ is true for 
a jE^rticular pair of fractions. Thus, 

. I = since 2 x*6 - 3. X it; 
I >| since 3X3>1^X2;- 
^ < I since 3 X 2 < 7 X 1. 
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19^k. ^ Mafw l»operty of Numbei^ 

* . \ > J 

In the? set of i/hole nunibers^ (n + 1) i^s called the suceessor oT n 

and (n - 1) is- called the predecessor of n# 



73 

7k 
75 
76 

» 

77 

76 

79 

8o 

81 
82 



83 



05 



Pbr example, in the set of whole numbers, the 
successor of 1^ is • * 



The successor of 19 is ^ 
The- successor, of 215 Is 



If n represents any whole number, then th<| 
successor of n may Tae represented l^y 



The* predecessor of 8 Is 



The ]gredetes8or of 25 is 



If n represents any whole numher, then ^he 
predecessor of n may be represented by 



There are whole numbers Ijetween 5 and 8? 

(how many) » 



Compute: (8 - 5) - 1 » 



TbBTe are> whole numbers between 12 

(how many) 

and 7? ^ 

V 

Compute: (12 ~ 7) - 1 • , * 



How- many wliole numbers are there between 17 
arid 18? 



Compute (18 - 17)^ 1 



5 

20 



n*+ 1 
7 

» - 1 , 



two 



four 



zero 
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19 



86 



87 



88 

89 
90 



Given vhole mjanbers a and 1) such that a < \. 
If we compute (b - a) - 1, ve have answered the 
question, "How many , whole numbers are tl^pre 
between ,and - t" * . * 



©xere are \ 

(a llJfiite . number of, infinitely mai^ 

whole numbers between ti^o given* whole numbers 

a arid b* * 



^ The number of whole numbers between 6 ^nd 7 



is 



6 is ttite 

7 is the 



of 7 \in the set of wholfe numbers* 



6f 6 the set of wfiole numbers • 



a finite number 
of 



predecessor 



successor 



91 



If a and b"* are whole nitabers such that a > b and (a - b) 
then: . 

^ Q(a) a^ is the successor of b. 
Q<b) b is the predecessor of a, 

Q(c) b' is the successor of a. ^ ' 



-1 = 0, 



91(a) Correct, a is greater than b and there is no 
whole number bettreen a and b* 

9l(bX Connect, b ts smaller than a antii therp is no 
whole number between a and b* ^ . 

91(c) Incorrect. The successor is always greater^ 
and b a. 



Since 7 is )the successor of 6 there is no whole number between . 6 
•and 7 J ^d we say that, 7 is "Just after" 6. Since 6 is the predecessor 
of 7 there is no 'whol# number between 7 and .6, and we say thai;* 6 ia 
"Just before" 7. We say also that 6 and 7 are "next to" each other. 



225 



19 



»In general, tf whole number a is the successor of vhol^ number b> 
then there are no -vfhole nvmibers hetveen a and h. We say that a Is ";}ust 
after" h, that h is "Just before" • a, and that a and b are "next to" 
each otheX". . ^ 

In the follovrlng fraaies, ve consider a question concerning raticmal 
ntuabers: Given, a rationeJL number dpes It have a successor ixi t)^ set 
of rational nWbers* and does it have a predecessor in the set of rational 
nxambers? 



. ' In the. following^ freanes, conpijgr the two 



fractions and 



92 



93 



9*^ 



95 

96 
97 
98 
99 



The rationed number represented hy ^ has many 

* 1 2 3 5 . n * - 

names such as ^ ^, -^^^ ^ • and ^ where 



n 



The rational number represented hy ^ has many 

2 k 6 ^ ri . i 
names such as ^, ^ and ^ where 

n =s J 



6 * * 1 ^ 

Using the name ^ for the fraction ^ and j 

the name ^ for the fraction ^e know that 

8 

^ is smaller than ^ since < 



Now jl^i 



since 



i since ^ « where n » 



Hence f < 22 



7 8 
Also 52 35 sinpe 



2 12 



7 2 2 n 

Hence ^ < ^ ^^"^^^ 3 ~ 12 ^^^^^ ^ 



*^ < 
17 2 

Since ^ < ^ <^^^ ve say that the fraction 

^ Id :i ^ . . 2 

is hetween ^ and r-^ 

^ > 2 3 



8 



6 < 8 



1 6 < 7 



6 

7 < 8 
8 



JL 
12 
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Figure 3^.1 

In Frames 100 - 1(5, reffer to Figure 19.1 above. 



XOO 
101 

loe 
103 



105 



10^ 



^ (— 7- 

Point A is- labeled wLth the. nvimber 



A inay be l^eled also with"* the niiniber ^ 
where n » • * 



PoJUit B is labeled with the number 



B may' labeled also with the number ^ 



where n 



6 . 



Since ^a^^^ greater than ^/ the point C 
Associated with the number ^ wiU he to the 
of the point A in Figure 19* 1« 



(rights left) 



8 



Since is smaller than ~, Ijhe point C 
associated with the number ^ 



(rights left) 



will be to the 
of the point B in FigU3re 19.1.. 



|n Hgure 19*2 below if point C represents, the 



number 



-1 

12' 



drav C in its proper place : 



0 



A 

r 



B 



\ 



Figure 19.2 



1 
2 



2 
3 



right 



left 



0 



ACB 

2 3 



r r 1 
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15 



107 



io8 



109 



111 



112 



113 



114 



115 



116 



Since point C is l^etveen i>olnts A emd B 

in Figare 19.2, ve say the nuaiber is 

1 2 *^ 

the nuBibers ^ and g*- " * 



7 1 2 

is "between 7; and — . There 



12 



3' 

> 1 



rational number hetween ' ^ end 



(is, is not) 



1 Xk 

Another nAme for ^ Is vhere n 



Another name for ^ iB where n 

« ■ ■' ■ ' 



Hence, ^ is hetw^en ^ apd ^ if ^ n 



•4-* 



It possible to continue' this ^ocesn^ 

(is, is not) " ' * 

* 1 13 
to find a number between ^ and gj*. 



1 XI 

Another name for 2 Tv5 where^ n 



Another i^ame 



is 



n 



where n » 



between 



is ./ 
If you responded 
"is" to this . 
fratne, go iwmedi- 
ately, to B^ame. 
Ill, If you 
responded "is 
•not" continue to • 
the next frame, . 



12 



Ik 



13 



13 



is 

If you responded 
,"is" to this 
framej go immedi- 
ately to Frame 
116. If you 
responded "1^ * 
not" Gontinije tp 
th^ffext frame • 

all ^ / ' 



25 
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1^ 



117 



119 



120 



Hence, ^ %n be$wean | and ^ if 



It is possil>le to cantin\)e this process to find 
a r' ' nmber l^etweeh and 



name-for the rational^ nuoiber Jbetween ^ and 
I is , where n = 



lus, there are 



(a finite number of, infinitely many) 



rational numbers h^iween ^ and 



25 



♦ rational 



k9 



infinitely tnany 



In the set of rational numbers the successor of ^ is: 



aw,! 



Q(d) i 



does not have a successor 



in the set of rational numbers # 



1*? 1 *^'2 

12i(a) Incoxrect* ^ is between ^ and 

See 121(d). ^ . 

121(b) Incorrect • ^ is between | and 
See 121(d)* . 

121(c) Incorrect, f and are different^ names for 

12 

the same rational number since 2 If* 
See 121(d). 

121(d) Correct, h does not have a successor in thte 
set of rational numbers. 



122 



a ' \ 
Since ^ has no successor in the set^of rational 

number^, for any rational number ^ different ' 

^ ' a rational number 



from ^ inhere 



(is, is not) 



a c 
between ^ and 



is* 
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19 



123 



i?5 



126 



Since there ' a rational number ^ 

^ (is, %B not), ^ 

lietween any two different rational nvuobers, the 

set v^f rational numbers is said to be dense > 

Any set of numbers which has infinitely wmy 
members between two given members is said to 
be • \ 



If a set of- numbers ,has two members such that > 
there is no member between them, the set is 
not * » 



Ttie set of whole nunibers dense* 
; ' (is, is not) 



is. 



dense 



dense 



is not 



127 



The following sets are dense: 
Q(a) tbe counting numbers 
.QCb) the whole numbers 
Q{c) the rational ntambers 



^(a) Incorrect* 6^ and 7 are counting numbers, 

but there IB no counting number between them.^^ 

'a27(b) Incorrect. '29 is a whole number, but 29 
does bave a whole number successor. 

127(c) Correct. Between any two different rational 

numbers r and 4 tiiere is at least one other 
rational number and hentfe there are infinitely many* 



In thip sub-program,^ have developed a new ^)roperty of numbers. We 
have shown that between ar^ two different rational numbers, no matter how 
close, there scrd tiany other rational numbers. Among other things this me^s 
that, unlike the whole numlfeers, one cannot identity the nijuaiber that comes 
"Just before^^^or "Just after" a given rational nimber. 
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■ caiapter 20 

Asmnm amd sOBmcnoN of rahomal humbers 



Addition of Ratlonea Muaibers vgf^i*. » 

Addition of ^ole numbers is defined in teram of union of disjoint sets. 
11(A) ^ M(B) ^ N(aU B) if and, only if A and B a^e^s Joint sets. 

* ' Ve use 'these same ideas to motivate th^ d^inition/of addition of rational 
nuxabers ♦ , ^ . 





. The Basic ttalt 



ngure 20#1 



tn Fig^ire 20.1 above the region shaded v ^ 

^ horizontally is 1 of _^ congruent parts 

of the hasi? unit. 



The fraction 



.,may he used to represent the 



region shaded horiasontsuLly.^ 

In ngure 20.1 the region shaded vertically is 
1 of congruent parts erf the basic unit. 



The fraction 



may be used to represent the 



region shaded vertically. 

In Figure 20.1 iihe union of tha shaded regions 
is - of "^e k congru^t regions of the^ * 

basUc unit. * 



1 



1 



10 
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She fraction 



s^aay be used to represent the 



tupiloiit Qf the sluBtded rej^ons^ 



Since the shaded regions represent disjoint sets^ 
their union is^ r^i^esented l>y ^ 'and 9IS0 can be 
represented hy ^ + *— ♦ ^ , . * 

Slgure 20»2 is a laodel for 35 - • 




i^lgure 20 f 2 



Since 



) 



1^ ^ g 



2 



1 ^,1 
5 + 



+ 2) 



E3rom these exaflKples ve can motivate the definition of addition of 
rational nmiaLbQrB..as follovst> The union of a of the h congruent parts of 
a unit region and c of the b cong^nxent parts Qf the unit region is the 
v^ame as (a f ^ ) of the. h congruent parts of the unit region, ^en the two- 
aubreglons bxb disjoint « 

SChus, let us make the folloving definition of additfon of a pair of 
rational^ numbers having the same^ denominators*: * 

Definition ; Given tw fractions ^ and ^. Then ^ + ^ ^ , . 



232 



233 



10 



^ 4 ie the jaame as 



□ (c) I 



•Q(d) 



3 53+5 3+5 
10(a) incorrect ^since ^ + ^ « - ifJ^ot g ^ • 

10(1)) Correct since 3 + 5 = 8» 10(c) and 10(d) also 

are correct. • i . 

10(c) Correct since 3 + 5 .8 and ^ = p 10(b) and 10(d) 
• fiftLso are correct. 4. 

10<d) Correct Toy i^he 'definition for addition of rational 

numbers. 10(b) and 10(c) also are coirect. ^ 



20-2. :Propertles of Addition of Rational^ Itoiibers 

We. should now check tQ^see whether or not add±tlon of rational numbers 
as we have defined it. has the properties characteristic of addition of whole 
numbers. These properties are (l) closurej (2) commutativityj "(B) assoc- 
iativityj {k) additive identil^. ' .» ' 



11 



12 



13 



Ik 



15 



a and c are whole numbers, thfen (a + c) is 
a ^ number. y» 



H^nce, *the set of wJiole nujoaber^ is 
operation of .Addition. 



under the 



if a, b and c are^ iidiqle numbers , and b 0, 



then 



a + c 



a rational number • 



(is, is not) 



a + c *a c 4.v*vv^ ^ J. ^ 
Since --b""b^P ^^^"^ b;'b 
a rational number. 



(is, is noi) 



"SbJOLB^ S + H is always a^ratioml number and the 

' set of rational numbers is under th^ opera- 

•filon of addition. * 



whole 
closed 



is 



is 



Si. 



closed 



233 



. We have seen that the set of ratloxutl numbers -with the same denominators 
Is closed under the operation of addition* 

• Wfe now twfTi. to anptlbier propejcty of the yhcle nuaiberB to see If It apjaies 
elso to the rational maobere* 



16 



18 



X9' 



20 



21 



2 1 * '12 

5 + eqjaal to + 
5 TpTlFlStf 5 5 



(egual^ not equal) 



to Y 7 • 



ajhe wder of the addends in the sum of two rational 

numbers . give different results. 

^ (does^ does not) 



Ihe addition* of tvo rational numbers is independent 
of the ' in which they are added* 

Olhe two ^msHBB given in Frames 16 and 17 siiggest 
the conclusion that addition of ^ratioml numhers 
has the — ^ property. 

A finite number of exanrples » sufficient 

\ (is, is npt) 

to draw a genesral conclusion. 



is 



eq]ual 



does not 



order 



commutative 
is not 



^ A finite number of excoiiples can give an in1<ultive justification for a 
generalisation^ hut the following theorem and proof fuiiiish conclusive 
evidei&ce 'that the rational numbers axe cc^amutative' under addition. 



•22 



I heore m: 

r t t r ' r t 

s n ^ 7 ^ ^ ^^^^^ rational' numbers, 



s s s s^ 
Rroof : 



£ ^ * ^ ^ ^ by the definition of 
B s B \ 

rational numbers. 



of t 



addition 



235 ' 



23 



25 



r + t * *t + r 



^8 



since aWitlon of vMle nuitibers 



UlS « ^ + -by the definition of addition of 
s B 3 

nuraberB. 



* * " 1^ t t 3C* 

Therefore, r + r « r t T i^ ^ ^or 

^ ® ^ ® (trut^ not true) 



any pair of Rational numbers. 



qoranuxtative 



rationsuL 



t3rue 



- We have seen that the sum of two nunibers is independent of the order of 
the addends, for hoth rational numbers and whole numbers* Ihat is^ addition, 
in the set of rational numbers has the conaautative property* 

Let us see if the ^^esult of performing two or more successive additions is 
* independent of the order in which the additions BXe performed. 



26 
27 

29 



30 



31 



32 



7^7^ 7 



= 7 *7 JH • 



'7 + +7^ =7.*T' JTL * 

The thijee pxeceding frames seem to indicate that the 

sum of three rational numbers ^ independent 

^ (is, is not) 

of the order of performing the additions. 

* (S + I) + I « I + I by the definition of 
M < d ^ d d ^ 



addition of 



numbers « 



(a ^ b) . £ _ (a -t- b) -i- c 



by the definition of 



of rational numbers. 

d * d* . 

of ^ whole numbers . 



property 



7 



Is 



rational 



addition 



associative 



235 



• 236 



- a -t- (1> + o) V ^ Cb -f c) 



by "the definition of 



addition of 



numbers* 



a (t) + c) ^ a 
• d ,d . ' d * ^d * 
of of rational nunibers. 



^ . - i * * '^^'^^ definition 



R7T 



rational 



addition 



Olhe statement + ^) + ^ ^ ^ + ^ shows syiabolically that 
addition of i*ation^ numbers has ^ 



O (a) the closure property 



X3 (h) the connnutative property 



D (c) the associative property^* 



4» 



36(a) Incorrect • \tolle addition In the set of ratlonal 
numbers has the oLbsure property* the statement 
Is a symholic representation of the assocfati^e 
property* * 

36^!)) Incorrect. While, addition In the set of rational 
numtoers has the caramutative property^ the state- 
* ment is a symbolic representation of the* associa- 
tive property* 



36(q) Correct* The statement 



/a , b\ ^ c a , /h C\ 
id dl q M q 



indLcates that the resi:uLt of perfomlng two 
successive additions is Independent of their 
order* 



236 



20 



We have seen that the result of pei^orming tvo sudcesslve additions is 
independeixb of the order in which the additiO£U3 are pex^ormed. That ^is^ 
addition in the set of rational n\mbers ^as the associative propei:ty* It is 
possihle to verify that the result of performing any finite number of suc- 
aessive additions is independent of the order in vhich the addltior^ are 
performed^t 

' Zero is the identity dement for addition in the set of vhole numbers.. 
That is, 0 + n«n*itO = n for any irtiole number n* * 



\ ^7 



The set of rational numbers * have 

(does, does not) 

an identity element for addition. ^ 



does 



38 



The ide 



i|itity 
□ (a) i 



for addition in the set of rational nujoabers is: 



0(c) 2 



38(a) Incorrect. ^ does not represent a rational*%umhe^r.^ 



38(h) Correct, provided n is a counting number^ 
* Proceed to Frame 1^2. 

38(c) Incorrect. ^ does not represent a rational 
number. 



39 




0 , 

7= 7 . . , 


3 + 0 or 

» 


ho 




0 

9^9* 


5 + .0 or 


kl 


h 


2=7 if n = _^^ . 


h 












If 


^ y 0, - g + 2 = iLi-O "by the definition of 
of rational numljers. 


addition 
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23s 



Hence^ and p where b 0, is the 

il^dentlty f or ' of ratlozml numbers. 



addition 



1 



]*e have defined addition of fractions for the case where the dencinina- 
tors are the\eme* That is, . | J = ^ '- ^ ^ provided d ^ 0, If the 
denominatorB are not the same, ve use the idea of eqjaivalent fractions (as 

discussed in Chapter 19) to arrive at a suitable definition for addition of 

- » * I, ^ • ' ■ 

rational numbers.. \ * 



/ . - ^ 

The sum of and ,j is 



»^5 



V 



46 



□ (c) . 



r 





Correct, i 




lv5(b) 


Incorrect . 


1 ^ 1- / 1 + 1 

2 + 3/2 + 3" . • 


45(c) 


> 

Incoxrrect « 


i is^ the p3roduct (or ^he difference) 




of 1 and 


1 « ^ ^ 

— , not the sum. ^ ^ 






t 



c4 a a X d . ' c c Xb 
Sinc^ b ^ fxi. d = dlTb 

a . c a X d j_ 
b d * b X d 



b X d d X b 



(c X b) ' 



Since (1) X d) » (d X b), the fractions 



a X d , c X b ^ . 
de&oml)iatO}r.s « 



(the BBm^ different) 



i>8 



a X d ^ c X b (a X d) H> (c x b) 

b X d 



Aad 
definition 



b X d d X b 



by the 



rational numbers. 



k9 



50 



„ * *a c ( x ->)•»• ( X ) 
Hence, ^ + ^ - ^xd 



Thus S;1»I2X l^ {p X ) 



5i 



52 



3 7 



3 7 



21 



.53 



) ( 



3 X 7 



3*7'- • , 



the same 



addition 



(a X d)+ (b X c) 



7i 3 



(2 X 7)+ b X 3) 



Ik + 15 



29 
21 
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7 



20 



SChe sum of ^ and ^ is 



54(al Incoi^ect since ' j;^ + ^ ^ ^ ^ • 



5l»-(c) also is correct. 



•.-.Sil^lpl^.??.^^ since ^ + ^ 



(17 X 26) + (12 X $) ' 60 502 ' 251 X 2 2;^ 

* 12 X 26 " 312 312 " 156 X 2 " IS 



5i«-(lj) also is correct. 



v 



20-3* Subtraction of Rational Ntribers ' V . ^ ^ 

In the set of whole numbers, fiuhtracttlen may be drfined as foUoys*: 
Definition: a - c = n if and only if n + ^ = a. 



{ 



We vish to define subtraction in the set of rational nuaiberB in an 
analogous manner, as follows: 

^finition ; | - | = | :if and-only I + | = . 



•55 

-56 
57 



3 2 4 1^23 



9 9 



9 
n 



k 3 T " 
since 9 + 9 = 9* 



by the d( 



rational numbers. 




addition 



ERIC 



2i^0 



241 



58 



60 
61 

62 

6^ 

65 
66 

67 
68 
69 



TO 



n 



- n . c a. 4.v«_ c 



If n + c then n » a 



Thus, if ^> 4 s^'^, then n « a - 



if ^ ^ ^> then "5 ^5 ^ n Si a - c* 

Therefore, f - "5 ■ — — *" « 



5 5 



5 * 



a a a X d c X 
S " T> X d " d X b 



a X d c X b ^ ^a X d) - ( 
b X d "dxb" bxd 



£^ « „ ( ) - ( ) 
~ - " b X d • 



> ^ X 7) ( X 

5 " 7 ' 5 X 7- " 7x5 



X 7 3x5 28 - 
5x7" 7x5 " 35 



Hence 



28 ~ 15 
35 



15^ • f> 



1 1 3-2 

2 - 3 = = 



k 1 8-5 
5 " S.'' 10 



a 



a - c 



a - c 



(7 - h)} a 



(bXc) or <cxb) 



(axd) - (bXc) 



(3x5) or (5X3) 



15 



13 



1 



10 



2kl 



20-i>-. Properties ^ Sxbtractlon 



•72 



1 2 « 1 

^ M» MM S **** 



73 I BuV- (3 - 5) 



number « 



(does, does not) 



represent a vhole 



fk\ Hence, subtraction of rational numbers 

^ have the closure property^ 

(does, does not^ 



(3 - 5) . 

does not r ^ 

>» > 

dpQ^ not 



751 l-'i .A'h 



76 { Hence, the set of rational nunibers under the opera- 
tion of subtraction . CGmmuta-^ive, 

(is, is ijotj 



is not 



W 7V 7 7 7 



1 
7 



78 U,.r5.i,,r.f, 



7 ' * 
7 



79 Hence, . 2) - 1 ^ | - (| . |) and the rational 
nunibers ' have the associative property 

(do, do not) ♦ 

under the operation of subtraction . 



do not 



An 1 5 _ p ' 5 



^ ' 'b " h " h 



oo I 7 0 7-0 ^ _ 



S3 I s - h: = "^ 
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a? 



86 



87 



88 



89 



90 



91 



92 



93 



9^ 



„..95 



96 



,10 ^ 6 X 6 a6 6 



+ £) . £ ijy the definition of 

D D D D . . _ 



c^ c a + c c 
of rational numbei^* 



a •«•'*'<? ^£ (a + c) 
"b " to " "b 



W subtraction of 



(a + c) c • 



/a c 
Hence, . F ' ° ~ ' 



Sl3 13^ 




13 '^ir * 



- + + ^ V subtraction *of 

txumbers* 



a - c (a ^ c) 



of rational nuffibers. 



."by the definitio?i f<^r 



(a >• c) 4- e 

•b ' h 



Hence, (f " f - — * 
W 7^ 7 ~ 7 7 7 . 



20 



10 
13 



addition 



V rationaL< 



10 



rational 



addition 



9' 



243 
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Chapter 21 
MOnCCPiafCA'EION OF MTIOliAL HUMBERS 



21-1» Muatlpllcation of > Ratioi3aul Itoibers 

In the last^ chapter defined addition for rational nambers in a vay 
that used only properties of Trtiole nuiabers. We shoved that this ^addition has 
such properties as closin^^ comutativtty and associativity that are character- 
istlc of addition of 'v^ole numbers • We found that the binary operation addi- 

ion in the set of rational nunibers inyolves teOslng tvo numbers and aissoclating 
vith them a third number called their "sum," , 
Our tasks for multiplication of rational nuxabers are clearly of the same 
« sort« With each pair of rational nuaibers ve vant to associate % third number 
called their "products" Ve vant vays of dcdiag this that involve only pre- 
viously learned operations and concepts* We vould ;llke the properties of such 
multiplication to be* pretty imich the same as those of the now familiar multi- 
plication of vhole numbers* Furtheimore, in order to be consistent vith our 
efforts so far, ve vant to find physical models ^Ich ^Justify and give content 
to^ the procedures ve develop. ^ 

^ We define multiplication of rational nunibers as :forLovs: 



* « a c a c a »X c * * 
Definition : Given tvo rational nuntoers ^ and ^* 5hen ^ x ^ ^ ^"^^ ♦ 

This definition gives a computational procedure that - depends r only on 

* . s * a X c 
multiplication of \*iOle numbers; Aa with ^ole numbers, ve call ^ the 

product of the tvo factors ^ and ^• 



9t 



2 h 2x4 

3 7'3X7^, 



7 3 7 X3 



5^1* 5. X 1 



V 5 



. 6X5 



30 



21 



_8_ 

21 



(3 k 



(7 X 5) 



k "7 X 7 



k 0 k xo 
5 5 °J1<1 



0 V « Q x r 
5^5 3X.5 



28 
2? 



-2. 

15 



> The jf oUp-vdng frsaaes atten^jt W exhiMt some models Illustrating t¥e 
^rocluct of two rational numbers , ' , . 



8 



Consider tlpie figure "below. 31ie shaded re^gioti 'is a 
model for the rational nuaSber 




/ 



Compiaer the figure "below* The siwtded region is a 
model for the ratiohal nuinber * 



2 
3 



1 
2 



\ f 

\ 
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16 



is a inodel fox the ratip^^ nuniber ^^py'-r— x --r^ . 




11 



Consider the figure belov. The shielded reglon^^rep- 
reseijts the rational nuxaber ^ or ^ ^ X ~ — • 




12 



Consider the figvtJ^e helovv ''^The shaded region 
r^paresents the rational nuniber or 




5yi ♦ 



3 V 2 



20 



i 



21^7 



; ■< 
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21-2 « . 'Propertlee o f Multiplication of ' Rational Huntbera ^ . " • 

We ebouiamov check to see Aether or not multiplication of rational 
, jauniberB as Vei Jiave deHjmfl.;a^^^^^ characteristic of multiplica- 

tion of triable numhers." These properties are: (l) closurej (2) ccaanmutativlty; 
(3) asBociativltyj .multiplicative ic^entity. " 



Ik 



15 



16 



17 . 



18 



If. and t> "a3re whole number^p, *then (a X b) 
is a ^ nmnber* 



HeAce^ the set of *^ole nuinbers ie 
operation of loultlplloation^ 



under the 



If a, 



d ^ 0/ thexi 



lb,* c and d are whole nuniberBj b ^ 0 and 
a X c r 



h X d. 



a rational nimber* 
(is, is not) ^ 



.Since 



axe 



b X d 
rational number* 



S x^ 
b ^ d* 



then ^ X I 

D 0. 



(is-j is not) 



Thus, if b 1^ 0 and d 0, then f X | is always 
a rational number, and the set of rational numbers 
is under the operation of multiplication # 



whole 



closed 



is 



is 



closed- 



We have seen that the set of ratioiMil nunabers Ite closed under the opera- 
tion of mult ipli cat i<m* 

We now turn to another f^roperty of the ;Hrhole numbers to see %f it applies 
also to multiplication of rational nunibers. ^ 



.19 



20 



i X f eaual to f X - 

^ (is, is not; ^ r 



I X I is 
7. 3 



(eqMslj not eq,ual) 



to I x.f 



is 



equal 
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249 



2i9 



21 



22 



23 



2k 



Tb» order «of the factors in the p;rocluct of tvo 

rational nvoaibere ' give different 

(does, apes not) 

results* ^ 



The 'multiplication of tw ratioioal muaiberB is inde- 
pendent of the . in whidti they are wultii^liede 

The tvo eDMarples given in Fremes 19 and 20 suggest 
the conclusion that inultiplication of rational, numbers 
has th§' property* ^ 



A finite xmibeT of examples 



sufficient 



(is, is not} 



to draw a general conclusion* 



does not 



order 



corarautative 



is not 



A f UEfte number of exaiaples can gl^ an intuitive Justification for a 
generalization^ hut the following theoraa and proof furnish conclusive 
evidence that the rationea numbers are corarautative under xavd^tipli cation. 



25 



26 



27 



28 



Theory: 



a V V s / 
nuiDhers * * 



if 



r 

s 



and ^ are rational 



Proof ; 
^ * ■'^ 

V 



r X t 



s X V 
rationed, numbers* 



hy the definition of 



pt 



r X t _ t X r 
s X V ^ V X> 
numbers is 



since multiplication of vhole 



|-2L£ a« 1 X I Tby the definition of mltipli cation 
f X s V s . : ^ 



of 



numbers • 



Therefore, f x|-|xf is , ^ 

^ (true, not true) 
ar^y pair of rational numbers* 



for 



2 or) 



multiplication 



comnojttative 



rational 

true , 
I 

I 



We have seen that the product Jff ,tvo nunibers is independent of the order 
of the factory for hoth rational nunibers and •vdiole numbers.. That is, multi- 
plication in the set' of rational i»Jinbers has the comniutative property. 

Let us see if the result of performing tvo or inore successive multiplica- 
tions is independent of the oyder in which the multipltcations are performed. 



29. 



30 



31 



32 



33 



31^ 



35 



36 



'37 



38 



a!he three preceding ftrames seem to indicate that the 
product of three rational numbers 

{is^ is not J 

independent of the order of perfoiming the imltipli- 
cations • ^ . . 

^ 1^ ^ f ' [i x di ^ I ''^y definition of mul- 
tiplication of nomibers. 

of rational nuinbersa 



(a X c) X e 



(h X d) X f " h X (d X f ) ^^rthe 
of multiplication of whole numtoers* 



property 



X fc X e) 
X {d X f } 



.a 



h X ( d X f ) 
multiplication 6f 



^ (d X f j 



hy the definition of 
numbers • 



^ X ll^YT " f ^ ^1 ^'f ^ definition ^f 

of rational numbers. 



Therefore, (f X |) X f f x (4 ^ f 



21 



is 



rational 



multiplication 



associative 



rational 



multiplication 



251 

251 



39 



The 8tat€meiit f) ^ f * ^ f)* show sytabolicQlly that mLtl- 

pH cation of rational numtoers has 

D (a) the closure property ^ ' * 

* 

O (h) the commutative property* / \ 
O (g) the associative property 



39(a) Incorrect^ While multiplication in the set of rational 
louml^ers has the closiu'e property^ the statanent is a 
symholic representation of %e associative property* 

39(h) Incorrect. While raultipli cation in the set of rational 
ntnobers has l^e ccatomutative property^ l^e atat'ement is a 
sytabolic representation of the associative property* 

39(c) Correct. The stateoaent ^ 

^indicates that the result of/p^fOMiing two successiye 
multiplications is Independ^t of their ^rder* 



We have seen that the tes\ilt, of perfOMdng tvo successive raultipli cations 
is independoat of the order in 'vAiich the Wltipli cations are perfoiwied* ISiat 
is, multiplication in the set of rational numbers'^has the associative property. 
It is possible to verify^ that the result of perfoming any finite number of 
successive multiplications is independeat of the order in which tiie raultipll- 
cations are perf omed • 



One is the identity element for multiplication in the set of •whole numbers 
asiat is> 1 X n « n ¥ 1 « n for any whole number n^., - 



* 



M> I Ihe Identity f or .nultlpllcetlon in the set of rational xnsabers in 
repres^ted the fraction: " . 



21 



□ (af S 



□ (c) i 



^o(a) Incorrect. is the iden^itgr for additiorf^ 
not multiplication. 



ho{b) Correct^ provided n 0. Proceed to I^Sffljie 1^5* 

ho{e)' Correct, is another neane *.f or ~ . Seeftl^Oj["b) Mid 
proceed to Frame k^. 



kl 



h2 



^3 



1^6 



2 1 2X1 
-5 1 ~ 5 X 1 



2 ^ 2 1^ n J,*" ' 
5 c 10 5 



2^7 ll^ 2 , 

5X^ = ^ = ~ ^ere n = 



2 y n 2 X n 

5 n ~ 5 X n 5 ' 



l*x - = by definition 'of 

D*" n D A n 

rational nvmbers. 



of 



But equivalent to ^ • 

O A n 7. " T ' ■ \ D 

(is, is not) 



kl 
>8 



Hence, r X ^ = 
on 



J provided m 0* 



\ 



Since f ^ ^ * f 't*^^ idCTitity for 

rational nuDObexns is — « 

n X . 



of 



TtiB of rational numbers ^ have an. 

(does, does not) 

element vhich is the identity for multipli cation* * ' 



; 3 



mult iplica ti on 



multiplication 



does 
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Recall i^at Bwltipllcati|a:iB aistxibut^veWer addition in the set of 
■whole nuBibers. SQiat is, a x'tl) + c) -)(a X -b) + (a X c). 

Let -OB see if amltiplication iajdistrilsutive over addition in the set of 
ratioxwl auntbers* \ .. . . ... — 



51 



52 



53 



Theorem: 



if T and f are rational numbers • 
V d a 



Proof : • 

® X + I) » r X t '"by the definltian of 

b ^d d' b • d 

of rational numbers^ and d f Oe 



^ X ^ ^ l^"" by ljhe definition of 

l3 d D X CL 

of rational numbers # 



55 



56 



a -X (c je) (a X c) •«• (a X e) ^^'^^ 

. b X d( ' b X d ■ 

property* of multiplication over addition in the 

I set of vhole. numbers* 



(a X c) ^ (a X e) ^ j^Xgl ^ j^x^ ^ 

Ij X*d b X d 1).;X d 

definition of addition of . nvmibers. 



■b X d "b X d ^h d' • ^b d' 
definition of piltiplic|ition of numbera. 

■ : jf • 

Therefore, | X (f + 1) = (f X f ) + (f X f ) is 

for any three rational numbers* 

(true, not tx^e) • « 



Hence, in the set of rational numbers, multiplica- 
tion is *^ ovfer addition* 



1 



addition 



mcultipli cation 



distributive 



rational 



rational 



true 



distributive 



251 



25k 



21 



57 



58 



59 



60 



61 



5 '■ »g 6' ~ >5 •■ 2' " '5 

10 30 ^ 30 30 



3; 1 



2; 10 



3j 12 



9J 12 



A more general represeatatioja of the aiBtri"butive i^perty is the statement; 



fx(£.|)-(|x|).(fxf). 




8 



3j 18 



In thft set of whole numbers and rational numbers the identity element 
for fi\,dclltloA, denoted by 0, has the following multiplication property 
pXn«|iXO"0 fdr any ^ole number *n. 
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6k 



65 



66 



67 



68 



69 



7 2 7 X2 



I 



X 0' 



4.* 



I X I » .|-~| Ijy the definition of 



of 



national mnnibers. 



« § sincev a x 0 « 
b X n k 



Hence, f ^ ^ » ^ 0 aa3» the product of ^ and 
the identity for additioti in national numbers is 
equal to » f 



3^2 



|^-| ^ere n 



I 

0 



multipUcatiiMa 



n 



or 0 



70 



71 



72 



73 



75 



5^1 5X1 n 



a ^ Id a X b 
b a b 



X a n 1 ' 



The nxmibers r and ^ are jmatipllcatlve Invei^es 
D a . i 

(or reciprocals) since their product 1^ the identity 
element for • 



Ihe. reciprocal of ^ is the number 



7*f" 5he recj^protrai of ^ is 



\ 



The^, reciprocal of -jr is 



(a X h) or any 
couhtlng mmiber 



molt ipLL cation 



If 



2 
7 
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"Bie recipsrocal of ^ is 



The reciprocal of ^ is 



• 1 
. 3 



1 
5 



Dae reciprocal of 
' □ (a) is f 



Q . (Ij) is i 



Q (c) d(^s not exist. 



78(a) Incorrect. jX^-- not ~. See 78(g). - 

78(13) ' Incorrect. ^ does not i^epresent a rational nuniber. 
See 78(c). ■ , 



I 



78(c) Correct. The n\imber y' ^^s no reciprocal since it is 

impossible to find a number such that the product of this 
number and* ^ is the identity for Multiplication. 



257 



257 



CHftPTER 22 



.DIVISION OR BAmONAL MOMBEBS 



We have defined speclfi^eilly for rational numbers three of the four 
standard "binary operation^ on n"U«ibers. In each case we have observed that 
rational ncaabers certainly involve different situations than -whole ^numbers* 
That is, "addition" for -whole numbers is ty no means exactly the same as 
"addition" for ratiohal iwnibere, nor is ^'raaltipHcation" tor vhole numbei;? 
the same as "multiplicatipn" for rational numhers^ But the properties of the 
set of rational numbers -under' the operations of addition and mnltiplicati«a 
are the same as for the set 'of whole numhers. • • 

Ofeej^defind^tions of the operations have "been fflnmilated in sudi a way that 
» such standard properties commutativlty, associativity, distrl>utivity, and 
special properties of the identity elements foV' addition and multiplication 
still apply. 

The pattern we will follow in discussing "division" for rational numbers 
wiUL, by now, he a familiar one. As "before, we want to preserve, as far as 
•possible, the speci^J. definitions and properties that apply to division of 
whole numbers. Multiplication will come into the matter, as you would expect. 
These coneideration^^d us to a, definition of the operation of division of 
rational numbers • , 



^-1 Plvl8l<m of national Wumb^^rs 

The definition of division of whole numbers is *a + b = n if and only^ 
If a « b X ja. Thus, the" definition of division of rational numbers is : 

Definition : f f = f if and only if f - f X |. ^ 3^ ^ / 0, n 0. 



2 a. 2 „ 1 
-5*3" 2. 


2 2 
Rince ^ " 2 ^ 






6^3 2 
10^ 2 5 


3 2 
filnee * Xt^ « 


• 





1 

2 



10 
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as 



3 



o w 



is equal to: 
6 



20 



16 
30 



O (c) No correct answer given. 



3(a) 3tacorrect. You found the product of ^ aod 
Choose a different response. ' * * 



3(b) Coxxect. = ^ 



jiralT " 5 • See, 3(o). 



3(c) Incorrect • 3('b) is the correct reSpor^^ l>ut ±t Is 



l6 

rather aifftcult to axrive at . as 



thV 



quotiait 

^ *+ , Ihe following theoreju provides a convenient 
algorithm fbr finding a fraction vhich represents the 
quotient of two given rational xiimbets* 



Theorem: 



^ t^^f'f^f ' if h j^O, c/o and d)o. 



Proof: 



^ = ^ / siftce the tvo fractions 
identical. 



are^ are 



nbt) 



f " Ic X d] ^ t ^^^^^ |c Xd] ^^P^^^^^ the 
identity element for ^ 



a 
b 



^ X^ 

xTT 



by the 



of rational numbers « 



property of multi 



plication ^f ^ole numbers i 



§ = (|^ X |) X I by the definition^ of 
rational numbers • , 



of 



% ^ = I X (| X |) by ihe property of multi* 

plication of rational n\aabers» ^ 



are 




multipli cation 



commutative 



multiplication 



, associative 



ERLC 



26o \, 



22 



9 



10 



12 



13 



a c 



V-f^ ^f^ l^ lor the ^ 
miJLtiiaicatioaL of a^aitioMl nambers^ 



property of , 



a , c a*^ d 



^ *^ T • r hy the definition of division 
of \ ^ nimberst > > * , , _ 



18 
if..- 



9^9 9^5 



0^7 0^3 



IE.-* 



"2r 



T 



commutative 



rational 



8 



6 
2 



1^5 



fb:*operttes of Division of Rational Uumberg 



15 



16 



17 



l8 



19 



. 5 + 2 . a whole 'nmber« 

(Is^ is not) * 



The vhol^ nmhers ' closed under the 

(are J are mot) ^ 



operation of division** 



If h ^ b> o ^0, d ^ 0, then f f ^ f ^ 



as the result of a theorem. 



^ X ^ is durational nuOLblsri since multiplication 



of rational numbems has the 



property. 



Since r-Hhf-^x- and rX^ is a rational 
^ h d h c he 

number, a rational number* 

^ (is, is not) 



is not 



are not 



d 
c 



closure 



Is 



26l 
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21 

as 

4 

85 
26 



Ihiia, + T is '^Ivaya a rational nuwtoer if "b 0, 
c / 0. ana d jTo, and division of rational niattbers 
.hfis the V itroperty- 



Thus.' 5 ^ ^ / k'^i divlslcm of rational !\ 
« nuBft)era.''^oes not have tiie - . . property* 



V 



-1 



Erom'Trames 2h and 25, one tan^aay. t^hat division of^ ^ 
ra^tf^al numbers does* not have the property** 

. -a . . 1- ^ r— ^ — 



olosure 



5 . 



cofflttiatative 
2U 



18 



associative 



, Doeh" division in tlie^et of i^itiona} numbers distrilmte over ad^^^oa ^ 
frcffltthe r^ght lDiit*'not over addition fran the left?' ' ^• 



27 



Consider (| + |) | • 



28 



29 



' ^ / 30 
31 



32* 



Also, if (| + f ) + 1 is diatriliiutive, thaa 
(a) i^^ |)'^ I - (f * |) * ( * |) 




and 



Heace^ for tMs eoMfep^Le^ 



and division is ^ ^ oyer addition from i;he^x^t. 



If * division wei^e distri'butive over addition from, the 
l(Bfti then the resiJilt vouldihe as follows: 



120 90 
72 



72^ 



Since / , Frames 28 and 29 show^hat.in the 



20/210 
. *2 ^ 72 

set of ratiOTial numbers di-yi»»ion djoee not distriljute 

over addition from the « V » 

(left, right) , ' 

^ 1 . 



2 

6 ■■ ' > 
5 

X or I 



- + 1 y 



\ 



distrihu€lve . ' ? 

30 , > 



210 



left 



9 
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CHAMER 23 
DECIMALS 



In the^ last fev chaptera ve have considered the rational numbers named 
as fractions in the form . vith a a whole number and h a counting 
number, and we have, discussed ways of computl^ with such numbers^ chiefly 
by manipulation of their fractional forms ♦ ^ 

Anothe?^ common way of naming rational numbers, as you know, is by 
decimals^ sometimes called decimctl fractions . This ohapter considers this 
way of naming rational numbers, the operations using these nwerals, and the 
justification of "rules" that are commonly stated for doing such operations* 
Several issues rai§^«K% tViis way of writing numbers also are discussed, 

Pecimal i**actions force themselves oq the attentio|ji of youngsters very 

early beca^ of their use in^^ our monetary system. More important is tlie 

fact that the 'decimal notation is used in virtmlly all technical, scientific 

and business computing for both the English * system and Metric system of 

^measurements. And, as will be cliscus^ed in Chapter 3Pi decimals provide th« 

pnly convenient ^means we have of dealing with certain numbers that- cannot "be 

a . ' * 

named with a fraction in the form ^* 

* For the moment, however, we will regard our decimals as naming numbers 

which cooLd just as .well be named by whole- number^, fractions, or mixed 

numbers,. Most* of our discussion will deal .with ^'terminating decimals'' and 

their fraction equivalents, for example, ,7 = ^q/ -T^ ^ so on,. 

Wear the end of the chapter we will discuss some "Repeating decimals" and 

their fraction equivalents, for example, ^ ^ • 33333 • 



\ 



23-1. Introduction 
•1 



In 'the decimal .0132, the 3 represent^ . 
three of one, 

the" decimal .517, the • 5 represents five 
^ of one. 

In the decimal ,27, the 2 represents tT«o tenths 
or twenty s • 



thouijandths 



tenths 



hundredths 



lathe decimal .l^, the 5 irepresents five 
htandredthfif or five tenths of one » 

^ If you answered all four of the preceding 
frames correctly, proceed to Trme 2k. 



tenth 



T^&)llowing is a representation of the whole manber 3105. in 
eS^panjfed noja^tion; 

3105 = (3 X 1000) + (1 X 100) + (0 X 10) + (5 X 1) 

Figure 23,1 



8 



In the whole, number 3105^ the 3^ represents 

I 

three^^ and is in the thousands j^ace* 



In the whole number 31^^^ the 0 . represents 
tens and is in the tens place • 



In the whole number 3105 , the 5 represents 
five and is in the last or ones place. 

In the whole number 3105, the 1 is in the 
place* 



thousands 



zero 



ones 



hundreds 



In our base ten place inalue system each dj^t represents a certain number 
according to its jaace. The^ central idea of the base ten place value notation 
is that the value of each plaee immediately to the left of a given place is 
ten times the value of the given place, and the value of a place ImBiedlately 
to the rifi^t of a given place is one tenth the value of the given place* 



10 



In the whole number 37, the 3 is in the tens 
place and represents , ones* 

In the whole iuMjiber '105, *he 5 la in the on^s 
plaqe and represents five of ten. 



thirty or 
3 X 10 



tenths 
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11 



12 



13 



Ik 



In tbe whole number 312, the 1 xepresents 

>> 

one ten or one of one hundred. 

In the whole number 5203, the 2 represents 



tvo. 



In the whole number 5203, the 2 represents 
two tenthsf of one ; 

Thui^ in any whole number, 1 in the hundreds place 

may l?e thought of as of one thousands 



tenth 



hundreds 



thousand 



one tenth 



To make our place value system serve for naming ratiotial oiumhers as well 
as wfiole numbers, we simply extend this idea of place value by saying th^t 
there are places to the right of the ones jOLace and that the value attached 
to each will he, in vholS numbers, one tenth of the place, .iramediately to 
its left. • * ' ^ ' 



15 



The digit 1| is in the ones place in the following numbers ; 
QK) 3^0 0(b) 21^.6 □(c)30*i^^ □{d)0l^.3 



15(a) Incorrect. The 0 is in the ones place, while 
the k is ih the tens place. See 15(b) and | 
15(d)- 

15(b) Correct* The period or dot, called a decimal 

point, is used to indicate that the place on its 
immediate left is the ones p?.ace. 

15(c) Incorrect. The ones place is occupied by the ^0 
4 and the k is^in the tenths i)iace. See 15(b) ' 
and 15(d). 

15(d) Colrrect. The k is in the 6nes place. Note 

that the 3 is in the place designated as the 

tenths place. See 15(b)* 
— ^ 
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16 



17 
18 

19 

20 

21 

.22 

23 



In the decimal 3»^* t^e* ^ xiepreaeftts four 
tenths of the place on the *eft vldch is the 
place* ^ 

In the decimal 0.25> the 2 r^resents tvo 



The tenths place In the decimal 0.05 Is occupied* 
hy the digit 

In the decimal •32, the 2 represents tvo tenths 
of one • * 

Since X 1^ ^ ilo^ tenths of one tenth^ is 



.tvo 



Lus/ in the decimal .32, the 2 represents 
tvo ' * 



^^^""^ l50 ^ 10 " 1000 
vill he one 



one tenth of one hundredth 



Thus, the 3 ,in the decimdl 0.123 represents 



thousandths. 



ones 



tenths 



tenth 



hundredths 



hundredths 



thousandth 



three . 



25 
26 



100 ^ 100 100^ 10 100 



igure 23*2 




erJc - 



number sentence in Figure 23.2 vritten In 

lecitnal notation would be w 

I 

• 35 = .30 + .05 = .3 + . 



.52 = + '02 



(.7 + .03) + .002 = 



268 
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.05 

.5 or .50 
.732 



27^ 



??he declmai •SS i3 ^^eeid as fifty-three 



hundredt^ and 
hundredths , 



»72 would *be read, as 



29 



The n\iiiiber (^agjimndred six thousandths vould "be 
written as the decimal 



i 

Five hundredths would be written as the* decimal 



30 



31 



32 



The deciinal 2*01 is read as two and one hundredths* 

The decimal point Is represented hy the word 

in reading the decimal. ^ 

'J *^ — 

Twenty-one and sixteen ht^ndredths would he written 

as the ^decimal ♦ ^ 



In the diagram helow^^he letters tmder the dashes 
represent names of the place values in'^'the decimal > 
system of notation. Pill in the names of the ^/ 
place valines which are not already laheled. 



seventy -two 



i ^106 



•05 



and 



21.16 



JIT ytT T^T' 



(a) 



"TdT y^ ^TfT.. 



(b) tens 

(c) : 

(d) 



(e) hundredths ^ 

it) • 



hijuadreds 

* 

ones 
tenths 

thousandths 



Decimals can he expreseed In expanded nbtalTton in much the same way as 

' \ ' 

10' ' 100^ 



whole "numbers. For example, I.32 = (l x l) + (3 X .^r) + (2 X ~r). 
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*i3 



33 



3U 



• 35 



Wflte 10.3 in expanded notation. 
10.3 « 



The decimal .011^ written in expanded notation 
vould bet _. '•' 



(8 X 10) + (3 X 1) X (0 X^) + (1 X^) is 
the expanded notation for the decimal . 



(IXLO) + (o>a) 



^^^^ 



83.01 



36 Four hundred and four tenths, could be^ written as 

□ (b) uoo.i^ 

□ (c) (U X 100) + (0 X 10) + (0 X 1) + (1^ X ^) 

□ (d) {k X 10) + (0 X 1) + (1^ ^ ^) 



36(a) Incorr^f* Becall that the word "and" represents 
thcpdeciinal point in reading a decimal* See 
36(b) and 36(c), 

36(b) Correct • This is the decimal form for the 
number* See 36(c)* 

36(c) Correct • This is the expanded notation form 
for the number* See 36(b)* 

36(d) Incorrect. Recall that the word 'Wd" represents 
" the decimal point in reading a decimal. See 
" ^^(b) aid 36(c). . ' 
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37 



38 



39 



ko 



hi 



k2 



She decimal .3 J^epreseata or « 



the deciioal .3 represents or ♦ 

![he decimal .3 la the same a^s three hundred | 
thousandths witten as the deciml 



Thus, ,3 ^ ^ equal ,300. 

(does, does not) 



In a given decimal, the af jHLxing of zeros to the 

right of the last digit on the right 

(?does, does not) 

change the val\:ie of the given decimal. 



The decimal .172000 



(does, does not) 



equal .172. 



J*ius, the deletion of one or^more successive ^ zeros 
from the right end of a decimal 
affect its value. 



(will, vill not) 



30 



300 



.300, 
does 



does not 



does 



vill not 



»' Sixice it is possible to affix or delete zeros at the right end of a 
decimfiuL, it is possible to represent any pair of decimals so that they* both 
have the same number of decimal places to the right of the decimal point*** . 





The two decimals ^213 and 


.17 


expressed** as 






thousandths would be .213 


and 








respectively. 










The two decimal^ .098 and 
ten thousandths would be 










1*3 


expressed as 
and 




> 


respectively. \ 1 . 









.170 



.0980 J 1,3000 



\ 
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The f&ct that any pair of deci^& c«a "be expressed so that each has the 
same number of decimal places to the right of the decimal point may "be used 
to compare the two decHnals. 



h6 



hi 



.32 and .27 are read as thirty-two hundredths 
and twenty-seven hundredths respectively* 

> ,27 since the two declmls are expressed 
in the same parts of the has^ unit^ namely 
liundredths^ BxiA for the number of parts, 
32 ' 27* 



.182 >^030 sinc4 the parts of the basic \mit 
are and l82 > 30. 



thousandths 



lv8 



To compare ^12 and 
probably be: 

□ (a) tenths 

□(b) hundredths 



.138, the parts of the basic unit would 



O (.c) thousandths 

Q (d) ten thousand-^s 



1^8(a) Incorrect. .12 and .l^Q do not differ in the 

tehijhs place which gives no basis for com- 
> parison* See 1^8(c), 

A8(b) Incorrect, ^.12 and a38 do differ in the 

hundredths place which might affoird a basis for 
comparison, but additional explanation would be 
required. See ^8(c). 

kBio) Correct. ,12 ^ .120 and .120 < .138 since 
120 < 138. The decimals are expressed in the 
same parts ^Q^f the basic unit, namely thousandths • 

lv8(4) . maorrect. .12 = .1200 and .138 = .138O and 
1380 > 1200. A comparison can be made using ten 
thousandths. However, it is not economical in 
that it involves affixing more seros than are 
necessary. See i^8(c). 



272 



k9 



50 



»Chua/ .32 ^ .315 since 320 > 315. 

(<, «, » 



X 



,09 ^_ .101 since 



< 101. 



\ 

> 



<i 90 



!Po tell whether one of a pair of decimls *^less than^^^ ^•equivalent to,** 
or greater than" the other, each is expressed in terms of the same part of 
the basic unit, Then,^ the order is determined by the number of . parts 
expressed as whole numbers. 



' 23-ll* Operations Using Iteclmals 

\* - \ ' ; . - ■ \ / ^, 

Eadh time ve have Introduced a new set of nmhers, or a' new way of 

wlting familiar^numbers, we have developed ways of dealing with equivjalence, 

leas than or greater than relations, and we have defined ways of doing 

standard operationis. ©iuivalence and order for decimals have just beela 

dealt with* * ; 

To begin a dlspussion of operations, let us ^mind ouraelves thatlany 



such discussions should^ provide both conceptt^l models for the process \at 
hand and efficient ^comptftatitmal procedures. The conceptual aspect of the 
. Cfperations us^g terminating dec^imals can be very quickly disposed of by 
• i^emairking that since they are only di:fferent ways of writing rational numbers, 
. .exact;Ly the same mod.els that were used for ft^actions suffice to give meaning 
to the operations with decimals. Itoat is to say that for |ach such decimal 
used in an operation there is an exactly equivalent fraction of the form ^, 
where b is some power of 10, so that using these equivalent fractions, 
the models and concepts previously discussed *will apply. For that matter, 
any operation could be done merely by changing the decimals to fractions and 
using the cot!5)Utatlona:|^procedm'^s al3:*eady discussed. It is convenient^ 
however^ to have ways of dealing directly: with decimals via the u^ual 
. operations* . ^ . . . . . 

We cannot dispose of these computational procedures very easily. Although 
we have fairly -simple rules of thumb to tell us how to getanswers, these 
ru^es are seldom we^S" understood arjd are often incorrectly aH?lied» This is 
especially true for the 'operation of division. 
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In the follovdJig sub-program® of this chapter we consider addition, 
subtraction, mdtiplication and division on decimals* In most cases the 
procedure amounts to first a comcputaticm with vhole numbers, then some rule 
to place properly the decimal point in the ansver. 



51 

53 
5lv 



23.051 + 3.10721^= 

.031^ " .oomh = 

12 .1 X . 043 . .- 
.01021^ + .128 = 



126.15821 

i 

.02^486 

.5203 

.08^ 



55 



t.U + (3-x .08)] + 2.3 = 
Q (a) 2 

O (>)) .438 approximately 
□ (c) ,2 



55(a) 


Incorrect. [.1^ + (3 X •02)1 2*3 = 






(♦U + .06) + 2.3 = M ^ 2.3 = -2. 






Continue to Frame 56. 




55(b) 


Incorrect. See 55(^)» 

i * 




55(c) 


t 

Correct. If you answered Frames 51, 52> 53 




and 5U Gor^jCctly, go to Frame 122^ 






If you missed any of the preceding frames. 






proceed to Frame 5^. 






23-3. Addition of Decimals 
56- 



57 



.32 + .15 =^ + 3_oo 



^^^t + 1^ = 100 



15 



2nk 



N 



58. 
59 
/ 60 
6i 
62 

63 
, 6k 

65 

es 

67 
68 
69 
70 
71 
72 

73 



Hence^ .32 + .15 * 



,033 + .59 - igs^-^OoT 

m|ATi^ > 33 , 4* > 2S9. — ■■■ ■ ■ ■ > ■■ , > >»■■ 
1000 1000 1000 * 



Aad, decimal form is 

Hence J .033 + ,^f^ 



(s.*- .79) * .115 - H. H- 

for n « . 



n 



^ innn. ' ^ nnnn looo 



1000 ' 1000 



2830 11^ _ 

• ' 1000 1000 



Olhus, (2,0U + .79) + .^115 as a decimal is 



,035 + ♦117 as a fraction is ^ if n = 



TaxiBj .035 + .117 as a decimal is 




.0072 + .015 fraction is 



Thus, .0072 + .015 as a decimal is 



.23 expressed in a decimaj, representing 
thoussajdths would be ^ . ' • 

.3 expressed ina decimal representing thousandths 
would be ■-. » 
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M 
590 
•623 
.623 
.623 

' 1000- 

115 

,f 

2911.5 

2.9l^5. 
. 1000 

.152 



10000 
.0222 



.230 



.300 



23 



T 



Ik 



75 



Then, the 's\m of .23 and .3 expi?essed in 
thousandths wotQ.d "be i* . 



7 



And. the sum of .23 and .3 expresa|^*in 
hundredths would Tje 



.530 



.53 



(1.1^3 + .23) + .0079 = 1 • 


P (a) 1.6679 ' ' . ' 

• * 




Q(cX 1.66790 ; ^ 






T6(a) Correct* 76(c). also is correct* f 






76(1^) Incorrect. In tljils example, the decimals, XA3 \ 






and' »23 must be changed to agree in the*nwber 






of decimal places vith ^0079* ; 'I ^ 






For examj)le: * , 






(1.4300 + •2300) 4 .0079 « l*6^9f ^ : 






RetuAi to Frame 56 gind continue* i;herefrom/' 






76(c) CoJSrect. 76(a)\also is' correct. 


* 







76 



Summary 

To add tvo or more decimals, annex zeros. on the right of those decimals 
for vhich it i^.necessaiy so that all of them have the same number of decimal 
places to the fight of the decimal point. Disregard the' decimal points and. 
proceed as in addition of vhole numbers. * Then place the decimal point so 
that the resulting sum has the same number of decimal places as each o3 the 
addends. > . • , , . • * 



23-U, Subtraction of Decimals 
77 



•78 



.35 - .15 = 3^ 100 



Then, 



35 15 

100 ** 100 " 100 



1* 



15 



20 
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79 
80 

82 



86 
« 

% 

88 

,89 



90 



91 



-»9e 



93, 



91* 



• .1 - »■ ^ 

An4, im-deeimal form is * *> • ^ 



. f 100 

Hience, • - .15 = \ 

# - •^^s ^looo" * 

1000 1000 ^ 100?) - ' • 



■^■'^ in decimal forru is 



1600 

Heiipe, .39Q - .033 « 



(2.0H --^79) - .115 - - 222) . US 

n n ^ 



n . 



Then. 



- .gpt^O «• 796 ^ 115 _ fgpll-O - 790) - •■ 
' 1000» " " inon ~ innn 



^* XOOO 



1000 



iOOO 



1000 



^ISam^ {2.0k - ^19\^ .115 a« a deciniia Is 



* ' fip 

.117 ^ ^035 as a fraction is — ^ ^ 



, !rh\»^ ,117 - as *a, decimal is 



.015 -'^0072 *as a fraction is 



Thtis^^ Ibl5 « ^0072 as a decimal is/ » . 



•5; expressed jtlSi a decimal representing thotusandths 
woyld "be * ^ ^ - . * 



^•32'*. expressed in a decimal i^preaenting thousandths 
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•20 



.2£ 



V 



33 • • 

357 : 
-.357 , 
-.357 

r - ; 

iboo • ; 
115 
1135 
1.1'35 

A 

.082 



' 10000 



.0078 



.500 



'.320 ( - 



X. 



95 



96 



97 



Then, the difference .5 -.32 expres^ in ' 
•fahouBBUdtha vould Tae ^ ' ^ 

And, the <Lifference ,5 - expressed in 
hundxfedths WQtild "be 

! • ' - \ 



.18 



(1.1^3 - .23) - .0079 ^ ' 
. OCa) 1.1921 

Q (,c) 1.19210 



97(a) Correct. 97tc) also is correct, 
. • ■ , • V • 

^(b) Incorrect, In the exi%wpl9> 1^^® decimals l.lv3 
and .23 raoBt be chM^Ufcfco agree in number 

. • . of decimal places ij^h' .0079^ 
For example: . . « _^ 
{l.lv300 - .2300) - .0079 = 1.1921 i 
Rettmi to Pranae 77 and continue therefrom. 

'97(0.) Gorrect. 97(a) also is correct. 



Summary* . • « ^ ^ 

•To sulxteract two giTren decimals) annex zeros on the right of those 
decimals fpr whitih it is necessaiy so that all of them have the same number 
Of decimal places \o the right of the decimal point. I)isregard the decimal 

* ;^ints and proceed as in subtraction of whole numbers. Then place the 

* decimal ;QOint so the resulting difference has the same number o^ decimal ^ . 
places as each of the gi'tren decimals. - ^ . ^ 

■ , To use subtrafction wlth^three or teore deciraals,*the order of performing 
the subtractions must be indicated since rational numbers are not associative 
under the operation of ^subtraction. „ " •« - . • 



23-5» McOtt-pilcatlon bf Pecimals 



9^ 
99 
100 

* ' 

101 

loe 

103 

105 
106 
107 
108 
109 



.5 X .35 « 



10 100 



aO ^ IQO IQOO ^ 



And, decimal fom is 



,03 yoiTo - 3^ X 



Tlo.&a, 



And, 



100 1000 100000 * 



ISO 
100000 



In decimal form Is 



Hence/. ,03 X,^o4o 



(,2 X .03) X ;25 « (^if T^) i<' 



V'' 



10 # lOO' 
6 



100 



10 100' 100 1000 . 100 100000 • 



And • 

100000 



In deblmal foana Is 



Hence, (.2 X ,03) X .25 = 
'4. 



279* 



277 



110 



<.25 X .03) Xi;0 = 
0(a) 750. 
□ Cb) 75.000 , 

J 

O (c) ,00750"^ 
D (d) ^ .0750 



110(a) 3jicorrfect. See llOCc) then return tp Frame 98* 

llO(lt)) ;[i^correct» See llO(c) then retura to Frame 98. 

110(c) ^ Correct.' (25 X 3) X 10 » 750 and there are 
(2»+ 2) 4^ 1 decitnal places in the product. 
Hence, (.25 X .Q3) X 1.0 - ;00750, 

110(d) -tocorrect. See lio(c) .then return to Frame 98. 



Summaxy ^ * • . * • 

» To multiply two or more decimls, disregard the decimal^ point in each 
of the factors, H;hen ig:*oceed a^ in raultipllcatlon of vhole numbers. 
Determine the number of deci]|al plac^ in each ftictor, «jad the siaa of %hene 
.numbers, then trlace the decimal point so that %he product has this many 

decimal places. ^ ^ ^ ^ * * 

\f there are not^exiough digits in the product to accomodate the required 

number of decimal places, .supply zeros hetveen the decimal point and \eft 

digit of thfe*who^e numher produet. , * . ^ , * ^ 



23-6. Division of Decimals ^ . ^ * ^ ^ * \ ^ 

Definition: a + h =.;n if and only if * a = h > n where a, b ^hd n 

belonft to the san^ set of n\mber^ an^ h is not. the' additive 
idetrtity. . * • 

The above definition iB generally the 'Jine.used for^vision»wlth a set 
of nunfl3ers» Just as it is vused In division of whole- nuiSbers and' Rational 
numbers* it vill b^nised in division of decimals • 



23 



111 
112 
113 
aii^ 
.115 
ii6 

117 
nB 

119 

120 



,015 = .03 X 



IHfUBf ,035 + .03 » n if n = _ 
.032 = .08 X 



'fhus, »032«+ ."08 a n if n = _ 

.^50 = ,5 X 

j 

lus', .1^50 + .5 = n if II = _^ 



+ .5 = n if n - 
.18 +. 6. = n if ri = _ 



1.0 + 2 = n if n = 



A. 

.90 
.90 
♦ 9 
.03 



1.5 + 2 = 

□ (a) 7.5 ' 



Q4^) .75 



0 (c) .075 



120(a) . Incorrect. 2X7.5^15.0 not 1.5. If you > 
replace 1,5 with I.50, ~^en 2 X .75 = L^O 
arid .75 is the correct response^ 

120(d) Correct. 1,5 2 = 1.50*+ 2 f •75, since 
2 X .75 = 1*50 1*5* * • 

* * * - * ' ^ ' ^ ' ■ ^ ' 

laoCc) Incorrect. 2 X .075 « ^150 not' 1.5. If yo^ 

• replace 1.5 vith .^X.50^ then 2 x .75 1*50 . 
fiuad .75 is the"* correct response # 



ERIC 



28l 



270: 



23 



121 



1,50 + ,(X& » 

. M 75 



(b) 750 



(c) ..750 



121(a) Incorirec-^, .002 X 75 = .150 not I.56. 
See 12l(-b), ' . 

12l(-b) Correct. I.50 + .002 « I.50O + .002 - 750, 
! } fr.' since .oce^x750 = I.500 1.5Q. " 

121(c) Incorrect. ".002 X .750'= .OOI5OO not I.50. 
See 121(15). ' ■ , 



In the preceding frames the technique of finding the missiftg factor was 
used tQ obtain 1itie quotient^ of two deciinals. Since the same definition 
dlvilsion is lised for Voth whole nvmibera and deciiaalS| whole immber division 
may he u^ed as a pkrt of % different technique for division of decimals. 

In \his technique we disregard the ^eeimal point and proceed as In 
whole'' nv«aitbe!c divisioqi. V ^ 



1 



122 



123 



121*' 



disregarding the'deciinal point, the division 

• . • «. 

» ^ 

» . 50 / 2, "00 gives the vhole nvraiber j 

" •■• ■ '. ^ 

Disregarding the decimal point, $he division 

• O3 / 6 gives the Vhol e numhe^ ^ . , * 

Disregarding Wie decimal .point, the dinrision 

* - * * - *\ 

^ 50 y ;030o " gl>es the wliple numb^ 



After perf ormiSig the whole OLliraber diyision^ the next 'step is to place # 
properly the decimal p6int in the whole nxmber quo^Sf ent to ohtaln the 
quotient of the two decimals* * ^ 

In multiplication of a pair of ^decimals, the nimiber of decimal places 
in the* product Is equal to the sum of the numbers of decijnal places In the 
two' factors, * > - * ! 



\ 



23 



ajhe divisor and quotient correspond to the two factors Hfpfcatijaication. 
(ChUB, the number of deciirwil places in tfiie dividend itfust equal the sum of the 
number of decimal places in' the# divisor and the quotient. 



125 



For .5 / .oeo the decimal quotient would T^ei*^ 
^0(a),4 DCh) -it Die) .Ok □(d).OOl^ 



125(a) Incorrect. The numher of decimal places in this 
^ ^ response is . 0* The numher of decimal places in 
the divisor .5 is 1^ hut 0 + 1 5^ 3^ the 
number of de^m^l places in the dividend .080. 

• • 1 • ' • • • ' 

125(h) Incorrect. OSie number of decimal places in this 
response is 1. The numher of decimal places in 
the divisor .5 * is . 1^ 1 3^ ?^ 3j the 

.number of decimal places in the dividend ,020. 

125(c) Correct. The numher of decimal' ^Ijaces in this 

response is 2. The nuiaber of decimal places in 
the divisor ^^.5 is 1, 'and 2 + 1 3^ the 
4. number of decimal places in the dividend .020* 

125(d) Incorrect. The number of decimal places i*n this 

* - -A* 

response is ^ 3^. The naimher ^of decimal places in 
the divisor ...5 is ly hut 3 +xl ^ 3/ the 
* number of deci^l plaqes in-the dividend .020^. 



Using the pripciple that the sum of the number of decimal places in 
the divisor and the* quotient equals the numher of decimal places in the 
dividend, place properly the. decimal point in the quotient for eacK o^^the 
following! 



23 



I2d 



129 



.8 /tW 



5. 



.05. 



SometlmeB a dec3!|p{. division arLses in vhlch vhole nvuniber division is 
iiBEPOSsibie without some adjustment in the dividend. For example, in .3 + 6, 
3 is not divisible "by 6 in vhole nuinibers. However, .3 « .30. and. 30 
Is dlvlsihle hy 6 In whole numbers.' Thvis, we adjvist the dividend by 
affixing zeros^on the right so that whole number division is possible. 



130 



Before the division 50 /* 2 cwj-ire performed using whole nuidbers^ 
the dividend 2 would probably \be expressed as: 

□ (aX. 2* ' □ 2.0 D (c) 2.00 □ (d) ^,000 



130(a)^ Incorrect* In whole p^umb^^ 2 is not 
* X^ivisible by •50. 

130(b) incorrect* ^ti whole 'numbers 20 is not ^ 
divisible-^by •*50, 



130(e) eorrect.- In vTftole; numbers 200 is divisible 
*by 50, 

130(d) Incorrect* In whole numbers altholigh 2000 
is divisible by 5O thl6 is dealing with a 
larger number than necessary ar\d probably 
...^^ would not be the ^ne used* See 130(0). 



\ 



131 



132 



Before whole number division can be used, in 

the dividend *0h^ Should be expressed as • 

In the division 30 / the dividendL .1*5' 

should be expre«sed as . before whole number 
divisi^ can be used* 



,01^0 



1.50 



.ERIC 



Othet decimeQ. division probleiD^^ arise in which the number of defcimal^* 
places in thst dividend Is less than the number of dec|imal places in the 



divisor. In**hese cases, it is impossible to find euf whole number \rtiic^ when 



2&k 



2S2 



5a 



added to the number of decimal places in the divisor , will fi;ive the number 
• of decimal places in the .dividend* * * * , ' 

These cases require the same type of ^adjustment as those in which 
\rhole number division is not possible* J . *. 



. tL33 



V : ^ 



lii, the division •0005 / ♦15 vhich of ^;he following repre«en1^tions 
of the .divijiend should be used in order to plaice properly *the 
decimal-point in the quotient: (Read all fo\xr responses*)* 

□ .(a) ^15 ("b) .150 ' Q (cy a500 ^ d (d) •15Q00 



133(a) Incorrect, There are k decimal places in the 

divisor but only 2 decimal places in the* r^ponse 
• * M5. Since there is no whole number which whep 
added to k ^^s "2^ an adjustment in the 
dividerid is necessary, ^ 



133(1>) 



1^ 4ec±mal placed in the 
decimal places in the ^ ' 
Since there is no whole number 



3^ BXi adjustment 



Incorrect: There are 
divisor but 'only 3 
/ response •I50* 

which when, added- ;to k gives 
in the dividend is necessa,xy, * 

133(ci) Correct* There Are* k decimal places* in the 
divisor md k decimal places in t^e response 
.1500. "And there is a whole n^^Dber^ namely 
• which when ^dded to k gives" the number 
of decimal place'fe in the dividend adjusted to 
.1500* ^ 



0. ^ 



13l(d^ 



Correct. OSiere are \ decimal places in the^ 
divisor euid. 5 decimal places in the response 
* 15000. And there is a whole number^ 1, 
which when added to ^ k gives 5* the number 
of decimal places to thj^^dividend adjus^fied 
to ,15000*»- 



•A 
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285 



^3 , ^ 



9 



135 
136 



Place properly thp decimal point in the quotient : 



Place properly the decimal poiiit in the quotient: j 



.075 / 2.25 



Place properly the decimal point in the quotient; 



.0012 /TTB" 



20. , 

30. 



4000* 



13? 



©le quotient for .0025 / •! is: 
□ (a) k d i^) ho 



D (c) .1^ 



137 (su) Incorrect, \tfou did not place pi-pperly the 
decimal point. Return to I!rame I30 and the 
discussion preceding itj then continue 
therefrom. ^ 

137(h) Correct. Two zeros must h$ affixed to the ^ ^ * 
dividend to affect vhole number division;' 
But at least three z%ro8 rauust he affixed so ^ 
that the number of decimal places in the dividend 
i« at least the nmber of decimal places 
in the divisor* ^ ^ 

137(c) Incorrect. You did not place properly the 
decimal point. Return to Frame 130 and the 
discussion preceding It; then continue 
therefrom. * * 



23. 



138 



Find the quotienii ip) 3*5 / sCTT • 
□ (a) ^-2- " DX^) 2 



a (e) -02 



138(a) liicorrect*; 'Tou did not ^d^Jusji tie dividWd so 

that whole nWber division vas possible* . Ret\irn 
to the^Bcusslon preceding Frame I30 and 

, . continue therefrom* 



Incorre^tt. You did ad;Just the dividend so that 
vhole number^ division vas possible, but you did 
not place properly the decinal point. Return to, 
Frame i30 and the disc\;^sion preceding it.* 



138(c) Correct. Proceed to next frame. 



f- — r 



* 139' 


. 11.27 +; .00S3 = 


IkO 


.0595 + 3.5 = 


Ihl 








,lU2 


+. .2050 « 



20700. 
ii^o. 



From the chapters on division of vholet nviaibers, recall that the pumber 
sentence a'^ (d x q) + r yafe used to express the division" n + d. Also, 
recall the techniques used in division of ^ole numbers. 



iU3 

llOk 

IU5 
146 



Ik 

_|800_ 



8k2 

lk2 
IhO 



remainder = 2 



50 



A 



(quotient) 



Thus, the above division written as a number sentence 

i*s 36i^2^» (U n - : ' ) + J . . 



ERJC 



2&I * 
t 



235: 



200 

700 

10 

910 



910; 2 



23 



vill use the same technique in di"vlslon of decimals. We also will 
use the sane method to 'liaee imiperly the decimal point in the quotient. 

i f - " ■ 



lk9 

150 

151 
152 

153 
15U 



155 



23 / .3358 



\ 



.1058 
.0^0 
.0138 



remainder = 



:oioo 



.0005 



(quotient) 



ft 



O^LUsy the ahove division written as a numiber 
sentence is .3358 = (23 ) + 

In the following division, properly place all 
decimal points: " 



.31 / 15.593 
1^ ^00 



00 093 
00 , 09 3, . . 



500 



503 



Thus, the '.division '.written as a number sentence 
is 15.593 = (.31 X ^ ) + • 



,2^00 
.OOi^O 
.0115 

.oopi 



.011^6J 0 



.31/15.593 



15.500 


50.0 


00.093 




00.093 




0 


50.3 



?o,3; 0 



Often in phy«iry^ situaticMis ve vish to determine a quotient having a ^ 
prescribed number of significant digits • 

In the following division, we want to find- a quotient of 2 significant 
digits: 



256 



.'288 



.156 

^157 

058 
159 

160 



.386 

remainder ' 



.10 
-OS" 

(quotient) , 



.210 

.168 *. 
.008 J .3,9 

.19 J .008 

23-7,, caianging Fraction Ifennes to Decitnal Ifetmes ' " ^ 

KecaU from Chapter 9 tliat a division represented in the fom V 
, n « {d X qt) + r is in T^eat l^na provided 0 < r < d. UmBp In vholfe nmbejr 
division, the set of possible reminders for division by any non-^^&pa vhole 
^ number d Is ■ {0, 1, 2, 3, (d - l)} If the dJViBlon is in %e3t. form," 



aams, the aboTe'**division written as a nvauber 
sentence is .SSfi =. (1^.2* X J + . 



l6l 



.1^ 



163 



iSxyket of possilile remainders f oi" '"best f oiii" 
ilKision by 3 vould* "be f ) . ' . 



{0, 1, 2, 3, hi, U2) would-be the set of 
possible remainders for division by _^ . 

The set of possible remainders for division by -a 

given non-zero whole number is ^^^^ ^ 

^ (finite^ infinifbe) 



set eaaea.;to 
this oneT 



^3 



finite 



InS^hole number division, vheia the division is in "best fonAj" the 
operation 'is completed. For exanrple: " ' ' ^ 





3..rr" 






6 


2 




" , , , 1- 


2 




and 7 = (3 X,2) + 1 



♦. V 289 



ERIC 



257 



23 



L 



However, "by walJag dectaals th^ save |jrol>Xem cocdd ejjqpressed . 



6.0 



V: 



1.0 



, .1 



2.3 ^ 



and 7 « (3, X 2»3) + .1 



165 



1 ,a 1.0 

■ ■ .1 ^-^P 




2. 



A 



-03 J 



2.33 



In^ame X6k, ^he set of poss^lale iPemlnders 16 
{0,T!^) or each of the' rotaalnAers w*ll correspond 
to the pbssible reinaliwier . /> » ' I . 



166 If tire division In Frame l€k. is continued^ the next 
reinalndCTvjproduced will correspond to the remainder 



16? 



168 



ne3lrb digit in the quotienl^vill correspond ta 



If the division process is ..continued, the digits in 
the quotient vllf c<Sat±niie to Ije ^ 



6. 
.3 

MO 

.01 

2.33 



I 



« 3«s 



290 



.0 



23 



169 



The reason- that the digits in the*quotieni repeat or are periodic 

is: V ^ ' ■ ^ . ' ■ 

Q (a) !Ihe niSiber of ^possible rexnainders isi finite, 

Q ("b) single possible remainder occurs more than once* 

Q (c) The quotient repeats l^ecause th§ remainder repeats;. 



All responses' are correct and are^ basically equivalent • 



170 



171 



172 



173 



Any ratione^l number vhlch has a repeating decimal 
expiansioii is » 

The decimal .31^50 can be considered to be 

'repeating "by adding ^» 

* 

If .33 = .13131313 thgi .2x3213213... 



periodic 



zeros 



,213 



Since in •US the parts r^at^ tiie number is periodic and^ 
the period is: ,1 . 

Q (a) one 

Q (b) two , 
□ (c) three * ' ' 



lT3(a) Incorrect, The 'period is determined "by the 
number of digits in the repeating portion. 

173(1>) Incorrect. See 173(a). 

173(c) x:5rrect. See 173(a)* 



.291 



"0 ■ 
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V 



171^ 



'■ '" '■ ' ' II ^... . Il- M l-llll.... ny i t p. H -l.-l . — ll 

Xhe fraction ^ represented as a repeating decimal is:, « 



• 99 /IbTo V 



, ^ * 3.1 = 3*10 

same possible remainder" .13 = ..130 



.1 



:o3 



.001 



same" possible remainder _ _ • ..03^^ 
□ (aO .13 ' .1313 • 0'(,b) .131 



iT'i-Ca) Correct, When the 13 appears Wlde^ period 
and periodicity are determined, 

17^^) Gorregt* The 13 appears* tvice before the 
31 appears tvice and response 17l^(a) is 
preferred. * 

I7l4-(c) Incorrect* The next digit is a three. 



We have seen how to find hy division the decimal e^qpanslon of a ^ven 
rational number* Bat^ suppose we have the opposite sitiiation^ that is^ we 
are given a periodic decimal. Does suc^ a decimal rei)resent a rational 
number?* The answer is that li\does^ and we show this in the following 
paragraphs. The demonsliratio/ is a hit tricky^ however^ and imjiSlves some 
algebraic techniques that njay not be familiar* * * * 

The problen^ may be approached by considering aji .example. ^ Let us write 
the number 0.12U2it ... and name it n so that n ^ 0,2?. The periodic 
block of digits is 24. If we multiply by l6o. we obtain the relation: 

100 X n ^ 100 X .21^21^24 ... ^ 2k.2^2k ... . » 



Then, since 
*and 

subtracting yields 
BO that 

or^ In simplest form 



100 X n = 2it»242l^ ... 
n ^ 0.2421^ 
99 x n ^ Sji* 

99 
8 



n - 



n = 



33 • 



29s 



. * I * 

We find by this proceBS ^hat JoJ^ = — • i 

* * r ^ • .p. 

lEhe example above illustrtites. a^*general procedure developed by tnathe-* 

waticians foreshowing that ajay Deriodlc decimal represents a rational niMober, 

We see, therefore, that there is a one-to-one corresTOrtdence between the set 

2l rational nmfters and th^ set of T>eriodic* decimals . It vould be possible 

then for us to define the. rational numbers as numbers represented by all 
^ * ♦ 

such periodic decimals. ' • ^ • ; * 

Now a questi<»i naturally arises about n^tti-periodlc decimals^ What are ^ 

theyt Certainly not rational nxunbers. Ihe fact that such non-^riodic 

decimals exist should suggest that there itre numbers which are not rational 

* ^. ■« ^ » * 

numbers. Thes4 non-rational numbers are.csdled irratiohal and will be , 

discussed, in Chapter 30# , 

Computa€!C^ ifith non-terminating decimals presents many problln^, as 
can easily be verified by Jcttempting to find the product 
(.333 X .2727 .,0 . ^ . 



V. 




V 



, CHAPTER 21* 
RATIO, RATE, PERCEHtr 



2l*-3y ComparinR Sel^s 



: Jn the study of : whole "n^rjl^ers and of rations^- numhers, one usualJjr 
cons^-ders a physlfeai sltiiatlon, first J-Ooklng at its characteristic quatlties^ 
and properties. Firota this look at the physical world, orte tries to extrs^ 
thg^.ideas anST -properties of nm'bers which are hasic to \he study of -m4the- 
matics* . * 

The way in vhi$h certain sets of oh Jects are alike wak used to develop r 
jthe conceit whole nuAbers. A set of 5 apples and a. set oi* 5 letters 
of the' alphabet can he put in afone- to-one correspondence* These sets have 



something^ in common. Ihe f undataental property of interest i^'" that of 
flveness ^ .denoteg^hy the nimeral By considering joins of sets and ^arrays 

^ ^, of sets, physical models for the ideas pf addition and^ multiplication were 



exhibited, 

\ 



Consider the following sets: 



Set A 



Set A 



Set B. 



{does, does not) 



Set B 



' have more elements than 



Compare the number 6f Elements iA Set A with the 
\^ber of Set B in Frame !• One may say that 

Set A ha^f*' 

, elements • 



elements and Set B has 



Also, compare the nuiqber of elements in -fehe sets by 
saying Set A has ^ ^ more element than Set^B. 



does 



h', 3 



one 1>r 1 



/ 
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900 

A* x> *v 



Set A has been compared with Set B hy 
(division, subtraction) \ ^ 




Alsa, compare Set A with Set B-hy stating the 
relation as elements to ( elements/ 



To (lompare Set A with Set B \y division one cpuld 

write - elements -i- elements • (in 

application, whep, these elements are of the same 
units, 'the name may be omitted*) 



Now com'par^ Set B- to SeV A by division. 



•1- 



When set^j^re CQ(pi)ared by divisicani the word 

L 



xian be. used for the symbol 



Set C 



Set D 



T6 compare Set C with Set D lay subtraction one writes 



- 2 = 



This means thAt Set C has - more elements 

•than Set D. . 

To 'compare Set* ^ with Set D by division, one 
writes » ^ 



This <neans Set 0 has 
as Set Di. 



times as 'many elements 



subtraction 



3 

hi r 



3 + k 



to 



6 - 
k 



6 + 2 = 3' 
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293 



r 



13 



15 



16 



17 



18 



19 



20 



21 



Thus?, one can contpare the number of elements in 
Set C ^ 
' either 



Set C with the number t>f elements in Set B "by 



or 



by writing 



to 2* 



3 ^ ^ means the.^atal As 



to 



and either eocpression is called a ratio > ' 

The •ratio 6 to 5 can be written as 6 + 5 
and the ratio 5 to 6 can be written as 



6 + 5 also may be written as a fraction 
5*+ 6 ^written as a fraction is 



5\ 



Write 6 + 5 using the word "to*" 



The colon : may be used instead of the word 
"to." Thus 6 : 5 can be written as 



pxpressj 



Ixpressions using one an4 only one of the symbols 



V 



or the word "to" are called 



Match 'the eq[t&il ratios by placing the numeral in 
the blank corresponding to the letter of the 
i>ndlcated ratio* 



(a) 5 : 8 
(h) 3 to 1 
.(c) 1 to 3 



(1) | 

(2) 5 to 8' 

(3) 'f 



(a) 
(h) 
(c) 



ik subtraction^ 
division 



« Since the word "to" can be*uSe4 for the division * 
symbol^ the number of elements in Set C may be 
compared with the number of elements in Set D 



^ 3 to U 



5 + 6 
4* 



6 to 5 



6 to 5 



ratios 




(2) 
(3) 
(1) 
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2^-2. Ratio and ProT)oTtion 

Often ratlos-are^ugei f^-aescribe the same basic property that jan 
element of one" set corresponds to ia* certain number of elements of a second 



set. 



22 



.23 



21^. 



* 25 



26 



27 



Let A. represent a set of apples and let C 
represent a set of cents. If one apple costs 
h cents, then 2 apples vill cost 8 cents. 
If the ratio pf ^the nuntoer of cents in C to 
the number of apples in A represents the 
amount of money you pay for the number of 
apples in A, and further if the number in C 
is* \ and the number in A -is 1^ then the 
ratio of -the number in C ^ to the number in A 
is and this correspond^ to the cost of 



an apple. 



2 elements, of Set A would correspond to 
elements of Set C. 



Then^ > : 1 = 8 : »_ 



Or, this can be yi'itten In fractional form 
as ^ = • . * ' 



Becall ffom Chapter •19'that two rational numbers 
I and . I are equal if a x d = c X b. We 
oonclude that ^ = 1 Ux2 = lX 



We can state then that if two ratios are 



they will f orfa a proiaorbion . 



U to 1 



8 



8 
2 



8 



equal 
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Which of the following ratios is equal to ^' ? 

^ ' Q(c) 6 +'9 

• 0(a) 3 h 



DM I 



28(a) 


'4 

Incorrect 


^ is not equal to ^ since 


3 X 3 ^ X 




Correct * | 


; = ^ since 3 x 12 = k x 9* 




28(c) 


Incorrect. 


f ?^ 9 since 3 X 9 ^ X 6, 




28(d) 


Correct • ^ 
same things 


■ = 3 ^ - since^ ^ and 3 ^ li- 
23(bl also is co3rrect. 


me£tn the 



Express 2 : 8 = : IjS in fractional form: 



2 *!• 

In the .proportion ^ = product (2 x 16*) 
representing (a X d) is \^ 



In the proportion ^ ^ the product (8 x 1|-) 
representing (h X<j) is * 



Thus, a X d = b X c since 32 5= 32, and we 

2 k 

conclude that the ratios ^*and -jg 



2 k 

Th^ statement ^5 = 3^ is called a 



Consider the proportion 



a c 



3 . If afiy three of 



the fdur elements a, |^ are %iven, one can 



find the fourth, element, li 
3 X 12 = X k. 



12^ 



then 



Th\)fs, 



= 1^ X c* 
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2 k 

B = IS- 



32 



32 



equal 



proportion 



36 




If 2 a]ppXes cost 9 cents ^ :^^w many ^apples 
can be T^ou^t for 36 pents?/ Using fractions, 
this proportion can be written as s 

^ cerits 



2 apples ^ n apples 
And^ n = - > 



If 20 peopife can be. s.erved with '8 pounds \of 
bee f^ how^ much ^beef will be needed to serve jgO 

people? This^ c^ be written by writing equal 

20 people 
ratios — i r .. ! l^^ 



8 , pounds ^ n pounds 



mien, 20 X n ^ 



Acid^ 20^. X n 



X 30, 



!flius, n 



3^ cents 

I. ^ 

2 X 36 or 72 

8^ - - ' 



30 pepple 
8 

24o ■ 



12 



> I ' ' ' ^ ' ' J 

If a man can walk^ 3 miles in one hou^, h<|w long win it take him 

to wSlk 1^ miles if "he does not stop? 

□ (a) ' 3 hours 

□ (b) ^ hours * 



Q(c) ^ hours 
Q(a) 30 hours 



U(a) incorrect. ?( . '^'^^ 3" >< 3 1 x 10, 

kk{h) Incorrect. ^ ^ 



10 mi. 



sitKie 3 X -ei- ^ 1 x 10* 



hkio) Correct* ^ 



10 
10 mi. 



Since 3 = 1 X 10. 



hkU) Incorrect. f§: since 3 x 30^' 1 x 10. 



600 



2k 



2H!-3. Percent 



A special kind of r^itio of rate is t"hat of percent. Here 100- is 
always the basis for comparison. In fact^ percent means "per ljunAred."*Thus 
' S5 percent nteans 25 per hundred. When written as a ratio, this would he 
25 * 100 or *or ^25, It may again be written as ^ or as ;g or as 

0^1^^ other fr&ction equi-v^alent to ^. Prom this »we see that percent can be 
treated as a special type of ratio whi<th can be ^converted to equivalent ^ 
fractional forms or to equivalent forms. 



Definition : In general^ any number ^ can be expressed as a percent by 

c 

100^" 



finding the* number c such that f- 
V . b 



By studying this pattem^ we see that if . any two of the three numbers 
b £ ;?F^ given^ we can find the third, . 



1^6 



hi 



\ 



it8 



1^9 

' 50 



■6 is n = 



percent of 8 since 



6. 

B = 100" 



n 



20 percent of 50 is n = 



IjO is 10 percent of n = 



'^0 6 
Given: = — 



. n 20 

^^'^'^^ 50^100' 



ho 10 

^^"^^ T^ioo- 



= Eien 6 is ^ percent of 30. 



11 ™. 
Given: ^ = ^^qq** Then 



is kk percent of 2^. 



-Given 



: ^ = -jH. Then 50 is 125 percent of 



75 



10 



.1*00 



30 



11 



40 
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^CHAPOER 2^ 
CONGRUEarcES AND SIMILARITIES 



25*'1% * Congruence ^ , * 

Congruence may be defined as follows: 

Definition: Two geometric figures i^ich have the same sike and shape 
* are said tp be congruent , ^ 

This is not a technical definition of congruence^* hut it t^lls \is what ve ' 
need to know at this time. * 

Congruence of line segments and congruence of angles were introduced in 
Chapter 15* In this chaptet the notion ox congruence of line segments and 
of- angles is extended to congruence of triangles,^ * * 



Congruence of segments and congruenc^ of angles 

be determined by direct comparisons * 
(cftn^ cannot) ^ ' * ^ 

of their repre«enta/tions., \ ' * : 

* * 

Congruence of any two plane figures ^ b^ 

(can J cannpt) 

determined by direct comparisons of their representations. 



itcl 



All radii of a given circle ^ congruent,. 

(are, are not) 



In the two circles below, * OP = QR. 





Using a r^f^sentation of circle demonstrate 

that circle 0 ts cong3ruent to circle Q* *From 

this and siinilar^ exercises one observes that two 

circles * 

are not) 



are, 
congruent * 



. congruent if their radii T^e 



can 



cap 



are 



are 
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Consider the recl^angles 



ngles b^low: ^ 7 





yse the represantwtlon method, tb select the corxect^tatemen^s^'' 

O (») IT^ro rectangles lare congruent If tjielr bases are 

cqngruent, - . . ^ 

□ Twa rediangles ar%i co^Jjruent ir^thelr Imses and 
^ angles are -respecti^ly congruent, 

O (c) Two rectangles are congruent If their bases, angles^ 
heights -are* respeqtively congruent, / 

i O (^) Two rectangles fce congruent if their bases and ^ 

heights- are respectively congruent, . ^ \ 



5(a) Incorrect* AD ^ PS, X^t . rectfiOlgie ABCD^ is 
jot conj^ruent ibro rectitngle PQES* . >\ 

5(b) Incorrect, p S and.^ /A = /?, 
• \/C = /R>.^ JP ^ /S., but^ectangle ABCD is 
not congruent to rectanH^ \I*QPS, * ^ 

5(o)' Correct, See also 5(^)« 



5(d) ' Correct.^ Hotit^e that th^e* tv6 conditions are 

ail that Is necessary because all x^pctangles, by 
deifinltlon/ Have congruent (right) angles. 



.J 



« 9 



-er|c 



Given the following tongaruent triajtglea: 




C D 





Usicig'the ?ei)resentati6n method, select the correct i-esponses ^ 



AC = a)P; /a 3 

□ (b) m ^ s.^ij 



■ • ' CB -s raj /c s /i. - 



6(a)^ Corr^i^. 



6(h)* Correct. 



6(c) Incorrept. AB ^ GH, CB 5? IH, ^A ^ /g, " /C.J^ ^I* ' 
Uo^e that GI, hut AC 3 3ro is preferal^le, so 

that matching parts are mentioned in corresponding^ . 
orde». . . * 





6{d) Correct* 



8 
9 



In Frame 6 the pairs of congruent sid^s and 
aneles are called corregpondlng pairs of sides 
and ■ in A ABC." and AbeF. 



AB Stnd DE are 



sides or s-egtaents. 



^ to /F. 



angles • 



corresjm^iJ'^ 
corresponds 



P16usi*ble Statement; 



If tvo triangles are congruent, thep the three sides 
of* one are congruent respectively to the, three sides 
of tWfe other and the three anglefr of o^l^are congruenH; 
respectively to the three angles of th$ other. 



10 



ai 



12 



13 



11^ 



If fell Six pairs of corresponding sides and 
eagles of tvo triangles are congruent, then the 
triangles are 

- If the thre^ sides of one triangle are congruent 
to the t)ireje _ sides of another tri^thgle, 

then the triangles are congruent 

. If ong kn6ws only that the three angles of one 
tri^gle are congruent to the three corresponding 
angles #>f another triangle., he has no way of knowing 
whether or not the triangles are • 

If two angles and the side which lies between them 

of one triangle are congruent to the two^ 

^Ig^es and the 'side which, lies between them "bf 
another triangle, then the two triangles are 
congruent. . 

If two sides and the angle which lies between them 
of one triangle* are congruent to' the corresponding ^ 

two sides and the which lies between tjiem 

of another triangle, then the two triangles are* 
cijngruent. • " ' , » * 
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congruent 



orresponding 




correspond jUag 



angl? 



• 15 If one knows that tvo pairs of sides and one pair 
of angles of tvq triangles are CQagruent| then 
he' has no way of knowing vhether or noJg|^he 
triangles are . * 



coiigruent 



25-3. SiTtdlarity, of Trl&n^les . ^ 

SliDilarity may he defined as' follow : * ' v ^ * V * ' 

Definition ; Two 'geometric figures which have the same shape but not 
necessarily, the same size are said toLhe similar ^ 

As in the definition of congruence, "this is not. a complete .technical defini 
tion, hut it tells us what we need to Imow at this time. 



16 



17 



X8 



19 



5f three angles of pne triangle are congruent 
respectively to three an^es •of another triangle, 

then the two triangles _ necessarily 

congruent. • (^^^e, are not) 



However, they do haye the same shape even ♦though 
they* do :not have the same 

Two triangles which h^ve three angles of one 
congruent to three of the other are similar • 



Ttie statement in Frame I8 * true for the 

two ^rfectangles V^ow. . (is, 1« not) 



are. not 



size^ 



angles 



is not" 
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3.03 . 



20 



Given the tvo siTnilar triangles below; 





Th6 tjeasures (length? of their sides, are: 
^ m(AB) = 12 ; m<BC) =6 

Choose the correct responses: 



Ta(AC) = 9 ^ 
m(A»C») = 3 



0(a) 


m{M) : m(A»B») = 


18 : 1^ 


= 3 t 1 


□ (^) 


m(ic) : to(B-»C») « 


6:2 


= 3:1 


acc) 


m(AC) m(A»c7) = 


9 : 3 


= 3:1 

* * 


□ (d) 


The measures of the corresponding sides of these 
tvo similar triangles have the same .ratios. 



All responses are cgrrect, 



Mathematicians have, found that the properties demonstrated ^f^^^^ 30 
hold for Sill tvo sirailar.triangles. , Thus, -if two triangles are similar, 
then the measures of their corresponding sides alw^s have the , same ratio.' 
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Consider the following pairs of similar polygons: 





.1. * 






In each pair the uieasTires of the 



sides 



have the same ratio. This generalises for similar 
polygms. That is, if tvo poj^goni^re similar^ 
then the measu3j^fes of their corresponding sides 
always have the same ratio. 



\ 



corresponding 
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CHAPOER 26 



SOLID KEGURBS 



In Chapter Ik simple closed eurviss and in particular tri;amgles, 
rectangles^ pentagons, and circles ^re introduced^ The set of points 

. insid^ a plane curve' is the* inferior region of *the curve. Simple closed 
curves of the plfihe are. called two-dimensional figures • Figures vhich can 

' not he contained in a plane ajre '^Hree^^dimensional figures, \jpolid figures 
are three-tLimensional* . As vith plane curves', the emphasis vill he on the 

♦ simple closed gurfttce of the solid figiws. ^ r * . 

26-1, Rrramids • 

A pyramid is an example* of a simp le closed surface , it Is made up of 
triangular regions and a polygonal region, th'e ^pdlygonal ^^on forming the 
base# " . •> - 



; 



To illustrate tlje houndar^/of the hase ^ a 
pyramid, use a triangle wxich is a simple closed 
plane- . ♦ 



In order to construct the three*-dimensional 
figure called 4 pyramid, select a-p^»nt not^ in 
the " of the hase. 



Lel^ triangle ABC he the hase and 131 a poirit^ 
in the plane of the triangle. ^ 




A 



curve or polyi 



plane 



not 
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r ' one of the problems- assocUted with -solid figures or simple closed 
* su^faces is that of dravi?ig^a pidture'in th^ plane tq represent them. One 
learns to do this hy carefully **drawing -and visxjalizing the results. The 
Gdnst/uction of three-dimensional models' of g^oitetric solids viU h*e wist 
helpful at this point.* ^ / . . ■ ] 



A I Refer .to the fig^ire of Frame/3. Join *lie ^int Dj^ 

I and the vertice^s of the triangle f(^aAng^X ^ 

"' segments/ , and ^ ^^,calle^*dgei.'^ |.^ADjBDj"CD 

See the figure l)elow* ^ \ ' 




c ■ 



• 5 



ThQ sides of * the base alsd are 
pyramid* 



the 



The -point D "is called a vertex of the pyramid. 
Point A also is 6i ^ f * ^ 



( Two other vertices -of the pyramid are 



and 



8 j The triangular region hounded by the 



ABD 



is called a lateral face of the pyramid^ 



Otiher lateral 



are the triangular regions 



hounded hy triangle H3D and triangle ACD. 



edges. 



IT 

B 

triangle 



ftices 
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V.*- 



10 



The 



of a pyramid lOB^y he any polygonal 



region ^udh as -the pentagon ABODE in the 
flgv^ "belbw*. Tl^is pyrami<a is called* a 
yentagonal pyrAmld, 



< 



11 

/ 



12 



13 



15 




Tlie lateral faces of a . jj/rscndd with a pentagonal 

Ijase are. Ibhe. regions and their "boundaries 

sharing the vertex F* 

The lateral faces of any pyramid are alway^ 



lEhe hsTse of a jpyraiaid can he any plane 



A ijyramld is named hy the polygon forming the 
hasej hence, a pyramid vith a triangular^ hase is 
called a - . pyramids 

\pyTamld whose^hase is a quadrangle (quadrilatel^al) 
region is called a . pyramid. ^ 



hase 



X 



f 

triangular 



triangular 
* regions 



polygonal 
.region 



ta^iangular 



quadrangular 
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•16 



18 



.The parramld ia a- simple closed surfiace made x^-of 
the union t)f all points in, the "base and the, ^ 



Bie interior of the simple jJlbsed surface is 

the set of points "bounded Tsjr the and the 

lateral faces. * , . ' 

The union of the set o£ points of a sinrple closed 

.surface and the set of points in its is 

called a solid region . 



laterad faces 



3ise 



interior 



& 



The Krramid has "been" introduced *as an illustration of a simple closed • 
surface . A solid region ^consistfc of a simple closed surface and the set of ^ : 
points interior to thej surf ace . ]Lt is conmon p^ctice to use the word 
xyrfemld to mean the solid region. This, however, is not mathematically 
correct. ♦ * • " . . » , 



26-2. Prisms 
19 



I 



20 



The] pQrramid h«is one 



for its base. 



The prism^ another slirrple closed surftice, has two 

hoth of whjJth are congment polygonal 

■ II- ^ 

regiqns. See the figure helow. 




IS^lygonal region 



bases 



3n 



26 



In addition to the bases being 



polygonal 



regions I their corresponding, edges most be parallels 

A lateral ftice of a prism is the region bqt^ded by 
the parallelogram formed by ^adjacent pairs ' of ^ ^ 
''corresponding ^ pa the bases ♦ / : r 

OSie surface of an ordinary closed box is an examj^lT 
of a ; 

The top and bottom of the box represent the 
The sides of the box are the . 



The base of a J>ri6m Is also a 



The , intersection of tvo lateral faces is a 



The e^ge formed by two lateral ffeices is a 



i^l lateral edges of a prism are 
each other. • 



to 



Since the lateral edges are parallel and* tho^ 
corresponding edges of the bj^se also are ' > 
the lateral ffeices of a . ^ are parallelogram 
regions • ' 

■ ■• • V 

If the lateral faces of a prism are all rectanguicJr 
regions, the latei^ edges foim right angles vlth 
the bases and the prism is called a prism. 



congruent 



vertices 
prism 

m 

A 

bases 

'lateral faces 



face 



lateral edge 

lateral edge 
parallel' 



parallel 
prism 



right 



ai5 



310 



26 



Definition; 



33 



3U 



35 



36 



The prism ^ls a simple closed suinFace consisting of the sets of *, 
points "bounded "by two » congruent* polygonal regions (the leases 
which lie in parallel planes plus their boundaries) together 
with -the sets oif points hounde^, "by paralij-elogram regions "(the 
lateral faces) which are determined by the corresponding sides 
of the bases. Ttie 3.ine segments joining corresponding vertices 
of the bases ate the lateral edges • 



As^'wltli pyramids, a' prism is named by the kind of 
polygon forming the 



Consider the pri§m below. This prism is a 
prism^ since its ^)ases are 




The bases ''l^ the triangular 'prism in Frame 33 
are the triangular regions ^ and 



"i^e lateral edge containing the point B is 



The lateral face containing points B and C 
is the region BGC*B», 



Be 



triangular J 

triangular 
regions 



ABCj A^B^C^ 



parallelogram 
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39 



» in 

1*2 



'Another .lateral ftice containing the j^int B 

The closed laox^ used as €uribcara;]^le^ of a prism^ 
ip called a qu^rangular prism feince its bases 
are > . ' regionSt * 

The special quadrangular ^prlsm for vhiclPL each ^ 
base and lateral face is a squaie region Is^called 
a . 



' BB'AU ' 



Uhree edges of a pilsm meet in a 
the vertex* \ ' 



called 



Each end^int of an edge* of a prism is a 



Each vertex of a prism is the endpoint of t^ree 



quadrilateral 



c\d>e 



, point 



vertex^ 



edges 



In the foregoing sub-program, the prism as a simple closed surface was 
considered* The concepts of Interior and solid region were Ignored, having 
the same definitions as those presented for pyrai^ids. 



a6 



26-3. cylinders ♦ • 

A simple closed surface similar to the prism may be constructed Ijy using 
two simple closed ijigions as the bases* Such a surface is called a cylinder . 



VIn the "figure Taelow, the 
are "^Jircvilar regions. 



1^5 



he 



of the cylinder* 




/ 



As vith prisms^ the bases of the cylinder must 
be congruent- and must be in * ' ' planes* 

The' line segtients APJ, HBt", et cetera/ of the 
^ in Rrame ^^3 are called elements and . a 
Join corresponding points in the bases, 

It 

If the elements of a cylinder^ make right angles 
iXth the planes of the bases, the cylinder is 
called a cylinder, ^ 



bases 



parallel 



cylinder 



right 
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1*7 ©le figure "belov yepyesebts a* cylinder^ jaince the 
bases are ^ closed a^eji^ons iri parallel ■ • 

planes. " 




1*^8 I Hpt only are the l)ases pajrallel^ ^ut In any 

cylinder, the are, parallel to each other 

\^ a3ie pri6m is a special casei of *a - slnee 

the bases are parallel ^ijeafiid bqanded^hy congrueJitv 
simple closed cu3rves (polygonal regions) e£d 
.the sides can he considered as mad^ of parallel 
segments • 



50 



51 



A ^ Juice can is a representation of a right 
» cylinder. ^ 



V 



A sArdine can frequently is shaped so 'that it 



repi^sents a 



which is not circular. 
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26**4* Cones 



In the preceding section 1* wa5 pointed out that the prism is' a special 

case of a 
eonqideredt. 



cylindey^ In th: 



this section a generalization of -the pyramid is 



53 



5^ 



55 



A pyramid is determined 1:^ a polygonal region and 
a not in the plane of the polygon, * 

A bone can he considered as the simple closed 
surface deteimtned by a pimple closed region and a* 

^ not in the plane of the cone* ^^^e the 

figure below. ^ V . ' ^ 




The simple closed region determines the 
.Qf th$ e>6ne* ^ 



As with the "cylinder, there me^ be no faces* 
" Hovever^v^line segments joining the point (a 



vertex) to the curve are the 



of the Qone< 



poin^ 



point 



i 



base 



elements 
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57 



58 
59 

60 



aihe point used for determining the cone, is called 

the as it for jpurranddB • 

» . * ^ ^1 

5jhe* elem«its of cone are line segmaats dravn 
from the to points on the simple closed 

cnrvB determining the hasev 

A cone witK^a circular hase is called a 

cone* ^ 

The taiion of the feets of points making the ^' 
of the cone forms the lateral surface of 1^he cone. 



If a; cone is cut hetween the veirtex and the^hase 
hy a plane pfii'allel to the* base, the section made 
vill he a ' \ ^* 



vertex 
vertex 
circular 
elements 



simple closed 
curve 



The ' foregoing two sections have heen devoted to dylladers and cones • A 
cylinder is like a prism in tlat it has tw congruent bases in parallel 
planes. The bases of cylinders may be deteimined by circles/ but they can 
be determined by other simple closed curves. In a similar manner^ pyramids; 
and cones are compared. < * 



^ Spheres 

In this section another simple close^l suirface called the sphere Is 
considered* It differs from those surfaces previous3y discussed in that it 
has no line segments on it. ' 



V 
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63 



6U 



65 



66 



A hollow rubber ball is a representation of the 
simple cJ^ed sm^ace called a ♦ ' See the 

below* ite 



sphere 




Hi # 



. To every sphelfe there is an interior point called 
the - * 

If 0 is the center of a sphere, and A and B 
are any two points pnVhe * j then OA = OB. 



line segments from the 
called radii of the sphere • 



to the sphere are 



In a sphere, all 



are congruent. 



A line segment joining^ two points on a sphere and 

, passing throu^ its center is called a^d 

of the sphere. 



center 



sphere 



center 



radii 
diameter 
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69 
70 

n 

*T2 



73 



7^ 



75 



76 



'. 77 



bsub th?9 length of two radii. - 

A plane^^contalnljag the center of a sphere 
intersects the sphere In a great circle « . The 
radius of the great circle 

(is, is not) 

congruent to the radius 0$ the fiphere. ' 



^IChe earth*s surface almost represferi^s a 
The equator of the earth represents ^ * 



Thte north s^d south poles are endpoints of a 



' of* the earth* 



1^ line^of longitude on the earth is of a 

^ ; vhich passes through the north and 

south poles, 

A line segment can ineet (intersect) the sphere* 
in at iiiDSt points. 

The longest line segment separating all palra of 
points on a sphere is the > and passes 

thro^h the of the sphere* 

The lines of latitude on the earth ^s surface are 

^ formed hy intersecting the agphere 1^/ a 

^ 

plane parallel to the plane of the equator/ 

!Ehe circles giving the line^ of latitude have 

radii - ^ "the 

(greater than^ congruent toj less than) 

radii of a great circle and are called smsLLl circles * 



Olhe radius of a great circle is 
the radlUQ, of a small circle^ 



diameter 



is 



spheire 



grfeat circle 



diameter 



great circle 



two 



diameter 
center 



circles 



less than 



greater than 
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In the Xo3regoing progi^m l^ve different siiaple closed surfades haire been 
considered* ©lere are many more^ ]ii nuatheinatics, a siinple closed surf&ce 
is considered as the set of points on the houndaiy* ^Since the surface is 
closed^ it has a well-defined interior. ^Rie union of the points* on the 
simple closed surface e^d the points interior to it f ooti a >solid region. 
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CHAMER 27 * 
MEASURE OF AEEAS ' 



' ^ Introduction 



Ttie measure of ^reas involves plane regions > Kecall that a plane region 
is the union of the set of points op siir5)le closed curve and the set of • 
interior points. Examples are the plane regions of triangles^ rectangles,, 
polygons, circles,' and simple closed curves in general. See i?gure 27»1 * 
helow. 




Figure 27*1 

^ Although the words triangle, circle, parallelogram and the l^lke properly 
refer to the set of points of the bomdary, they are used in' this chapter to 
represent the corresponding closed region^* 
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There are iBaisy features of'* measurement of areas 'analogous ,to measure^ 
ment of line segments and angles as discussed in Chapter l6^ Pdr example, ijk 
comparing 'line segmeflis one says that the first is less than, is con^uent to^ 
or is greater than the\econd. To obtain more pr^pise results a unit repre- 
sented by 1 is selected and applied to the line segment* Ijy a proces| of 
counting one arrives at a measure of the line segment in terms of tkLs unit* 

' The unit itself is arbitraiy, but in practice certain standard units ^ 
have be^ adopted for ^^urposes of understandable communication^ ^ 



Comparisons of Begions 



Given tK<5 pairs, of figures "below. 






Compare ty tracing one on transparent paper and 
plapinr t^e tracing over the other. The figures » 
in each pair are • 

♦ 

By the same procedure, Compare one of the squares 
vith«one of the circles^ The area of .the circular 
region is than the area of the square region* 



congruent 



greater 
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Place the rectangle on the triangle as j^dicated 
helov% V ^ 




V 



Oife concludes that the area of the rectangular 

region is 

(larger than, less thsn^ equal to) 

area of the triaxiigular re^pn* 



327 



Consider the circle and the rectangle below. 





jag erne of 



Blacing c^lte of thede 
figures on the other 
as indicated the 
dotted line in {c), 
can One conclude that 







N 




'(c) 


^ \ 


i 






1 






1 

















































□ l^(a) (a) is greater than (»t 

□ U(b) ("b) is greater than (a)? - 

f. 

O l^(c) (a)* is the same size as, (h)? 



The answer to all' of these qtuestions is BO i&lnce the 
area of the sqixare ,and the area of the cix^le are 
approximalsely the same. Analogous situations o<$ftur 
whenever one conrpares areas hounded by \mlike cur^ced 
boundaries. 



l!his sub-prog:^am has indicated that plane regions ftay be compared as to 
size- or area In a laanner analogous to the coia^riaon of len^hs of, line 
segments* However, the comparison is more complicated , in that it may be 
ing)0ssible to determine which area is the larger. 




_ ----- ^ 
^ In measuring llni segments one selects an arMtraa:^ unit of length and 
atfs±»6i to It a value of !♦ , One then attemptjs to "cover" the line segment 
hy repeated aEplications of this unit without overlapjping. In dealing vith 
areas one follovs the same procedure of selecting an arbltraiy vmit of area 
«nd attempting to "cover" the giv€*i area vlth a series of these units. 



8 



As the first step in measuring an area, select 
an* arbitrary square region vhlch^is called the. 
of ^ measure ♦ 



Vbe numher assignedtto the chosen unit A in 
Prame 5 is . * \ 



JTo measure the area of a given closed region, 
'cover it vith non-overlapping ^.squares. 

If the given region can he covered exactly as 
in the drawing helow, * 



we find its area Ijy 



the \mits. 



If. 



^We say th^t the area of the region in Frame 8 
is units. 



unit 



1 or one 



unit 



counting 



329 



« 27 



10 



We say tliat the measure of the region Frame 8 
is the number . 



5?o facilitate, the measurement of a plane region using ax^ arbitrary imlt 
of 'measure, one may construct a grid similar to the one in Pigm^ ^.S* This 
'grid serves a 3role similar to that of the ruler in measiiring lengths and the 
protractor in meas^uring angles, . * ^ 
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Figure 27,2 




If ft grid ^uch as that in Ilgure 27.2 is fitted 
over the region below, in ta)> it will look like 
the figure in (b). » « 



(a) 



(b): 



12 



If we count the units of area, we find this 
to he » 

The medpure of th^ plane region (a) in terms of 
the unit A is ' ♦ 



/ 
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20 units 



20 
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In applying the grid to another plane region, 
one may obtain rei^ults as in the figure below* 
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Counting the squares, the area is 

remembering that one * counts whole libber of 
units. % 

One certainly my say that the^ measure of the 
. region in tenns of the -unit A is more than ^ 
and less than ^ 

a more accurate "answer is desired, it is 
neceissaa;y. to select a smaller 



12 units (Gould 
one say 13 units? 



12; 
15 



unit 



« 4 



In the same toanner, other plane re*gions hounded 
lt)y stiflple closed curves can he approximately 
measured^ (3onsider the region loelo\f covered hy 
the grid^ ^ 
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Counting ^he square unit$ shaded, ve say that the * 
areS Of the rfsgion is at least > 

Counting also the squares partially covered^ ve * 
may ^ay the area is not more than _____ ^ [ \ 

in terms of the unit A. r 

* 

As in measuring line segments, one increases the 

J accuracy of measurement hy ^ the size of 

the. arhitraiy unit A» , 



8 units 



26 units 



reducing or 
decreasing 
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Use a xuait sauare vith one- fourth the area, 
that is, a side o«te-half as long as the tmit A. 




B = 



of 



Cover the plane region ot Frame 15 jvd.tii this 
new unit*} The drawing appears helow corvered hy 
the new ^rid* 1^ 
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Counting tftie squares entii^ly wfthin the simple 
closed currc. shows that the measure of the area is 
at leas^ : . 



:B|y counting the squares covrered or partially 
.cove^-ed hy.the region^ one finds the area to he 
not greater than units, 



33^ 



21 



22 



In te«ns of^the »mnftller unit B, the measure of 
the area of the region is greater than ^ and 
less than 75 V Hoveverj by ejrpresslng the 
original uftlt as k ' of these smaller ones* our 
initial estimate wts tlJat the area was between 
and • 



Ttie 



unit gives the hetter 



(small^^ l^ger) 
e^lipate of area of the region considered. 




X 8 ^ 32j 
k X26 ^ 10k 



sioaller 



In this sub-prograii^^ve have eonaidered ti«asurement of a plane region as 
a process of covering the region ^with nort-overlapping unit 6 of area. The ; 
particular unit of area is arbitrarily chosen and usually taken to be a 
square* , . ^^^^^^ * . 

As in measuring the length of a line segment^ the bafeic .jarocess is 
counting i tlBiat is^ one counts the units used to cover the plane region. 



27*-l^» formulas for the Area of a. Rectangle 

Instead of counting unit squares one se^l^iytes or formulas for finding 

arpas of several bomon pleuie regions. TOiese nmes or formulas vlll be in, - 

VVi 

terms of length of line segments which may be mealured with a suitable unit 
of linear measure* The following sub-program ^11 ^al with rectaiigular 
regions,- ^ \ < 

• :^ . 



23 



2h 



A rectangle is a l^-sided figure with 
right angles. 

The opposlt^^ides of a rectangle are 
and • . ^ 



^ congruent J 
parallel. 
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The plane region deteiroined or boiinded tor a ^ 
re^angle ABCD is tlxe Union of the set of 
points of the rectMgljB (or Ijoundaxy) and the 
set of points of the of the rectan&Le, 




Given the special* rectangle ABCD to which AD 
measures exactly^ 3 units and AB measures 
exactly h tjni 




B 



Is easy to see that \mit sqmres vith ctne 
linear vujJLt on a. side will cover this plane 
region ^vith exactly > 

Dividing the re'ctangl^ into unit areas in this 
mannter relates the measure of the airea \o the 
array of multiplication indicating the number 
sentence % 
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28 Qlyen the rectangle B^RS such that its width 
measijired exactly 6 Inches and its length 
measixrea exactly 9 inches* QMs can he 
covered vith squares, .one in^h on a side* 

Counting them, one finds an area of 

inqh sq^res. 



7 



29 I !Che same measure can also he ohtained from the 
nuiaber sentence 



9x6 = 5^ 



30 If a rectangle iWXYZ has a ^dth exactly v 

^ 

units and a length exactly £ units, its area 
A can he found from the number sentence 1^ 



A * V X i 




lenffbh ^ i units 
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31 



32 



Frequently the sides cannot be measured exactly 
vith the unit used. In such cases one may' ^ 
estimate the area hy superimposing a grid, as 
vas done earlier in 3?^aiife8^ 11 - l8. Such a grid 
is placed over the rectangle ^ EFGH* 



H 



E 




Vfe^may certainly say that the are^ is between 
20 ^tnd*!^^ units* * 



One can estimate the measure of thg area by using 
m^^^^ments of the line se^aents to the nearest 
vuSPP^ lieaeured to the nearest unit, the length 
or M is 5 units and W is 5 units • Using 
these approximate lengths, one obtains the 
approximate area of 



A « 



vsquare units ♦ 



3^1 



• er|c\. 
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3k 



T?he accuriLcy of this me%s\xre may be increased by 
reducing the siae of.the covering xmits to ^ 
\mlts» aChe'area will then be" and 
100. • 



la terms of the smaller unit, one-foUrth the size 
of the original unit, the rectangle measures ^9 



units by 11 units to give etn area of 
of these quarter units. 



Even though ve speak of a quarter unit (quarter 
Inch, et cetera), it .is the ^ ^ -but is 
compared ta some given standaisd^ namely the 
original unit* 



between 



99 



unit 



Mh&n the line segments which form the rectangle can be measured exactly 
in terms of some unit, the regiaa me^ be ^covered with a grid and the number . 
of ^its of area counted; or the measure of the area, which is a real number, 
may be found. by multiplying the length by the width* "'Hence, A i w * 
where i is the m^sure of the letogth and w* is the measure of the width* 

When the sides of a rectangle cannot^ be measured eo^actly in terms of the 
xrhosen unit, the area can be estimated by writing the length to the nearest 
unit or hy selecting smaller units for both thj^ lengths and the unit areas. 

As a result of the preceding program we define area as follows : 



* Definition : . The measure of the area of a recta^jigular plane region (or of 
a rectangle) la the number obtained as the product of the 
numbers measuring the^length and the wldth^or equivalently * 
base and height. (The smaller the unit of length used, the 
more accurate the measure of^the area will be.) 

Ibr bre^ty, we say ^^the area is the product of the base and the height" 
even though we should say "meastare of" each time. We write the formula for 
the*area of any rectangle^. as follows: A = b X h where A staigids for the 
measure of the ajrea, b the measure of the base, and h t he measu re of "the 
^ height. H * ' . 
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27-5» Areas of sa P&rallelogram and of a Triangle ♦ 

TO find the areas of parallelograms and triangles ve do not upually use 
the m&thod of covering the region vith unit squares or a grid. By an analysis 
' of the regions, we discover that their areas may "beiwritten in terms of 
rectangular plane regions vhose 'areas can he found hy the methods of the 

previous section* • ^ 

- - ■ ■ ^ - ' "' " 



-36- 



37 



38 



congruent and ■ ' _ . . In general, the angles 
are not right angles • ^ ^ ^ 

The height df a parallelogram is the measure of 

the/^ "between opposite sides ^ measured 

along a perpendicular* 

Consider the parallelogreon ABCD vhose l>ase 
m measures OSie height ,^, h^ is measured 

on the line segment ^ d^feivn from B . 
to the tvo parallel sides AB and DC. 



39 



B 

Cut off the triangle BCE from the parallelogram 
ABCE of Frame 38 and place It next to AD • 
shown in the figure laelow. 

p D E , G 

•7/ 




Then, the area of ABQD is equal to the area 
of * 



3kO 



parallel 



distance 



perpendicular 



A6BF 



ho 



h3 



Since ABBP Is a rectangle. Its area is 

Hence the area of the parallelogram ^ABCD is 
equal to ^ • 



iHiany parallelogram OPQP, tJ^e height is the* 



length of a line segment ST 



to tl^e 



liase UF. 




Let the measure of OP and the measure of 
ST = h, jaien, the area^ of pPQp > 



In the given parallelogram WXYZ helow^,^ 
m( WC) = k centimeters and 
m(WO) 2 centimeters* , 




The area is 



square centimeters i 



\ h X h 



h X h 



perpendicular 



h X h ^ 
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Definition ; The measure |pf the area of a parallelogram is the nmber 

obtaineiKaa the product of the numbers measuring the hase and 
* the height, * (The smaller the unit of length ij^ed, the inore 
accurate the measure of the area will be.) 



The fon^ula for the area of any parallelogram caa l^e vritten as : 
A ^ b X h. Note that this is the same formula as the one \^id for the 
rectangle, but it uaxst be clear that the distance h is the perpendicular 
distance betveen tvo parallel sides In both figures. Hovever, for the 
rectangle, this is one of the sides/ but, for the parallelogram the height is 
shorter than the side. ^ 



Consider the triangle ABC * with the base 
^ = b and the height^CD = h. 



t 




A ^ model of the trian^jg-'^lS'^ade and labeled 
A*B^C^. This model then is placed beside the * 
triangle ABC so that B*C^ coincides vith GB. 



A' 




Otoe resulting plane: figure ABA*C is a 



The area of the parallelogram ABA>C is 



The area of the triangle ABC ^s 



ijhe 



area ofyftxe parallelogram ABA'C. ^ 

Let A denote the area of a triangle, then 
the f orinuleN'oi' the area of the triangle is 



parallelogram 



h X h 



or one- half 



A « ixChXh) 



31^2 . 
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Xa*the triangle VOKO, 
m{MS) * 3 oentimeters, 
m(^P) a 2 centimeters ♦ 
Ttke area of triangle MNO 
In square centimeters is _ 




* In the triaxigle ABC, 
m(iS) « 37 millimeters, 
m(c5) = 22 millimeters, ^ 
The area is ^ 
square millimeters* 



The unit .of ar^a measure used in Frame 50 
V 




The meeusxiDre of the area is the number of units in 
the area^nd hence the measxire of the area of ths 
triangle in I^ame 50 is • 



|x(2x3) oa;.3 



8ll^ 



or k07 



1 square 
millimeter 



k07 



In this sub-program formulas for the areas of plane regions determined 
l]y parallelogranffi and triangles have heen considered • tRiis, .together vith 
the sub-program on rectangles ^ gives ways of finding the areas of mjpiiQr 
figures met in dally life* 



27-6* The Area of Polygons and Circles 

A polygon is a region bounded by a series of line sejpttents and may be 
divided into smaller regions consisting of triangles, rectangles arid parallel- 
;ograms. After this is done the smaller areas may be found and their sum vill 
be the area of the original polygon* " 



53 



A pentagon is a polygon ^with 



sided. 



5 



Jola the vertex B and t|xe vertices A ^and B 
\fy line segments dividing tHe pentagon into 
" ^ as in the figure belov. 



triai3igle8 




She area of the pentagon can he deteimtned hy 
the areas of each of the trianfrLes* 



adding 



, To determine the triangular aireas^ a hase and 

corresponding height must^he ^ on each 

triangle 

TOie six sided polygon ABGDBF helow is called 
a regular hexagon ^ 




measTired 



The^^ides^are all equal and if line segments AD, 
^ and GF are dravn, th^y will Intersect in a . 
point 0. AO BO 1 f 
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If the measure of . AB Is a, md the height of 
trianeae ABO is h, the area of the triangle 
JfflO is . .' > . 

Meas\^inent Bhms that tot ea(2h of the txlanglea the 
bale and height are the same as for^the trian|le 
ABO. 5ence> the total axea of the hexagon is 



60 ^ Since the vertices A/B^ D, t, F of the 
hexagon are all the same, ^stance frc^a 0^ a 
eircle inay *be dravn around the hexagon as In the 
figure below. . . 




tEhe area' of the cire]|.e is than 

1; ; (stnaller, larger) 

the area of the hexagon • ^ ^ 

61 The area of the circle in Frame 60 can be approxi- 
TDuated by the area of the ^ inscribed ^ 

& OJxe line segments drawn from 0 to the vertices v 
of the regular hexas^n divide the eircle into 
Gonferuent regions 9aHed sectors . 
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©xe wea of each s^cto^r is approxlinated Taji^ the area 
of *the Included _ vhlch has a sjnaller area. 



triangle 




!Fhe sectors can be arranged to lock like 




a figure with the 



1 

area as the circle ♦ 



same 



If each sector vere c\at in half to f oiro two smeLLler 
cottgjruent sector's and rearranged as in 3Erame 61|.| a 
figure looking more like a parallelogram with its 

height hetng thfe . of the circle and the length 

of its base approxlinately half the circumference of 
the circle* See the figure below. 



radius 




■ ^ 
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0 * 



68 



halving sectors jjf Srame 65, a figu:re more 
nearly a pai^allelogx^m can be constructed 
iiaving the ^ ^ ' area as the circle,^ < 

Tbe ajoproxlmatlng pareuLlelogram has^ a hase Sd:th 

an apgroxitoate length of one-half the >^ 

Qf the circle^ a nd a height con^a roe nt to the r adius ^ 



S7 



1^* 



Let represent the radius^ the circ^ference 
and A the area* ' A fomaula for the ?i^ea of a 
circle is • 



same 



circumference 



; A = |xCrxC) 



or ,(|xc)xr 



Tb^is difficult to ^ get more than an estimate of the area of a circle 
.since one cannot drav hy simple means a square or a rectangle vhicfi is 
'equivalent in area to a given circle^ In covering a circle with a grid, the 
difficulty ts.in coun€ihg the squares and mfiiking an estimate of the area* of 
partial squares used to cover the circle. 
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iChis vill give a rough estimate of the area of the circlel hut ijs tedious 
^d not very efficient* ^ ^ - \ 

If we use the W^^^ written in Frame 68, nsone^y A ^ (-| X C) X r, 
the difficulty's "iPtoeasuring C, the length of the circ\miferenee of the 



FRir 



• - Sis 



<>»»»»N.«ti ^♦^^fc^.* * *v»*5> *»:^.*»*^ .>^'* ^ j» * » ^ ^« * ^ 

: circle* ;9!hi8 is> almost iingpossibie if t^^ is pn a she<^t of papeir or 

the clmlB^bard.^' If 1*^^^ xjircular vaste ;T5a&ket or the like, 

the circUKif erence can be laeasuifed V the use of a striM *xhich laay thei^ he 
lapplied to a roLer or a gridt We may use this method in the classroom to 
ilnd the ai^ea of a mnoiber of circles. We jftq^t mea'bure the radius dn teorms 
of the ^ame uait in each case. , \ . " 
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,^ 71 



72 



73 



"lEEe cTi^iSaference 6T a cb^ee l:ari*^me^^ 
nearest ^ inch^ .15^ inches or 63 quarter 
Inches and the diamet*er measures- 5^ inches. The 
measure of th.e area of *he bottom of the can in 
square inch upit^ is ^ * 



A = 



X 



If a unit of centimeter is lised, th^ measure- 
ment of^the circumference of the same^ coffee can 
i9 kOl and the tliameter is^ 128* The measurement 
ot" t^e area in terms of square millimeters of 
a square centimeter) is ' ^ ^ 

> A X X * ^ 



For a Number 2 i^an^'-the circumference measures 
9f 'inches and the diameter^ 3 inches. The area 



of thOi bottom of the can is 

1 ^ 
^ inch square. 



td the nearest 



The ^ area ^ of the bottom of the Number 2 can also 
can be* expressed as 7^ square inches to the 
nearest 1 • 

liefer back' to Pz^me 69 in which Ve found' 63 quarter 
inches to be the measure of the circunrferfence of a 
coffee can^and 20 qua3rfter irjphes to be the measure 
of its diameter. The ratio of the c^^rcumf erence to 



the diameter, that is- - ol* : d, is 



20 



5X63x1.0 » 315 



^x40lx6U 
12,832'. 



117 toch sqUBores) 



iS 



inch square 



1 
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# 



- ; : ; . ;t 

The information Of Txme 73 is sometimes written 

|.i.^'ox;0:dW3.15:.L - 



Using the x^easurements.on the coffee can in terms 
of Tk centimeter J ve find* . - \ 



hoi ■ 3.13 
155" 1 



In Frataes'''73 - 7^ tvo estimates for the ratio of the circmference to 
«» / « * ■ 

the diameter of circle vere found. If the tvo distances were me/asured more 

an^ i^ore accurately^* it could be found that the ratio would have values ' 

apprcQCimately i|ci\»l to 3^1^ t 1^ Btl'*^ : 1/ *3*l^l6 : 1^, et cetera* 

-^Mg^tfeematitsii^ ^ow that this ratio is not a rational number, They know 
ailTo that for ^ujy circle^ the ratio of the mea^jire, of the circumference to 
tl^e measure of the diameter will always be ajrp^oximate^ 3*l*n6 no matter 
what units of meaj?)ire are used,.^ The nTiaber^3^1^^5 •j:^ is called jt 
(read •^pi**) and is related to the numbers C and d by the following 

L eqtuality I / 



C 
d 



T 



This relation yields the formula for the circumference f or ai^ circle 
C ^ n X d and since * d =^ 5 X r^ . we also ha^ C ^ 2 X it x r» 
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Given the circle with center 0. 




Using the quarter inch as a unit, it has a radius 
of * quarter inches. 



3H 



1^. 
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Using the value 3*l^l6 for k, the civcvuoference 



of the.eirclWis^ C » 2 x if X r 



quarter 



.77 



inches^ vhich must he considered as 31 quarter 
inches to the nearesV quarter 'inch. ' ^ . 

The area of the circle in Fratne 75 is gi^iren hy 
the fomtula '* - ^ 



A = ^ X C X r. 



^ence, A 



or 



78 



Replacing C hy 2 x jt X r in the formula for 
the area df the circle gives the new formala ' 



A=^x(exjr>:r)xr« 



31.1H6 



|x31>e(^iai8qO 
^ ^ 77| or 78 



« X r 
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28-1, tntroduction ... 

asie discussion of vplumes of solid. a:^glcihs is more dii^cult thsga that 
of areas of plane regions primarily l)eca\xse of th^ difficulty in visualizing 
solid regions if piqtures and diagrams of them are alwe^s in a plane. 



8 



M vith the measure of area,- one must select a 

____ of volume* 

■ ■■ ■ ■ • * % 

A cube is commonly selected as a unit of ' 



In meastudng a volume, on^ sees how times 

1;he unit volume can be contained in the solid 
region, say n. 



Similarly, one 



the number of unit cub^s 



necessary to enclose the, solid regioji or voliaae 
being measured, say m.. 

Designating the volume by V, one can say that 
the volume satisfies the number sentence ^ 



If the volume to be, measured can hold liquid, such 
as a jar or a barrel, then the volume can be 
determined to within a ^ ^ of wlume. 

To do this on^ takes a unit volume of llqu4«*«nd 
pours it i,nto the volume being measured, 5y 

the number of unit" vol\xmes that can be 

held without overflowing one g€53jS a number less 
than or equal to the volume. 



Mhen the liquid overflows a 



volume of 



Hquid has been added than the container can hold* 



unit 



volume 



many 



counts 



n < V < m 



unit 



counting 



larger 
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Ttie volvoae usually lies 
vhole number of units. 



two sueoesaive 



betveen 



As vjth OTIS, ^ volumes axe frequently deterndtied l?y computations instead 
pf Bteasureinent, but as before an understanding of errors is needed* • 



28^2 • Voluine of a ItectangiLLar Prism ^ . 

Fbr brevity', the words "volume of a rectangular prism" are used instead 
of the more accurate "volme of the solid region enclosed by^'a rectangular 
prism," and similarly for other, solid figures ♦ " , 



10 



11 



12 



13 



A rectangular prism is a solid j^gure, each face 
of vhich is a ' 

A cube is an example of a Rectangular , ^ , . ^ 



Consider the moder of the rectangular prism 
constituted bjlthe following arrangement of unit 
cubes in Figure 28»1, 




Figure 28,1 

^ counting the number of cubes (units), the* 
volume i'^ units, 

m 

The measure of the vol\ame also is given by the 
number sentence « ^ 



"1 . 



rectangle 



prism 



A- 



2 X 3 » 6 



1(U 



lli-J" teke four Wctangalar prisms as tn Frame 35 aaxd 
stack them cm ^top of each other as in Hgi^e 28.2 
helov. % 






















• 







Figure 28.2 ^ , 



The voltme Of each layer is 



units*. 



15 I Since there are fottr layers^ the volume of the 
rectangular prism in J^ame ik is l imits/ 

16 I Since the rectangular prism has length 3 xaiits, 
vidth 2 units and height k units^ the volun^ is 
expressed hy the number sentence 

17 j A rectangular prism with all edges cbngruent and 
each of unit length is a unit * , * 



18 As for the rectangular prism'^in Frame 1^, when the 
volume vae given V XhB ntnnber sentence ^ x 2 X i>. = 2j»- 
theTQUmber sentence for the unit cube is 
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19 



20 



21 



22 



ConBtder a rectEuigular prism vlth exact dlnenslons 
of lenffbjh vidth. and hei^t It - 
appears that the number sentience describing the 
volume would he ^ ^ 

In the measwre of area it >reis ohaerved that the 
dimensicms' frequent];/ were not exact j .however, to ^ 
estimate the area the lengths were measured to 
the ^ unit and the formula forJ;he exact 
measure was used* 

Previous experience in measuring area would indicate 
that the volume of a rectangular prism can be 
approximated by measuring the edges to the . 
unit and using the formula fbr exact measure. . 

A more accurate approximation can be found by 
tffilhg'^a smaller of Volume, 



i X w X h = V 



nearest 



nearest 



unit 



Since the area of the base of a rectangular prism is equal to i X 
we frequently say: .The volume of a rectangular prism is the product of area 
of its base and its height* ' * 



28-5; j^olumes of Certain Solids 



23 



It has. been observed that t^ volume *of a 
rectangular prism is the product of its hel^t* 
and the of its base. 



.1 ^ 



area 



\ 



2k 



25 



26 



^ |. ' Figure "28.3 

.Consider the triangular prism formed ^jy cutting - 
the rectangular prism as indicated in Figure 28.3 
above.- Since the volume of the rectangular prism 
is i X w X h, the volume of the triangular prism 
Is X U X w X h). 




I 



l^alrea of the hase of the triangular prism 
in Frame 24 is ^_ ♦( 

Frames 2h and 25* indicate that the volume of a 

tjj^angular prism can he stated as of the 

hase times the height. 
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28 



29 
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If a rcGtanguiar pr:^m ia not, a right pris% ^ 
good physical model of the aittiation is a deck of 
cards which has been pushed into €ui*^obliq\Jte 
ppsition as in Figure 28.1*. above. Even in tMs 
case the volume of the prism is , | 

For aijy prism, the volume can be found by 
multiplying the of the base by the height* 

I 

A prism is a special case of a cylinder as 
indicated in Chiapter 26» Hende, tlie volume of a 



cylinder is t^ 
height » 



of the base times the 



Similarly j/t he volume of cones and pyraidLds can 
be described by some relatioi^hlp of the ^ 
^of the ^ase times the height* 



/ 



i X w X h 



area 



area 



a3rea 



An experiment gives the formula f oy finding the volume of g/ramids and 
cones. Make a model of a given pyramid^ then take a prism vith base and 
height congruent to those of th^ pyram^^d* We find that if the pyramid is 
filled with sand and the sand is poured into the prism, the prism will ^be 
filled after three such pourings* The same is true for a cone and ^ its 
correspcgidlng cylinder. ^ 
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For aoy lorxaold or ' cone > 

X h. 



1 



B or atrea of 



2B^k • Volume of a .Sphere 



\ 



In order to discover the volme of a sphere; consider* the three solids 
in ngure 28,5 belov* ^ • , . * 



2Xr 





right circular cone right circular cylinder \ ' 'sphere 



Hgure 28.5 
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The area of the t>ase* of the right circular : 

cylinder is' B = x ' ' . ^ ^ 

< * * * *» 

OJhe vol^e of the right circular cylinder is * 

V; = . X 2 X r. , 

\ » » 

\ . ? 

The laase of the right circular cone has t\he same 
" area as the base of the right circular cylinder^ 
and\the volume of the right circula3?^cone is 



V = 



X jt X r"^ X 2* X r* 



r or r X r 



1 

3 




It can %e demonstrated by esqperiLmentation <hat the volxmie ojf the 



cylinder less the volme of the cone ia eflUfiuL to, the voliane of the sphere* 



35 



The volume of 'the sphere is the volume of the 
cylinder less the volume of ths 'cone^ that Is^ 



\t sphere- ^ X « 



X r'^ - ~ X jt X r- 



- t) X jt X r-^ (by the distiji'bu- 
^ tiVe property) 



X ^ (the fomtola for 

"T bhe^ volume of a 

sphere )• 



Sft-J*** Areas of Simple Ctoaed Surfaces 
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The surface ares^ of a cylinder^ a cone^ a pyramid, 
or a ]>rism is f ound hy deteitnining the ' of 
the base and. the lateral outface* , * 

The lateral surfaces of pyramids are tyiangular 
^ regions and the lateral surfaces of prisms are 

j \hence, ' these areafe^can he found easily, 

\ • 

To deternkne the latere^ area of a right circular 
cylinder, one can see in Pigtxre 28,6 ^belov that 
the area is (2 X B) + . * 




Figure 28.6 
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i. 
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* / 



k 3 

f X « X r-^ 
3 



area 



parallelograms 



(C X h> or 
circ\«itference 
times height 



28 



ate jletemtw the aurf&ce area of a cone^ the cone can be fattened out 
on a plane 'as in .Figure 28*7 below* / \ • 





Figure 28*7 



Howeverj a formula in terms of the area of the . circular base and 
height is too conxpllcated to be considered at this point • 

ashe surface area of a sphere is more difficult to obtain since it is 
not possible to flatten out the surface of a sphere into a plane* However, 
a formula pan be given: * 



Surface axeta of a sphere ^= C X 2 X r 

« (2 X It X r) X X2 X r) 
* 1*^ X It PC r X r 
« 4 X jt X r^ 

where f /is the radius of the sphere and C is tbe circumference of a 
circle of the sphere whose radi^jus is r* 
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.BEGATIVE BAmEOKAL .MUMBERS 



... • i* 

Vp to now, three different sets of nxoobers have, lieen studied. They are: 

(1) ^ the counting numbers: 1/ 2^ 3, 5i ^9 I 

(2) the whole numbers: 0^ 1, 2^ 3^ 4^ 5^ 6^ • • • i 

(3) the rational nxMoberst ^0, •••^ ••'^3^ '"^ 7^ *•* • 

■ . ■ . ■ ' \ - . . . 

In this chapter we extend once again the concept of nuraheic and include ^ 
the notion of direction.. This yill resvdt in a new set of nunoAra: the set 
Of positive, negative and zero rational numbers. From now on thM new set of 
nmbers will be called the set of all rational nmibers» and the «^ird set 
above will be called the non-negative rationals . 



29-1* Membership in the Set of Rational Mumbers ^ 

The definitions and subsequent discussions of our new set of numbers 
depends on the notion of an ordered pair of numbers. ^ 

■ . / 



The ordered pair (b, c) fias 

(how many) 

components, namely b and c. 

' / ' 

In the ordered pair ("b, c), h is the first 
compon^t and c is the * ^ 'component . 

In an ordered .pair, the components are separated 
by a comma and are enclosed in . . 

The first component is always written on the 

^ and the second component is always 
(rights left) ' 



' written on the 



(right, left) 



two 



second* 



parentheses 




righ 



Xf ^ ^8 the first* coiiqponent and 2 is the second cotiqponent of an 
ordered J>alr, the ordered jalr, would he written as 

* Q(a) (2, i) , DCc) 5, 2 • 

□(b) (5 2)' " ; Q(d) (% 2) \ 

' ~ ~ / ' 

5(a) !DicoiTect% The compone nts are no yln the given 

order. 

^ - _ * - 

5(h) Incorrect* The components are not separated hy 
a 'comma* Thus (5 2) is not an ordered pair, 

5(c) Incoirect* The cofaspcaaents are nc^ ejiclosed in 
^^^^^^^^..parentheses* l^jjus^ 5/* 2 is np^ an oar^ered ^ir* 

5(d) Correct* Note why each of the three other ^ 
responses are incorrect ♦ 





The ordered pair (2, 3) is the same as ' ^ • • 






(3, 2) Q(b) (2, 3) a(o) (2, 1^) 






'6(a) 


Incorrect • The pairs of conrponents are the 
same hut thft order is different* 






6(b) 


Correct, The pairs of components are the same 
and the order is the same. 


\ 




6(c) 


Incorrect, Th^ pairs of components are not th^ 
same« 


1 











Definition: Let a and b denote non-negatiVe rational nuiabers. ©len, 
the ordOejred pair (a, b) denotes a rational tfumb^'and is 



defied as follows: 



(a, b) = a.-b = (a - b) If a > bj 
(a, b) = a - b = 0 if a ? bj. 

(a, b) = a - b = "(b - a) if a < b. 
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G 



ahe ordered pair . (5.^ 2) j»' or 



8 



9 



v 10 



11 



12 



13 



14 



Ttie ordered pair (2, 5) ° . 

* • ^ 

" it 

!Bie prdeyed pair (2, 7X « , 
^Thie ordered ^r ^) = 

The ordered :]^air (-^^ ^g) = 

» \ /I 4\ 
. The ordered paij: ^} ^ 



or 



or 



or 



or 



or 



The ordered pair ^) = 



The ordered pair ir) - 



oy 



or 



■"(5-2) or 



'<5-*2) or "3 
"(7 - 2) br "5 



i-i or 0 
""(J-^), or 
-(|-|) or * 

"(l-f) or I 

+,1 Ix' 



' ^ In previous chapters we used several different physical models, for- ^ 
whole numbers and non-negative ratipmL numbers to help illuminate different 
' jnathematical characteristics^ A model for axi element of our set of, new , 
* numbers consists of a directed line sejyttent> sometimes 'called a vector . 

For example, directeSl line segments, or vector inodels for the ordered 
. pairs* (5^2) and (2^ 5) are exhibited in Figure 29*1 "below^ 



I 

I . 



0 



2 
I 



I. 

I 

5 

. r- 
—I 



(2, 5) 

Figure 29.1' 



I 



3ii the figare below^ the vector model 



represents the o^ered pair 
rational niuaber . 



In the figure helow, the vector model 



) or the 



0, 



represents the ordered pair 
the rational number 



In the figure "belov, the vector model 



) or 



4- 



1 - 2 . 3 * 5 « 6. 

I ■ ... ■ 



represents the ordered ]^ir ( ' > ) or the 
3^atlonal number 




(3, 1) 

■*(3 - l) or *2-' 



(|, 0) 



or 



29 



. 18 



3ja the fijfare l^elow, the vector niodel 



r 



represents the ordered pair ( , 

rationar number • 



) or the 



- 0) ( 



or 



29*"2» Ordering the Set of Rational Humbera 

Definition ; Let (a, b) and (c, d) denote rational numbers* 
Then b) = (c, d) It and only if a 4^ d s= b 4^ 



'.19. 

20 
21 

22 



(5,. 2) ^ (T, ^) since 5 + ^ = .2 + 
(2, 5) = (10, 13) since 2 + 13 = 



(it 1) 
^2' 2' 



(1 h 



(I |)- ,since 1+1 = 1 + 



j) since ^ f 



5 + 10 



1 

2 



5 5 



Definition: ^ Let (a, b*) and (c, d) denote rational numbers. 

— ' ^ ' "I ' " ' ' , 

Then (a, b) > (c, d} if an^ only if a + d > "b >•+ c. 



23 



21^ 



25 



26 



(2, 3) 7) since 2 7 > 3 + 

{^,J'{). >'{% 10) since 4 + ,10 > ^ 



|) > |) sinc6 ^ .+ I > 



rl 1 



1. ;- 1 



7+5 



2 8 
7^7 



35,9 
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Definition ; Let (a, "b) and (c, d) denote rational numbers. 

Ihen (a, ty) < (c, d) If and only if a + d < "b + c. 



.27 



28 



29 



30 



<10, 15) < (3, 5) since 10 + 5 < 15 + 
•J(7, l^) < (8, 3^ stoce 7+3 < + 

(|,|);(|,f) Since |.;|<|._ 



C^, |) < (f> f) since i + I < 



rl 1 



1 . 1 



3 . 
^^ + 8 

5 



i + i 
5 2 



, i 

Definition : Let (r^ s) and (t^ v) denote ration^ numbers • Then, 
one and 'only one of ^e follovlfkg statements is true: 

(1) <r, s) < (t, v), 

(2) "(r, s)^ (t, v), 

(3) (r, s) > (t, v). 



31 



Which one of the following .statements is ti'iie for (3^ 5) fi^^ 
(7, 10)? . \ 

□ (a)^(3, 5)< (7, 10)- 

□ (b) , (3, 5) = (7, 10) . V • 

□ (c) (3, 5) > (7, 10) . 



\ 


31(a) 


Incorrect, since ' 


3 -h 10 ^ 5 + 7. • 




31(b)* 


Incorrect, since 


3 + 10 }^ 5 + 7. 




31(c) 


Correct,, since 3 


+ I'D > 5 +7. 
• 



» 29-3» Addition of Batlbnal Huaibers 

^ Definition ; Let (a, b) and (c^ d) denote rational nuiribers. 



tPhis definition^ivqs a computational procedure that depends only on 
» addition of, non«riegatl^ rational numbers. id.th non-negative rational 
numbers, we call [(a,^5^ + .(c, d)] the sum of the two addends (a, b) 
and (c, d).» \ V ' 



32 



33 



31^ 



.35 



36 



(V5) +;(7, 2) = 7, 5+2) 

5) + (T, 2) ^ : 

(5, 2) + (2, 5) = (J ) 

or (5, 2) + (2, 5^ »■ ^. 

(3', 6) + (5, 3) = ( , ) 



or (3, 6) + (5, 3) » 



or (i = 



or (|, ^) yl, ^) =■ 



(11, 7) 



""(11 - 7) or ""U 



(7, 7). 

(7 - 7) or 0 

"(8, 9) 

- 8) or "1 



^7"5-^ °^ 35 



or 



Becall from Chapter 20 that addition in the set of non-negative rational 
numbers has the following properties; (1) closure; (2) coramutativlty; * 
(3) associativity J (U) additlv^ Identity, 
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We should che<5k to see whether or not addition as ve have defi*ned it tn* 
the set of all iratll^al nxonbers has the properties characterisitc of addition 
in the set of non^negatli^ rational nuitibers^ * - 



37 



38 



39 



ko 



kl 



It r and s c^enote non-negative rational 
niMbers*, then (r + s) denotes a non-nj^gative 
^ number. 

♦ Hence, the set of non-negative rational number^ is 
^_ under the operation of addition. 

• 

If ^) .^d (c, d) are ordered pairs of 

non-negative rational numbers, then (a + b + d) 

an ordered p^lr of non-negative 

(is, is not) 

rational numbers. 



feince (a + c, + d) = (a, h| + (c, -d)^ 

(a, b) + (c, d) 

(is, is not) 



then 

a rational number. 



m 

Otous, (a, b) + (c, d) ±s always a rational number 
and the set of all rational numbers is ^ 
\mder the operation of addition. 



rational 



closed 



is 



is 



closed 




Vfe hfeve seen. that addition is closed in the set of all rational numbers 
as well as in the set Of non-nega*r^ rational numbers 

We now turn to another property to see if it applies to addition of all 
rational numbers as well as to non-negative' rational numbers. 



(•^r5) + (7, 3) = (. 



or 



(7, 3) + (2, 5) = (. 



) or. 



(2y 5) + (7, 3) ^ to (7, 3) + (2, -5). 

. ^ (i.s, is not) J 



(9, 8) or -"l . 
(9, 8) or ^ 



is 



.29 



t5 



k6 



l^8 



1^9 



(f/ |) (^;|) 18 , - ' to 

. *^ m " (e<jual, not equal) 



order of the addends in the s\m of twS rational 

^muobers - . y . give Mfferent restiltfi* 

(does, does not) f ^ 

The additicMfc of two-rational nxambers „ 



(is, is not) 

independent o/ the order in vhich they are added. 

The examples in Frames 42 - suggest the 
conclusion that addition in the set of all 
rational numbers has the property • 



A finite Aumber of exainaRles sufficient 

(is, is not) ^ 

to drav a general conclusion. 



sa^ai 



does not. 



is 



conaautat^ve 



Is not 



V 



^Examples can give an intuitive Justification for a generalization, but 
the following theorem and proof famish conclusive evidence that the set of 
all rational numbers is commutative under addition^ 



50 



51 



Theorem: 



(r, sf + (t, v) = Ct, v) ^ (t, b) if 

(r, a) and (t, v) are rational numbers* 



Proof: 



,(r, s) ^ (t, v) * (r + t, s v) by the 
definition of of rational numbers. 

(r + t, s + v) = (t + r, V + s) since 
addition of non-nega1^ive rational numbers is 



addiMon 



coumiutative 
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(t '^,r,\'\| ,+ s) = (t, v) + (r, s). -by the 
deflnltlb^'. of addition of numbers . 



rational 



53 



Therefore, . 

(r, s) + -(t, v) = (t, v) + (r, ,s) is 

■ for any two rational nvumbers, 

(true, not true) 



true 



We have seen that the sum of two rational nimbers is independent of the 
order of the addends . Thus, the set of all rational numbers is conmutative 
with respect to addition. 

Let us see if the result of performing two or more such additions is 
independent of^e order in which the additions are performed. 



5h 



55 



56 



57 



58 



59 



t(2, 3) + {k, 1)] +"^3, 7) = (6, iv) + (3, 7) 

(2, 3) + [(^, 1) + (3, 7)1 = (2, 3) + (7, 8) 

= J ', 

t{2, 3) + (Vl)3 + (3f 7) 

IP T^TTT 

(2, 3) + [(^, 1) + (3, 7)K 
The three preceding frames seem to indicate that the 



sum of three rational numbers 



(is^ is not) 
of the--03?der of performing the addition* 



independ^ent 



[(a^ b),+ (c, d)l + (e, f) - (a + c, b + d) + (e, f) 
by the definition of addition of nxmbers. 

(a*\ c, b + d) + (e, f) - ((a c) + e, (b ^ d) + f) 
by the definition of of rational niambers* 



(9, 11) 



(9, 11) 



is 



rational 



ddition 



((a + c) + (b + d) + f ) « 



i 



Ca + (c + e^, 1) + (d + f)) by the 



<a ^ (c + e), ;b V(d + f)) = 

(a, b) + ((c + e)^ (d + f)) by the 
definition of addition of nxanotoers^ 

* a 

(a, -b) + ((c + e), (d + f)) = , 

(a, b) + [(c, d) + (e, f)] by the definition 
of of rational numbers • 

Therefore^ [(a, b) + (c, d)] + (e^ f ) = 

(a, b) + [(c, d) + (e/ f)J ^ 

(is, is not) 

true if (a, b), (c, d) and (e, f) are 

rational numbers, ^ 



assoc||ative 



ratit)nal 



addition 



is 



SPhe statement [(a, b) + (o, d)3 + (e, f) « (a, b) + [(c, d) + (e, f)] 
sh6ws symbolically that addition in the set of rational numbers\ has 

Q(a) the closure property* 

. at) the Qonmitative property, 

Q(c) the Associative property. 



6i<.(a) Inoori^ct. While addition in the set of rational 

numbers has the closure property, t'he^ statement is ' 
a symbolic representation of thd associative 'property . 

6k{\>) Incorrect, While addition in the set of rational 
numbers I has the comnnztative property, the statement 
is a syrpbplic representation^ of the associative 
, ' property.j 

61f(c) Ihis response is correct* The statement 

[(a, b) + (c/d)] + (e, 'f) « (a, b) -t- [(c, d) (e, f)] 

' I ' * ' X ' ■ 

indicates that the result of performing tvo successive 
additioi:|s is independent of their order. \ 



\ 
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We have seen that the result of performing tvo successive additions 
is independent of the order in vhioh the additions are performed. That is, 
o^rt^-f^^r. -Tm 4->io eti^-h. aII T^tlnTi&t n umbers has the associative property. 
It is possible to verify that the result of perfond.ng Tliny finite nmber of 
successive additions is" in^ARendent of the order in which the additions are 
performed* 

Zero is the identitj^ element for addition in the set of non-negative 
rational numbers* ^Ehay is, r + 0 « 0 r ^ r for any non-^negative 
rational^ number rl 

Let us see if there is an element in the set of rational numbers vhich 
plays the role of th« identity element for addition. ' j 
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Let k di^note any^on-negative rational number. 
Then, the ordered .pair (k, k) ^ * 

Since (k, k) is defined to be (k - k)= 0, 

it follows that (k, k) in the set of rational • 

numbers plfiiys the role analogous to ^ in 

the* set of non-negative rational numbers. 

If (a, h) is any rational number, then 
(a, h) (k, k) ^ (a + k, h + k) Ijy the ^ 
definition of . 

But (a + k, b + k) = (a, b) since 

(a + k + b) ^ (b + k + a) by the definition 

of equality of numbers. 

Hence, (a, b) + (k, k) - (a, b), knd (k> k) is 

the. identity element for in the set of all 

ratioi^ial numbers. 



k - k or 0 



zero 



addition 



rational 



addition 



We now come to a property of addition possessed by the* set of rational 
nifflibers which has not been a property of any other set of numbers considered ^ 
in previous chapters. . ^ 



•29 



Consider {2, 5) «ad (5, 2). 
(2, 5>+ (5', 2) = (2 + 5, 5 + 2^ 



But (7, 7) » (r- T)X^ 



Thus, the svim of (2, 5) and (5, 2) Is the 
rational nuntoer ■' . ^ « 

Consider (~, ^) , and y). 

! 



tBaus* the sum of 
ratlcoial number 



^) and ^) is the 



Considet ("''^f^) (v/ tX v^ere t and v 

denote non-negative raljional number • Then^ 
(t, v) + (v, t) = (t + V, V- + t) tfy the 
definition of - . 

But (t + V, + t) « (t + V, t + by the 
property of addition of non-negative 



.rational numbers. 



And (t + V, ■ t + v) = {\, k) where k = 



Thus, (t, v) + (v, t) a (k, k), and the sum of 
(t, v). and. (v, t) is the rational number 
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3S7 



il, 7) 



ZQTQ or 0 



zero or 0 



addition 



commutative 



t + V 



The 'rational nvaabers (a, la) and (b, a) are additive inverses; 
(a, "b) is the additive inverse of ("b, a) and (b, a) is the additive 



inverse of "(a, h). Sometimes, (a, "b) is called the opTXisite of (h, a), 
and (h, a) Is called the opposite of (a, b). The sum of a pair of additive 
Inverses is 'always zero . This is a npw property of numbers. The set of 
rational numbers is the first set of nmbers discussed which has this property. 

We illustrate models ^of the additive inverse elements (a,-^b) andji 
(b, a)- as directed, line segments or vectors in Figure 29.2 below. Note 
that the vectors representing (a, b) and (b, a) have the ''same length 
but are in opposite ■ directions . Assume a > b. 



(a. b) = ""(a - b) 



3 



I 



(b, a) = "(a - b) 



Figure 29.2 

. 29-U. Techniques of Addition in the Set of Rational Wumbers 



80 


(5, 0) = - . 


) = ^3.^ 


^81 


(3, 0) = \ 


- 0) = ""3. 


88 


(12, 0) « , . 




83 


(0, 5) - "(5 - 


, ) = "5. 


8U 


(0, 3) = "( 


- 0) = ~3. 




(0, 12) = . 






r 





12 



12 



66 
87 



Ihua, '*^7 « ,*0). 

And, *"8 « (0, )/ 



8 



/ to addition of 3?atiOMil n\aiiber«, there are three possibilities vhich 
arise, The tvo addends tnay he positive rational numbers, pr negative 
rational ntjnfljers, or one jpositive and onev negative* 

HJhese three cases are represented ast .^r, + "r + *s, and *r + "^^s. 
Note that . r + s is basically the same^ problem as *r + **"s since additicm 
is coBBHutativet ^ ..^ 

mhe fpilowing theorem^^l^ish Justification for techniques of adding 
rational numbers, . ' . 

• , , . J -A- * / • , . 

SPheorem : If r and s are non-negative rational* nunibers, then 
r + s » (r + s). , 



68 
89 

90 
91 
92 
93 



Proof : 

"''r + """b a (r, O) + 



(r, 0) + (s, 0) = ((r + s), (0 + O)) hy 
additi<m of . numbers as ordered pai3:n5* 

((r + s), 0) B ((r + s) - ) » (r + s). 

' + + + • • - 

Shus, r + s = \, • 



Using the ahove theorem,,^!? +"*"!».= 



And, ■*"ll + ■*"7 = 




(s, 0) 

rational 
0 

*1& 



29 



Theorem: If r and s are non-negative rational numbers, 
, then, >.+ „rA«:",(r +,,s). 



9^ 

95 

96 

97 
98 

99 



Proof: 




'r + "s = (0, r) + ( « ) ' 

(0, r) + (0; s) = (0, (r + s)) by Qf • 

rational nuaibers as ordered pairs ^ 

t 

(0,, (r + s)) = "((r + s) r 0) = • 



Then/ "5 + "3 = "(5 + 3) = 
"12 + "7 + . ■ • • 



(0, s) 
addition 

"(r + s) 
"(r + b) 
"8 
"19 



* Theorem: If r and s are non-negative rational nvxabersj^ 

^ I "(r - s) iS r > s. 

1+/ 



then 



/lOO 



102 



103 



lOU 



Proof: 




"r + = (0, r),+ ( 



(0, r)' + (s,^0) « (s', r) "by addltioij of ratioixal 

numbers as ^ ^» ^ ^ 

^ ^ " 

(8, r> = -(r - s'^ if r.^ ^ s: 



,(s, r) = ""(s -vr) if r 



Thus, 



r + s 



If r > s* 



if r < s* 



3fh 



» ordered pairs 



.> 



"(r 



- s) 

- t) 
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105 
106 
107 
108 




f 



111, 

> > 

112 
•113 
li»^ 

. 115, 

116 

117 
118 



Then, "5 +; ?3 = "(5 - 3). = 
"10 '+ "*"6 = "(10 - 6} » ^ 



■3 ♦ *T ' *(7 3) = 



'h + ^12 



*'*'l2 +^"4 = + "^12 'since addition of* rational 



nianbers^has: the 



property. 



■"8 + "3 = "'3 + ""S = ""CS - 3) = 



■*"12 -t-,'5 = "5 + "^12 = 



+1 +2 \1^2y 



2 3 



■i ;^2 



"2- \ 
^ 2 



V2 3'' 



(2-_ I) _ 
H 2< 



i3<. -2^ 



"6 



V 



^8 



conaautative 

+ 

*5 ,• 



1 



1 



» ♦ 



■^7, +.r2 + "5) - 

□ (a) *llf 



— r 



Q(v) \ 



4Jk 



H8ra) Incorrect. 7 + ( 2 ^) = 7 + 3= ^, 

il8(b) • eo^ect* ' 

118(c) IncotCvct. > i'^a ^^^^) - "^7 + ^3 ^ \ 

• not- 0. . ^ * .... 



J 
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»"29-5« Subtraotlon 



Subtraction in the set of mtional nmbere is defined the bbmb as In 
the previouB sets of numbers. . , , * 



\ 



Definition:, a 


- "b 


= c if and only if a « "b + c. 










since ^5 «^ ^2 + 




•i20 




"7 


* * * 

since- ^5 ^ ♦ 2 + 




121 


\ - -1 J 




since ^\ **i + 










* < 

! ■ , ■ # ■ . 1, ...... nnniP..,. 





3 
7 



^ This definition* of subtraction is rather easy^'to handle vith certain 
types of rational numbers hut is difficult vith others* The" foUtywlng 
theorem gives a procedure for suhtractidbF whic^ is .vjuite effective* 



Theorem: If r and s are ^any rational numbe 



r - s = r + 6* 




en 



122 
123 

121^ 

125 
126 

12J 



Proof: . 

I II I I I t 

If r - s ^ n^ * then 3p = s + n from the def Jnlti^on 
of ' of rational nunibera*, 

r^-i- *s ^ r since both membe3;;s of the equation 

are ^ j 

, ^ (identlclal, not i^lentlcal)* 

r + s = (s + n) 4- s »^Buhstltutlng *(s + n) for 
in the eqa^ation jof Frame 123* 

r + s = s + Jfs + n) sincB addition has th4 
- property in rational numbers* 

r + - ("s V s) + n since addition has the 

' property in rationale numbers* . ^ 



r + s 



= *(? + n since ( s + s) = 



subtraction 



identical 



commutative 



associative 



0 * 



» 



129 



ft ^ 

T 


5 - 


.131 


8 - 


13a 




133 


1 

2 ' 


13V 
• • 


« • 

2 



r + 



s =s n since 0 is the 



for addition. 



But 



n « r - a from Fritme 122. Thus, 



6 = 5 + « • 

. ~3 B,"6 + "("3) + 3 = ^ 



i i + 
3 °« 



■ 1^- 1^1. 

- 3 - F""!" 



identity 



r + 8 



1 



29-6* McatiT>llcatlon of Rational Mtmibers 

" Definition : Let ' (a^ t)) and (c^^) dejiote ra^onal^numhers. Then, 

a 
I 



ra;»Aonaljnuiabers 
(a, h)S?(c, 'd) » ((ax cf^ (h X 4), (a X d) ^- (h x c)). 



^ Thl^s de;rinitibn gives a computational^ procedure that depend^only on 

addition and multiplication of non-n^gattve inBitional numhers. ' M^ith non- 

, negative rational nttmbera, ve, call* 4 (a, ^) x (c,.d)] the ^product of the 
tKO factors J[a, h)^ and»(c, d). ^ 



135 



136 



(2, 3) X (5, h) - ((2 5*5) + (3" X k), (2 X 1^) + 6x5)) 
V (10 + IS, 8 + l^') 

- ' I 

' ' • ' ' • J? ' ' 

.or .(2, 3) / (5> i^) = • > ■ 



(r/t)^ (3,9) » {(1x3) + (7x0), (ixo) +-(7X3))- 
or (1, 7)*x (3, q) = ■ * 



(&2, 23) 

"(23- 22*) or "1 

(3, 21) 

"(21 - 3) or "18 
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137 



< 



(2, 2) X (5, 1) » i(2X5)± (2x;^)^^^^^^^ 

«. (J1,, ) 

or (2, 2) X (5, 1) = _. , . ■ 



**(12, 12) 

•J 

fl2- l$) .or 0 



» Recall from Chapter 21 that nn4tiplicatlon In the aet of non-negati-ve 
rational immberg has the following properties: (l) closure j (2) coinmutativity j 

(3) assoclatiyity ; (h) multiplicative identity j (5) distriT3\ativity over 

♦ ■ ' <- 

addition. ' ' : § 1 

.* * * ■ , 

We now should check to see whether or not multiplication as ve have 

defined It in the set of all rational numhers has the properties characteristic 

of multiplication in ^he set of non^negative rational ' numhers . 



138' 



139 



iko 



Ikl 



lk2 



If a and b are non-negative rational numbersj 
thpji (a + b) ^find (a x b) are^ non-negative 
numbers . . ^ . 



Hence^ the set of non-i3flHlve rational numbers. 

^ under the operatloiiV of addition and 
multiplications 

If (a, b^ and (d, d) are ordered pairs 0f 

non-negative rational n^bers* then 

((a X c) + (b X d^/ X d) + (b X c)) 

an ordered i^air of noTi-rnegative^ 
(is,, is not) ^ - * . » ^ 

rational number^. * 



Since ((a X c) + {b x d)^ (a x d> (b x c))' 

(a; b) X (c, d) then (a, ^) >f (c, d)^ 

^ a rational* number* 

(1^, is not) I . 

Thus, (a, Aj) X (g, d<) is "always a rational 
number "and the set of aM rational numbers is 
under the operation of niultdjplicat'ion.. 



380 



ERIC 



rational 



closed 



is 



is 




closed 



29 



We have seen that laultiplicatlon is closed in-thaifset of all rational 



numberB as veil as inthe set of "non^negOTi^ mional uuuiberB. ^ 

We turn now to another property to see if it applies to multiplication 
of all rational numbers as well as to mn-negatlve rational numbers. 



IU3 

♦ ♦ 

lk3 



(5, 2) X (1, 1^) = (. 



146 



1U8 



1^9 



(1, »^)*x (5/ 2) equal to . 

(is, is noti^ 

(5, 2) X (1, h). 



(h, 0) x (2, 5) is ^ -J 

(equal, not equal; 

(2, 5) X {h, 0). 

.'Hfye oi<der of the factors in the product of ^iwo 
rational 
results; 



rational numbers v give different 

' (dpes, does not) , 



rthe two examples given in' Frames 11*3 - 1*^6 suggest 
the conclusion that raultiplicatlttti in the set of 
' all rational numbers has the jproperty • 

A finite number of exanQ)les sufficient 

. (is^ is not) 



to draw a general conclusion. 



(13, 22) 



(13, 22) 



is 



equal 



does not. 



Gcwwrnitative 



is not 

i 

* V 



A finite, pumber of examples can give an intuitive Justification for a 
• generalization, but the following theorem and proof furnish conclusive 
evidence that 'multiplication in the set ^f all rational numbers' is comniu- 
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150 



1^1 



152 



153 



154 



*RieoreiR ; 



(r, b) X (t, v) a (t, v) X (r, a), if 
(r, s)' and (t, v) arer rational nvimbers. 



Proof ; 

(r, s) X (t,-ry) » ((rxt) + (sxv)> (rXv) + (sxt)) 
by i^he deflation of " of rational nuBttbers." 

. . . • » » 

((rxt) + (s)<v), (rXv) + (sXt)) 

• ((txr) + (vxs), (vxr)»+ (txa)) 
since inultiplication of non-negaktive rational" 
numbers is ' , . ■ ! 



((tpXr) + (vXgT/(vXr) vf (tx«)) »W 
Htxr) + (yxs)^ (txsV^'CvXr)) 
since a^djLtlon of noia-npgatl^ rational imxabers 
is s ' ^ 



r 



((txr) V (vxs)^ (t Xs) Hh (vxr)) » 

(t^ v) ,X (r^ ^ ^"by the definition of 
umltipj^ication of ^ numbers* 



Therefpife^ (r, s) X {t^ v) (t*, v) X (r, s) 



is 



( true, n&i true ) ' 



fo^ any tvo 3^t^iona]ii^unA>ers, 



multiplication 



^ (Xonmratatlve 



cdnmutative 



ratiqial 



. V 



* ^ « ^ ' * 

We have seen tliptt th^ product' of tvo numbers is independent* of the 

order of the factdrs* for all ^atloudl ^uni^ers as^welj' as for non-negative 

rationar^lflpiioibers. • * ^ . .% " • '\ 

/ Let'^us se% if the^Mgult;of performing twp or mpre successive multi^ 

plications is independent* of the order i« whic>»'the tucCL^ipli^eitlons fire * 
performed, . , • * ^ " • ' 



155 



P(2, 1) X, (5, 3)3 X (3, 0) 
■ - (__, ) X (3, 0) 



:(i3»ii) 

(39, .33) 



156 



157 



158 



159 



(S., 1) X t(5, 3^ X (3, 0-)l 
» (2, 1) 



.). 



t(2, 1) X (5, -3)1 X (3, 0) ■ 
.(2, 1) 5<J(5,^3) x/(3, 0)3. 

[(1, ^) X (2, 5)1 X (0, 3) 
' (1, i^).x [(2, 5) x (6, 3)1^ 

The preceding frames seem to IndlQate that 
.multlpiicatlon in the set of all rational nmbers 

, haye the associative property. , 

(does, does not) ' 



(15, 9) 
(39, 33)^ 



does 



In .the following frames, ve exhlMt a proof of the associative property 
of multiplication in the set of a^l- rational numbers. Duetto the length of 

^^he proof and the mathematical rigor involved, the reader may 'vish to proceed 
directly to Frame 168 and in so doing will not lose continuity i%i ^ihe* ' 

.'devpicfgmsnt of properties of the set of all ra,tlonal numbers. 

■ In the following theorem and proof, we continue to use the symbol x 

" to denote jnultiplication in the set of all rational nuratoers. Howevei:, we • 
will not 1X86 this syitool to denote multiplication in the set of non-negative 
rational numbers. We will write the symbol ab to denote the J)roduct a X b 
where a and b denote members pf the set of non-negative, rational numbers. 



Theorem: 



[(a, b|x(c, d)]x(e, f) = (a, ,b)x[(c, d)x(e, f)] 
If b), (c, d) pnd (e, f) are rational numbfers. 



Proof ; 

t(a, b)xl(c, d)1x(e, f)* (ac>bd, ad + bc)J<(e, f) 
by the definition of multipUcatlon of numbera.^ 



rational 
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161 (ac ^ \>&, ad + be) X (e, f)^ * 
((ac +M)e4^ (ad>bc)f^ (ac +bd)f + (ad+ lDc)e) 

"by the definition of of rational nuiobers, 

162 ((ac +bd)e+ (ad + lDc)f, (ac+M)f (ad + l3c)e) = " 

((ace ^Me) ± (adf +bcf), (acf^bdf) + (ade + bce)) 

by the distributive property of non-negative 

numbers « 



l63i ( (ace +bdeO ^^adf ;*;bcf (acf + bdf) + (ade+ bee)) « 

' ((ace +adf)+4bcf +b4e)^ (acf + ade)-*^*!^ + bdf)^) 
by the GOD(smutative\nd associative properties of 
addition of non-negative , [ ^ , nurabera* 

16k ((ace+adf)^+(bcf +bde)^t(acf+a,del^(bce+bdf)) * 
(a(ce + dfX>+b(cf ^de), *a(cf + de)4-b(ce +df))' • 
by> the * >j;fflQperty of multipliqation with 

respect to addit^pn fn the set of non-negative ^ 
rational numbers^ ; 

165 (a(ce + df) + b(cf ^ de), a(c<^+ Ae) + b(ce + df)) =: 
(a, b) X (ce'+ df, cf + de) * • 

by the def ihitlt:>n of multiplication of ^ ^ 

numbers, . ' ^ * * * * " 

166 (a, b) X (-ce + dfy cf + de) = ^ * 
\(aj^ Ip) ^J(p)» X (e> f)r .by the definition 

of ^ ot ^Tfi^tional numbers* V * • 

167 » There fbre> • . * ' * . ' 

((a, t)'X (c, a.)]' X (e/ f) 



(a, b) X [(c/al. X (e/f)]*. 



multiplication 



rational 



ratior^al' 



* distributive 



rational 



imiltipli^ation 



168 



The statement ' . . « " 

, I(a, \>) X (c, d)] X (e, f)-= (a/ b) 0 X (e, f)l 

shows symbolically that multiplication in the set of all rational 
auidbers has \ ^ ^ ' 

• □(&) the "closure property _ 
Q{b) the commutative property 
• 0.(0) • the associative pr9perty - . . 



•168(a) Incorrect. Wille^multiplication In the set of 
" all rational nvuiibers has the closure property, . 
the statement is a symbolic representation o^ 
the associative property. 

■» ' ' - ' ' 

' ■ *« - • . • ' ' 

l68(-b) Incorrect^ While multiplication in 'the set of 

all rational numbers has the commutative property, 
the statement is a symbolic representatioKT of 
the associati-vfe^ property^ ' 
168(c) Correct. . The statement 

!(*, h)x(c, .d)]x(e, f) = (a, h)x[(c, d)x(e, f)] 



indicates that the. repult of performing tvo 
successive multiplications is independent of 
their ord&r. : 



We have seen that the result of performing two successive multiplications 
is independent of the order in which the multiplications are performed, Tha%<^ 
is, mul.tiplica-£ioii in the set" af all rational numbers has the associative 
prdperty. It is possible to verily that the result of performing any finite 
> number of siJccessive multiplications 3b independent x>f the i|^rder in which the 
multiplications are performed. 

One is the Identity" element for multijiiicatlon in the set of non-negative 
rational numbers. That is, 1 x r = r X 1 = r for any non^negative rational 
number r. 



^ 



3* 



379 ' 



169 



170 
171 

\ 



Ihe set of nbn-negative rational nunibers 

' have an element which is the 

(does, does not) 

Identity, for nwltipMcation. 




5) X (1, 0) = ( 



(2> 5) X (2, 1) I (9, 12) = (2, 5) 
since "(12 - 9) = 



(?, 5) X (3, 2) r (16, 19) = ( . . 
since "(19 - l6) = "(5 - 2). 



does 



(2, 5^). 

"(5 - 2) 

(2, 5) ' 



The identify for m\atiplication in the set of ^11 ratipnal jnambers 
is represented ^ the ordered pair • ♦ ' 

Q(a) k) D(t) (r^l, rj Q(c) * (l, O) , 



173(a..) Incorrect, (k^^k) is the identity for addition/ 
» not multipl ication, * * * 

ITSC^b) Correct. Proceed to Ersrnie 178* 

lT3(c) Correct/ (l, O) is another name for (r + 1, r). 
See 173(b) and proceed to Frame 178, 



nk (a/b) X tr + 1^ r^ » 

(a X (r + 1) + (b X r), fa X r) + (b x (r' 
by /definition' of • of ratioml numbers 1 



Ip <a X (r + J.) + (b X r), (a X r) + b X ( j ^ if ) 

((a XrO + (a xl) ^ (bx r), <ax r) + (bx r) + (b 

by the j; property of multiplication with 

respect to addition in the seif of non-negative 
rational numbers* ^ 




XI)) 



mulrajli cation 
distribjutiye 



38^-^0. 



176 



177 



•l78. 



((axr)'^-(axi) + (bxr)/(exr) + (bxr)+ (bXl)) « 

((aXr)H-a+(l)Xr), (aXr) + (by:r)^V). \ 
Ijy the moltiplication property of - in the 
set of i^ori-negative 3rati<»aal nmbers, 

((aX^^)ta + (bXx), (aXr)+X^Xr)+b)^ (a, h) 
since (aXr) +a+ (bXr") +^ ^ (aXr) + (hXat^) +b +a 
by the •definition of equality ,of nutabers. 

Hfenc?^ (a^ X (r + 1, r) « (a, b) and the 
identity for in the set ^ of all rational ^ 

nuaabers is (r + 1, r)* c — 



1 or one 



rationaj. 



multiplication 



^ * Sinc| V + 1 > r for aajf non-negative rational number r, the Identity 
for multtpMcation^ denoted by (r + 1, r), is-equal to 

. ^ ^ • ""(r + 1 - r) « ""(r r + 1) ^ V 

' =""(0 + 1) ' 

^ = which is reflid positive one , 

Henoe, the' identity^ fcjr multiplicaticsp in the set of all rational numbers 
Way be denote^Thy the symbol '*^1. 

We exhibit a directed line segment model of positive . one In Figure 29.3 
below. 



r 



. 0 



• Pigure\29.3 

Recall that multiplication is distributi'\^ over addition in the set of 
• non-negative rational nvnabera. That is, r X (t + v) = (r x t) + (r x v). 
Let MB see' whether or not multiplication ^ distributive oyer addition in the 
set of all rational numbers.' ' ^ 
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Theorem ; (a^ b) X [(c, 

if (a, b)^ (cj 



+ f)3 = [(a/T^) X (c, d)] + [(a, \>) X (ei f)l 
d) and ^e, f) are rational numbers, ^ 



:J[n the follovlng frames, ve exhibit a proof of the above theorem* IXie 
to the length of the proof \and th^ mathematical rifgor involved, the reader 
may choose to proceed directly to Fratr^ 187 and in so doing^ vill not, lose 
continuity in the' development of properties of the set of all rational 
numbers. 

In the folloving proof of the distributive property of multiplication 
over addition, we continue to use the symbol X to denote multiplication in 
the set of all. rationed numbers . However, we will not tJuse i^his symbol to 
denote multiplication in the set* of non- negative rational numbers. We will 
write the symbol ab to denote the product a X b w^l^e a and b denote 
members of the set of non-negative irational numbers* * 



17^ 



.180 



181 



182 



183 



(a, b)x[(c, d)+ (e, f)] 
by the definition of 



(a, b)x((c + e), (d^^f)) 
of rational numbers* 



(a, b) xT(c + e),.(d + f)) = 

(aXc +^e) + b(d + f), a(d + f) + b(c + e)) 
by t-he definition pf rational numbei^* 

ja(cV,e) ^ b(d +^f), a(^ + f ) + b^c + e)) = 

((ac + ae) + (bd^- bf ^ (ad+ af ) + (bc + be)) ^ 

aince multiplication is over addition 

in the set of noit^negative ra^onal numbers. 

((ac.+ ae) +.(bd*% bf), (ad + af) +'(bc + be)) 

((ac+\?d>+(a»^bf), (ad+b<?^ + (af +be)) 
by the commutative and associative properties of 
addition of nori- negative numbers! 

((ac + M) +-(ae'+^h- "^c) •+ (af + "be)) = 

(^ac (ad + bc)) + ((Se+bf), (af + be)) 
by the .definition of of rational numbers. 



addition 



f : 

multiplication 



distributive 



rational 



addition 
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l8i^ ((ac ; ba^, (ad + bc^)* + -((ae + ^f),yaf + ^)) « 
' [(a,%) X (c, A)] + na, 15) « (e, fll t^^^^ 



definition of 



of rational •nvimbers. 



185 1 Ilierefbre, 1^ ' . v 

(a/b) X d) V (e, f)3 = 

* ^ / for any three rational nmbers* 

(true^ not true J ^ : ' 

186 I Hence, in the set of»all rational numbers, 
multiplication is ^ over addition. 

,l87l (l, 2) X [(3, 0) + iK 0)1 = (1, X (7, 0) 

188| (1, 2) X [(3, O) + (li, 0)] , 

= [(1, 2)^X (3, 0)1 + [(1, 2) X (Iv, '0)1 - 
= (3, 6r+ (U, 8) 

^j '^ * ^ I 

/ . V 

l^^l (1,*^' X 3) + <5> 5)1 

= [(1, 0) X C2, 3) 1 + t(l> 0) X (5, 5)1 ^ 

= (2, 3) + " ' 




(. 



') oi- 



29 



multiplication 



true 



distributive 



- {IS 1^) 



(7, i^y > 



ii; 5)"* . 

^(7, 8) d'rh 



19ol (3, 0) x[(|, i) + (|, |>1 . a *. ; , 

= [(3, 0) X (|,»|)l-^ 0) X (1, |)l ^ ; 



in. 

4^ 



• • in the set of non-\iegative> rational numbers, the identity ,elaV«ent fo\-^ 
^add^tion, namely lero, has the following multipliW^^ _ 

' ' * 0 X r = r X 0,= -0 » f « , 
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191 



19a 



193 



1 s 



195 



» • 



19^" 



(;2* 7) X (1, X) - (2 t 7, 2 + 7) 



(2* 7) X (5, 5)' » (10 ,+ 3^, 10 + 351 



.) or 



(2, 7) Xjlc, k) » ((2 Xk>»+ <T Xk), (2 x'k) + (7 Xk)) 
' = (9 Xk) ) 



(t, v)x(k, k)» ((txlc) + (vxk), (txk)^(vxk)) . ■ 
Iqr the-^efinltion of of rational numbers. 



((t X k + (v/k), (t X k) -i- (v X k)) 

* [(t^<^kr^(v xk)3 - [(t^xk) + ?rx k)],» 0 
■by the definition of _____ numbers. * - ' 



Henc^> tk*v^) X {t j v) is zero andftfee i)rc^uct of 
the. Identity t;or addition and the rational number v 
v) yields the Identity for 



(9/ 9) or 0 



(^^5, h) or 0 

9.x'k ,, * 



m\atj,ipllcatlon 



rational 



addition 



^ ' Recall thatlhvthe set of noh-negstlve rational numbers ^ach memher 
' Vther than 0 h^s a muitlplfcative inverse (or reciprocal). For example, 
and 5 are reciprocals .and" their produbt |x| is one. " 
We eftbit a jjrpof that each element^(except the zero element) in the 
set^f all national numberl has a multiplicative Inverse. " 



197 



Case I: Let* t denote a non-zero non-negative 
• rationjarl number atld Consider (t^, O), 



Their (t, 0) - (t - o) = *t is* a 



. positive rational number. 
iy 0) X ,0)* = ((tWi),;o) the definition 



of 



V 
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of rational numbers. , 

390 



multiplication 



354 



29 



198 



199 



200 



201 



* * 

Since' t X = 1, then " «t x |), O) = (l, 6) 

Hence,*" the product (t, O) X O) is """l and 
•ttie rational nvaiKbers (t, O)*' and O) ar^ 



(7> O)^ fi^^d (j> O) reciprocals since 
(7, C>)^;< 0) - (1, 0) or; ^ , 

(^/ 0 and -are reciprocals since , 



reciprocals 



^202 



203 



204 



\ 
205 



206 



Case II ; Let t denote a non-zero non-negative 
* rational nmber and ccsnsider (0, t). 

Then (0> t) = "(t - O) ^ "t is a 

negatVvB ^rational number. 



^^.^^ 



(0, t) X CO,i) = ((t x|), 0) .-by the definition 
of - of rational numbers T 

Since ' t X ^ = 1, then • 



.((t xi), 0) = (. 



) or • !• 



Hance, the product (O, t) X (O, ^) is 
^n< 
ari 



^nd the rational numbers (O, t) and (0, ^) 



reciprocalsr. . 



^0, 5) and (O^ r-) are reciprocals since 
(0, 5|^X (0, |) = \, 0) or . 



(O, and <0, ^) are recip^focals since * 
(o/|) X(0, (1^ 0) °^ J ■ • . 



multipliciltion 



(1% 0) 
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The reciprocal of (O,- l) is 
□ (a). (1,0) 
□(>>) • (0, 1) ^ 



Q(c) (0,0). 

□(a) *(i, 1) 







?07(a) 


Incorrect. <1, O) X (O, l) 


- (0, iX - ^1 








not 1. * V 


















'207(15) 


'Correct.* (O, l).x (O, l)j= 


(1, 0) = ""i. 






"207(c) 


Incorrect, (O, 0\ x (O^ l) 


= (0, b) = 0.' 








Aot \. I ^ " 




9 




207(t) 


.Incorrect. * (l, l) X (O, l) 


=.♦(1, 1) = 0 , 








npt ^ 





29-7» Techniques of MultlDllcatlon In the Set of Xll Rational Humhers 

In multiplication 'of rational numbers there are three posslbl Tillies 
which arise. The two factors tnay he' positive rational nuicbers, or negative 
rational numbers, or one positive and one negative ^ The three cases are 
covered in the three theorems which follow. ■ > • 



Theorem ; If r and s are non-nejjative rational .numbers, 
then "*"r X % = "^(r x s). t. . . 



208 



209 



210 
211 
212 



Propf :•• 

""r X '^'s = (r, 0) 5^ (1_, ). 

k \ , . 

(r, 0) X (s, 0) = ((rxs) + (0x0), trx o) + ts xoi) 

■by multiplication of numbere as ordered 

pairs. 

(.(r V s) , 0) = ""((r X s) - 0) ^ ■ 



Thus, r X 0 



■^7 x-^B = "(7 X.3) =1 



(s, 0^) 



rational 

t(r X s) 
*(r X s') 
•^21 



/ 



213 



Th^oremT*If r and s" are noin-negative rational nmbers, 
then "r x "s = *(3? x s). 



29 



■^2 ^ 
10°^ 5 



2ll» 

, 215 

2l6 
. 217 
2l8 

219 



Proof: 



"r X "s = (O, r) X (_ 



(0, r) X (.0, s) = ((0X0)+ (rxs), (OXs) + (rxp)) 
by . of rational numbprs . as ordered pairs. 

Ik 

((r' X s), 0) = ""((r X b) - 0) = ^{ ). 



Thus, , r X 



(0, s) 



multiplication 



r X s 



r X s 



10 



^8 

9 



Theorem: If r and , s .are non-negative ratldnial nurabeVsj 
then "r X "*'s * "(r.X s). 



220 



221 



222 



Proof:" 



"r X % '(0, r) X (^ » • ) . • ' 

(6, r) X. (s, 0)> ((OX.s)+ (rXO), (OXO)+(rXs)) 
by multiplication of rational numberr. as 

•'>«•<• * 
pairs. . . 

(0, (r X fe)) = "(('r X s) - 0) * . 



\ 



orde red 



"(r X s) 
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221^ 

225 
226. 

227 



I 



"3 X = "(3 X k) = 



3 ^ 5 



5 3 



*(r X |) 

*12 



10 



15 ^ 



|x(|x i) 



□(a) 



30 



□(c) ^ 



227(a) 


• * 

Incorrect • 


"|x (" 


i X 

3 ^ 




"ix 

2 ^ 




" 1 • 
30 




227(b) 


Correct* 
















227(c) 


Incorrect* 


1 ^ ^ 


ix 
3- 




X 
2 ^ 

— ( — 




"1 

30 • 


• 



29-8. Division ^ ^ ^ 

Divlsfon by a ncm-zero rational? number ±b defined as follows : 

Defdnitlojn ; r ^ s = n if and only if r 5= s X n j^rovided s ^ 0.* ^ 

Division is made easier by the following theorem: * 

** 

Theorem : r + s =s r X ^ where ^ 1$ the reciprocal or jaultlplica'&ive 
inverse of s and s X 1^ J 



228, 



229 



oof: 



Let r + s « n. Then r s X n by the 
definition of of rational niaobers* 



r X ~ a r X ~ since both TooJthbers of the equation 
s & 



are* are 



not) 



identical* 



^39^^ 

3SS 



division 



are 



29 



. 230 
231 
... 232 

■ 233 
^3*^ 

^35 
• 236 

• 237 
238 

239 
240 



r X ^ * (s X n) X - since (s x n) is th$ same 

S* B » ^ 

from Frame 228, 



as 



xx^^^^isxn) since m\atiplieat\tMi has the 
s p 



1 1 

properby in ijiational numibejs. 



r x- = (-xs)xn, since multiplication has the 

s s . * , 



.property in rational nxmbers. 



r X ^ ^ 1 X n since X s - 



3 —v 
identity.* . 



. iince.M* is the multipLicatiire 



From Frame 228, n 



1 * 1 
•Thus J r s « r X -where is the 



of s» 

r 



1 



"2 1.^. 2 2 



commutative 



associative 



n 



r s 



reciprocal or 

multiplicative 

inverse 



"8 . 



I 



"iit 

9, 
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CHAHER 30 
THE 

I 

m 

,» We are now ready to* make the last extension (for )is) of the ijumher 
'system. In the firgt twelve chapters our concern was the whole numbers, their 

operations and properties. In Chapters l8 - 2k the system of non-neeati-we 
■ rational numbers was^ developed and. the operations on these numbers and the 
properties of the operations ^e re studied. At the time we called this set 
of numbers the rational numbers although more accurately, we should have 
called them, as we did just now, the non-negative rationals. In Chapter 29 * 
•we developed' the complete system of ratidna^ numbers including the negative 
numbers and studied their operations and properties. Remember that now 
"rational Inumber" refers »to any such, n-umber as: ' 



'3, |, 0, *1.6, "2.31^, 



16 



— , 17, et cetera; 
* From now on we shall almost always write the-qiJ»ositive rationale omitting 



the superscriift. When & letter such as a or r is used to .represent 
a rational number, it should be understood that it may represent 0 or a 
negative rational, Just as well as a positive one; • 



30-1 . Properties of O-pe rations on the Rational Numbers 
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If ♦ a and^ b *are any rational numbers, the fact 
that,^ a b also is a rational number, illustrates 

the property of raMonal numbers tjjider 

addition, 

If ^ a and b are any :ratiokal numbers j the f^ct 
that a k b also is a rational number 11 lustrates , 
the closure property of rational numbers under 



If a and b are any rational numbers, the statement 

*- — _ , .* » - 

a+b=b+a is a symbolic representation of the » 

vi* 

property of rations* numbers for addition. 
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c 1 o^ure 



muitipl ication 



coimutative 

5 



30 
k 



Multiplication of rat.ional numbers is a comrautative 
operation. The^' symbolic ^representation of this 
statement is a X 1} > 



"6 



™er|c 



It a, b ^ and £. are any rational ntonberB^ t^ien 
(a + b) + c «*a + (b + c)* is" a Symbolic repre- 
sentation <5f the associative property of rational 
.numbers vith respect to 

If a, b and c are apy rational^n\Jmbers^ then 
(a X b) X c a X (b X c) ^is a symbolic repre- 
sentation of the associative property of 



multiplication of 



numbers • 



10 



The distribuirbw^ property .related the operations 
of multiplication -and addition* Thus, if a, * b 
and £ are rational numbers j a symbolic repre-» 
sentation of the distributive property of rational 
, numbers, that is, multiplication distributes over 
addition, is the statement 
a X (b + c) = ^ + * 



TSiere' is a rational ntjmber denoted by 0 sufch tha^i* 
a-i'O^O + a^ta for any ratioi|al number aj 

OSius, 0 is called the identity for ^ of 

rational numbers. 

There is a- rational dumber denoted b/ 1 such that 
" a >^1 = 1 5< a = a^ for any rational .number a» * 

Hius, 1 is called th^ for multiplicatioh 

of rational numbers.- - W 

If a is any rational nxmiber/* then- there is another 
rational number b ^ such that a + b - 0. Usually 



► b is written as a and** a + a = 



The 



rational numbers a and 
inverses or opposites ^^. 



a are called additive 



398 
30 



b X a 



addition 



rational 



(aXb) + (aXc) 



addition 



k ■ 



identity 



^$he existence of additive inverses makes it possible 
*to coa-TOjA any subtraction -problem into an 

p£t>bleia« Addition and \subt:^ction are called 

inverse o perations ^ ^ ' • * ^ 



Thus^ a - b = a + 



Hencei'^ ? " ^ is^ always a. rational number and the 
rational nuaohers are closed under the operation of 



If U is any non-zero rational number^ then there 



is^ a rational number b 
b is somet 



such that a X b = 1. The 



number 

1 



a X 



a 



written as — 
The rational numbers a 



so that 

and ^ 
a 



are called multiif^licative inverses or reciprocals ♦ 

The existence 6f multiplicative inverses makes it 
possible to convert any division problem into a 
problem. Division and m\iltiplication are 



called inverse QT)e rat ions . 



Thus^ a b ^ .a X 



\ 



Hence a ^ b, where b ^ 0, is always a rational 
niimber and the rational numbers are closed under 
the operation of^^ with tlje -exception of 

division by aero* 



addition 



subtraction 



imiltijillcatlon 
♦ 



1 « 



division 
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18 




a ^%ad 


\) 4a3?e at^ rational nmabers and ^a - b is a positive 




rational nuraber, then v 


♦ 




. CKa) . a 


Qih a<b^* Q(c) a>b^ 








k — * 
lo( a) 


"-' ■ M . 1 — ■^■149, ,■■ .. Ill 1 ..■■■in 

Incorrect* If a b, then a -vb = 0 ant 0 




♦ * \ * 




not a\positive ratl-^al nmber* S§e l8(c). 










IjaeprreGt. If a <! b, then a b is a negative 
ra1^x:j;aal number, 'not a positive one* Se^*l8{c)» \ 

Correct • If a > by then a - b is a positive 


f 

% X 






A ' 


rational number* a > b means t^at a posii;tve 
rational ^aumber £ may *be found sueh th^t ^ 


- * 








a = b + p» ^ » ^ " 










i . . ^ fl^^- 





19 



4r 



Betveen*any tw distinct rational numbers there 
±3 at least a third rational number. 



property is called 'the d * 



This 
jl^ p3x>perty* 



density 



-'30«-2* *A Number Line for the Set ^ bY Rational Mumb^rs ♦ ^ 

When we studied whole numbers and the non-negatiye rational numbers, we 
found that a' good physical model such as a number line was* a great help to ^ 
»our miderstificnding* * . \ * 

To exhibit a number linfe for the set of all rational numbers, we proceed 
as follows: , . 

Select a point 015 a line to retpreseiat -zero which we call the orlfdn and 
label it with 0** We then choose a direction on the line for the positive 
direction and a unit length. The point one unit from 0 in the posi1;lve 
dii:ection is labeled with \^ the point two units in the positive direct*lon ' 
from ^ 0 is labeled with "^2, and £o on* In general, any *point which in " 
Chapter 18 was labeled with the' number ^ may now be labeled with f • ^ 
See Figure 30*1 below* , ' ; 1 • • . 



^1 



•^3 ^ *e 



Figure 30.1 



ERIC 



So far tte points *of our number line are on one of the rays fi^om 0 and^ 
represent oaly the positive rational numbers and zero . But now, using the 
" ray i» the ojjpofeite dlrectioir froi 0," and calling it the negative direction 
ve can isepresent the negative rational numbers hy points on it. ,' 

Thus,, we label the point on unit in the negative direction with l, .the 
point _tw units in the. negative direction with "2, the point half-way between 
with |/ and so on. See. Figure 3P.2. below. 




2 . ' ^ 



^ , Figuf^ 30.2 



When using 4;he number line, we sometitaes talk loosely about the "point" 
, or the "fiSSnfeer" rather than, "the J)oint representing the number*" This may 
ts^confujj^^^ but it certainly saves time and effort, * 

Figure 30,2 malces it apparent that the positive rational numbers^ may ^e 
thought of as extending indefinitely to the tight of *.0, and the negative 
Mtional numbers indefinitely to the left of * 0. 

• In Chfeipter 19 it va& shown that if bxj^ two rational numbers are given, . 
there is always another rational n^ber between them. ^ Another way of saying 
this is that if r is* a rational number, tfiere is no next larger one. This 
^property of rational nuAbers is called density > 

Prom this it foiloir^ that there are many rational numbers and corre- 
sponding.to them on the numj^er line, mariy^ ^'rat:^,onal points," Moreover, the 
points are spread throughout *the number' line, itoy segment, no matter how 
small, coijtains infinitely many rational points^ One might think that all 
/ ^he points on the number, line are rational points, that is,, that eveiy point^ 
on the line corresponds to a rat^ional number. This Is not so . There are 
many points on the line that are not associated with rational numbers • 



Rir 



Irrational » Jtootj^ers 



In Figure 30*3 l^elow^ ABCD is a sqiaaro. 



— '- — ; . — 


i 


. ' 




J 




0 


+^ *^ 

1 2r 3 : 



D 



TigaA 30.3 



( 

0 



1 



2' 



Each side of the « square region ABCD has 
length ^* 

The area of , the square region ABCD 'is 

2 X 2 = » 
* * ' — 

The square region ABCD is partitioned into* 

1*^ congruent sub-regions^ each with area equal 

. .J* 

to , # 



y : ■ 




2* 



■^3 



23 



2k 



25 



26 



27 



28 



29 



, Figure* 30. 4 each of the four. congruent su"b-.^ 
regions of .Figure 30.3 has "been partitioned into 
tvo congruent triangular regions each of area 



Hence the a3rea of region PQBS Is^ 



POPS is a sqttiare and Pft^ = IS 



m(PQ) = m(QR) = m(RS) 



Lei: m(P5) ^ s* Then, ; s X s = 2 by" the* 



definition of 



of a square region,' 



On the rational number line helov, draifan^aro 
of a circle with center at point 0 and radius 
of = s intersecting the number line at 

point 



30 



"1 



The point P corresponds to the number 



^ or 2 , 



SP or -PS 



fti(SP) or m(K) ' 



area 



' 403 



o 

ERIC 



396 



36 



The. number s; CDPrespcaiding to 'the point P. is 

Q (a) a rational nuiaber 

Q(b) not a rational ntmbeY ; *^ 

* Qy^c)- I donH know ' ;^ " 



a) * Incorrect* See 30(1d) and pr<^cieed to the liext frame, 

30("b) * Correct, proceed 'to -the ^ext frame, ^ ^ " 

' 30(c*) Possibil^'a correcjb response^^See 30(h) and. 

proce^d^ to the jiext frame, ^ . ^ , * 



. * ,To prove that is^ piot a rationlii number indirect reasoning xill be 

"j. ' ■ * ' * ' * '"^^ 

used. It 'T»ii:i. "be assumed t^at ' -s " is. a National number and *hen. it will "be^ 

* ■ * ' u • ~ •'' *' . .■ 

shovh that this assumption leads to an impossible ccaiclusian'*. 

Ttieorem ; - If s X s 2, then £ is not a rational number. 



31 



r 



32 



33 



3^^ 



35 



Proof:, , 
Assume \,s = ^ 



with p a^ member of 



{ • • • J 3> 2^ 1^ 0^ 1^^2^*3> •••) 

'and q "a member cff U, 2*/ 3, K 
and . is in lowest form. Thus, we have, assumed 



that s is a 



^ number. 



Since ^ is^in lowest form, the %nly common factor, 
of p * and a« is . 



Since s = 



s X s ^ 



£ X ^ ^ ^"^ ^ by the definition of 
q q q X q ^ 

rational numbers, » * 



of 



^l2=|, -then 
a X q 1 ^ 



Since 

q X q 

(p X p)"x 1 =^ (q X q) X 
of rational number^. 



by the order projferty 



]7atiQnal 



1 ^ 



2 



multiplication 



36 



37 



• 38 



39 



kl 



k2 



kk 



1^5 



Hius, p X p » (q X q) X 2 and p X p is an 

nuiftber, 
(odd, ^even) ^ 



Sluice p Xj? . is etn*even nuiaber, then,.p is 

an V j[ number, • \^ * 
(odd, ev^n) . ^ 



^"Eveiy eveir nmbfer can be written the •fQrm 2 x k 
'for soaie whole nmber k.. *Thu6 p 



How p x p = (2 X k) X (2 x.k) 



X {}i X k)* 



Since p X p ^ (q X q) X 2, then 

4 X (k X k) » 2 X (q X q) and dividing both members ^ 
of ^hi^ equation by 2 gives^ 2 X (k X k) = . 

\Since 2 X (k X k) « q X'q, ^the number q X q Is 



an ' . number, 
(odd, even) 



If . q X q is even, then q is 



(odd, even) 



'43 OThu 



OThus from Frame 37 P is even^ and ^from Frame k2 



q Is even and * p and q ^haVe th6 ccaflmon 
factor ^ 



Since Is in lowest form according to Frame 31^ 

p and q^ have only 1 as a common factor. Thus 

Frwie 31 a contradiction of Frame k^. 

J (is, is not) 



3aiereforej the assmption made in' Frame 31 is not 
' true and Sis a consequence, the nui^er s^* 



a r^tion^l number, 
(is, is not) ^ 



o 
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39.8 ^ 
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eveA ■ 



even 



2.x k 



q X q 



even 



teven 




is 



is not 



Thxis . s, vhere 's X 8 = 2j is not a rational nxamber^ but the point 
in Frame 28 ia a ^^rfecl^ly definite point on the nmber line. 

We^nov have a point on the 'number lAte and no rationteil number to* 
associate with.it. .We simply assert ^thi^t there is an irrational number £ 
ass6ciated vith this point • Since s X s =5 2 and the radical sign /~ 
is used* for square roots ^ wg give the name ^ to this numbei*. 



\ 
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